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1 Introduction, Motivation and Preliminaries

The inspiring motivation here is the monograph by B. Bed& droianu and S. Gall], 2016.
LetN € N, the well-known Bernstein polynomialg][are positive linear operators, defined by the formula

BN(f)(x):ki)(E)xk(l—x)Nkf (%) xe[0,1], f €C([0,1]). 1)
T. Popoviciu in Bl, 1935, proved forf € C([0,1]) that
Bu (N (- 100/ < S (1. ) vxe 0., @
where
a)l(f75):x,ysel[ja?b]:|f()()_f(y)|7 3 >0, ®3)
xyi<o

is the first modulus of continuity, hefe, b] = [0, 1].
G. G. Lorentz in 2], 1986, p. 21, proved fof € C*([0,1]) that

3 o1
|BN<f>(x>—f(x>|smwl(fW), vxe[0.1], @

In[1], p. 10, the authors introduced the basic Max-product Bem®perators,

) — Vito Pk (X) T ()
VI o Prk (X)

, NeN, )
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where\/ stands for maximum, angk k (x) = <E> X (1—x)N"®andf :[0,1] » R, = [0, ).

These are nonlinear and piecewise rational operators.

The authors in]] studied similar such nonlinear operators such as: the ptagiuct Favard-Szasz-Mirakjan operators
and their truncated version, the Max-product Baskakov atpes and their truncated version, also many other similar
specific operators. The study if][is based on presented there general theory of sublineaatmps. These Max-product
operators tend to converge faster to the on hand function.

So we mention from1], p. 30, that forf : [0,1] — R continuous, we have the estimate

‘BkM>(f)(x)_f(x)‘<12wl<f, ) forallN € N, x€ [0,1], (6)

1
vN+1
Also from [1], p. 36, we mention that fof : [0,1] — R being concave function we get that

‘B<NM>(f>(x>—f(x>\<zwl(f,$), for all x & [0,1], @

a much faster convergence.

In this paper we expand the study &f by considering Canavati fractional smoothness of fumdi&o our inequalities
are with respect tao (DY f,0), 6 > 0, whereDf with a > 0 is the Canavati fractional derivative. The structure of
the manuscript is as follows. In Section 2 the main resukspmesented. The applications can be seen in Section 3.A
conclusion part in mentioned in Section 4.

2 Main Results

We make

Remark) Here see4], pp. 7-10.
Letx,xp € [a,b] such tha > X, v > 0, v ¢ N, such thap = [v], [-] the integral partg =v —p (0 < a < 1).
Let f € CP([a,b]) and define

(R°F) (x) ==

X
x—t)" L (t)dt, xo<x<b. 8

oy e 0d o <x< ®)
the left generalized Riemann-Liouville fractional intagr

Herel™ stands for the gamma function.

Clearly here it holdJ;° f) (o) = 0. We defing(Jj° ) (x) = 0 for x < Xo. By [4], p. 388,(J°f) (x) is a continuous
function inx, for a fixedxg.

We define the subspa . ([a,b]) of CP([a,b]):

Gl ([ab]) = { f € CP([a,b]) : 32, 1P € C* ([x0,b]) } ©)

So letf € C; . ([a,b]), we define the left generalizedfractional derivative off over[xo,b] as

D}, 1= (32,7, (10)
that is 1 4
(D)‘jmf)(x):m&/xo(x—t)"’f(p) (t)dt, (11)

which exists forf € Cy . ([a,b]), fora<xo <x<h.
Canavati in §] first introduced this kind of left fractional derivative ex[0, 1] .
We mention the following left generalized fractional Taylormula (f € C . ([a,b]), v > 1).

It holds
_ R M (x0) k, 1 % v—1 v
(0= F0) = 3 7 (0 + 5 [ 0607 (D) (12)

for X, %o € [a, b] with x > Xo.
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I1) Here see §], p. 333, and agairg], pp. 345-348.
Letx, % € [a,b] such thak <xg, v >0,v ¢ N, suchthap=[v],a=v—-p((0<a <1).
Let f € CP([a,b]) and define

(Jo_f) () := % /XXO (z—x)""1f(2)dz a<x< X (13)

the right generalized Riemann-Liouville fractional intaly
Define the subspace of functions

Cy_([ab]) = {f eCP([ab]): 3Lt ¢ cl([a,xo])}. (14)

Define the right generalizeg-ractional derivative off over|[a,Xo] as

D, f = (~1)P (301 (15)
Notice that
L) (x) = ﬁ/m (z-%)"9 P (2)dz (16)
exists forf € C;_ ([a,b]), and
1% _ (_1)}971 d % —a )
(%)= Frrrgyax, @0 P @z (17)
l.e. .
1P
(D% f) (0 = %%/f (2= P (2)dz (18)

which exists forf € Ci_ ([a,b]), fora<x<xp <h.
We mention the following right generalized fractional Tayformula (f € C¢ _ ([a,b]), v > 1).
It holds

P*1f<k)(xo) 1 X0 Vel rey
(0= 100) = 5 5 (%) =5 | =" 04, 1) @z (19)

for x, %o € [a,b] with x < Xo.
We need

Definition 1.Let D¢ f denote any of Q_f, D . f, andd > 0. We set

@ (D}, 1,8) == max{ w1 (DY, 1,8) 1@ (D% 1.8) | (20)
where % € [a,b]. Here the moduli of continuity are considered oYexo] and [xo, b], respectively.
We need

Theorem 1letv > 1, v ¢N, p=[v], % € [ab] and f€ C} ([ab])NCy ([ab]). Assume that ) (xo) =0, k=

1,...,p—1and(Dy . f) (xo) = (Dy,_f) (xo) = 0. Then

M(onf,(S) v+1
rv+1)

X — X

[T (X)—f(%)| < |X—X0|V+W , 0>0, (21)

foralla<x<h.
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ProofWe use 12) and (19), and the assumptioff¥ (xg) =0,k=1,....p—1 and(D)‘{O+ f) (X0) = (Dy,_f) (o) =0. We
have that

1001 060) = 57 | 0-2" (Dl 1) (9 (D}, 1) o)) o2 (22)
forall xo < x<b,
and
00— 1 00) = g7 [ (@=0" (B, £) @)= (O 1) 0) iz (23)
foralla < x < xo.
We observe thatxg < x < b)
[T (X)—f(x0)] < I'(lv) /X:(x—z)"’l‘(D}{wf) (2) — (Dg,. ) (XO)‘dZ(élEO)
1 X v-—-1 v 51|Z_X0|
AT C R )[xo,b]dK
M(D‘X/wf’él)[xob] X v-1 (z—Xo)
) /Xo(x—z) <1+ 5 )dz:
M(D;Wf’él)[ b [(X—%0)" 1 [* v _
o [ - +a/xo(x—z) L(z— x)2 ldz]: (24)
wl(D":mf’él)[ b [(x=x0)" 17 (W) (2 v+
SO [ v e Tvra X0 l]:
wl(waf’él)[ b] (X—XO)V 1 1 v+
r(v) . [ v +a(v+1)v(x_xo) l]:
wl(%f’él)[ b v (x=x0)""
RS [“‘Xo) +m]-
We have proved
w1 Dv+f,51 ERVRNZS 1
09— f(00)] < ( rxivﬂ)) = l(X—Xo)V+%], (25)
A >0, andxg < x<h.
Similarly acting, we getd < x < Xg)
£ - (0)| < r(lv) [ @70, 1 @) -, 1 (0] 2=
1 o v— v
F @R Bzl 02
(%2 >0)
! /Xo(z—x)"_1w1<D" f62|x0_z|> dz< (26)
F(V) X o (67 [a,xo] B
O)-]-(DXO*f’éz)[a, ] 0 v— Xo—Z
o [/ (2=%) 1(”7)”'2]:
1 (D31 82) 0y [(0—%)" 1 0 . -
rw) Xo[ T AR 1dz}:
(@© 2018 NSP
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w (D%, f.82) [(Xo X' 1T (VI (2)

v v 5 TWvt2) (X"_X)M] =

O)_]_(DV f 52) (XO X) 1 (XO_X)V+1
rv) [ Y & (v+1)v - 27)
@ (D% f.%2) 0, v, Do—x"*
rv+1) [(XO_X) + (v+1)621'
We have proved
wl(vaf,(SZ)a VL
1091 ) < 7oy 2 l(m—@u%], (28)
& >0, and @ <x < xg). Choosingd = &1 = & > 0, by 25) and @8), we get @1).

We need

Definition 2.Here C. ([a,b]) := {f : [a,b] — R, continuous functions Let Ly : C. ([a,b]) — C; ([a,b]), operators,¥
N € N, such that

0]
Ly (of)=aln(f), Ya > 0,Vf € Cy ([a,b]), (29)
(i)if f,geCy([ab]): f <g, then
Ln(f) <Ln(g), YNEN, (30)
(iii)
Ln(fF+9) <Ln(f)+Ln(g), VF,geCy([ab]). (31)
We call{Ln }\c POsitive sublinear operators.
We make
RemarkBy [1], p. 17, we get: leff,g € C, ([a,b]), then
ILn (F) () —Ln (@) (0] <L (If —gl) (x), Vxe [a,b]. (32)
Furthermore, we also have that
In (F) ) = F ()] < Ln ([ () = F 1) (%) + [ ()] [Ln (€0) (x) = 1], (33)

Vxelab];e(t) =1
From now on we assume thiaf (1) = 1. Hence it holds
ILn (F) 0 = F O <n(IF () = F (XD (¥, Vxe[ab]. (34)
Using Theorerm and @1) with (34) we get:

Dy f,0
L (F) ()~ F (0)| < % 35)
Ln (- =0l *) (xo)
|:LN(|'—XO|V)(XO)+ ((v+1)6) } 5>0.
We have proved
Theorem2Letv > 1, v ¢ N, p=[v], % € [a,b] and f: [ab] = R, f e Cy, ([ab])NCy_([a,b]). Assume that
f®(x) =0, k=1,..,p—1, and (DY . f) (xo) = (DY, _f) (%) =0. Let Ly : C; ([a b])—>C+([a,b]),VNeN,be
positive sublinear operators, such that )=1VN EN Then
Dy f,0
L (F) (0) = T () | < %
Ln (- =x0l"*) (%o)
|:LN (I =x0l") (x0) + t (v+1)6) ] (36)

0>0,VNe&N.
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3 Applications
We give

Theorem 3Letv > 1,v ¢N, p=[v],x€[0,1], f: [0,1] —+ R, and f€ CY, ([0,1])NCY_([0,1]). Assume thatF (x) =0,
k=1,.,p—1and(Dy, f)(x) = (Dy_f)(x) =0. Then

6 o 37
VN + 1 (v+1) ( ) (37)
VNeN. )
We getNIlmmBN (f)(x) = f(x).
ProofBy [7] we get that
(M) v 6
B —X") (X) < —, Vx€[0,1], 38
VNeN,Vv>1.
Also B,<\‘M) mapsC. ([0,1]) into itself, B,(\,'VI> (1) = 1, and it is positive sublinear operator.
We apply Theoren2 and @6), we get
6
Dy f,0) 6 NI
BM () () — f (| < “2Px + 39
’N()() ()—I'(v+1) VN+1 (v+1)0 (39)
Choosed = <\/N_+1) v , thensv+! = \/_ and apply it to 89). Clearly we derived7).
We continue with
RemarkThe truncated Favard-Szasz-Mirakjan operators are dgyen
N k
(M) Vicosuk(X) f (§)
T ()= , x€[0,1], NeN, f €C,([0,1]), (40)
§ ViCosuk () ’
SNk (X) = ( k,> , see alsoq], p. 11.
By [1], p. 178-179, we get that
3
T,\(,M)(|-—x|)(x)§—N, Vxe[0,1], VN eN. (41)
Clearly it holds
(M) (|, fL+B 3
T (| X )(x)gm, vxe 0,1, VNeN,VB>0. (42)
The operatori,\(,'vI> are positive sublinear operators mapptg([0, 1]) into itself, with T,\(,'VI> (1) =1.
We continue with
Theorem 4Same assumptions as in Theor@nthen
1
(o1, (%))
_ < .
’TN Y f(x)’ rv+1)
3 1 3\ 71
—+ — , VNeN. 43
it (3R ] “

i (M) —
We getNleTN (F)y(x) = f(x).
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ProofUse of Theoren2, similar to the proof of Theorer®.
We make
RemarkiNext we study the truncated Max-product Baskakov operdsaess L], p. 11)

N b f(&
U™ () (x) = V"*ON k9 F(R) o 0,1], f€C,([0,1]), NEN, (44)
VioPnk (X)
where .
N+k—1 X
by (X) = —_—. 45
we = (N )(HX)M (45)
From [1], pp. 217-218, we geix(€ [0, 1])
(M) 2/3(v2+2)
(UN (|_X|)) (X)SW, N>2,NeN. (46)
LetA > 1, clearly then it holds
2v3(v2+2)
M) (1. _ A N
(UN (| x| ))(x)g T YNz2NeN 47)
Also it hoIdsU,E,M) (1)=1, andU,gM) are positive sublinear operators fr@n ([0, 1]) into itself.
We give
Theorem 5Same assumptions as in Theor@nthen
1
2v3(v2+2) \ V1
) W (Dxf, ( UNTL > )
- <
JUd™ (£ 00— £ 00| < SUEST (48)
2v3(v2+2) 1 [2v3(v2+2)\ ™"
+ , YN>2,NeN.
VN+1 (v+1) VN1
We get lim U,E,M> (F)y(x) = f(x).
N—+-0c0
ProofUse of Theoren2, similar to the proof of Theorer®.
We continue with
Remarktiere we study the Max-product Meyer-Kdning and Zeller apars (see]], p. 11) defined by
N k
(M) Vicosuk (0 T (/)
Zy" (F) (x) = , VNeN, fecC,([0,1]), (49)
V(000 =S +(0.2)
N+k
Snk (X) = ( : X<, x € [0,1].
By [1], p. 253, we get that
8(1++/5 _
ZMW (- —x)) (x) < ( 3 ) ﬁf/lﬁ X), vxe 0,1, VN>4,NeN. (50)
We have that (foA > 1)
8(1+5)
M) (| oA VX(1-x)
3" (1 =x") 09 < = =P, (51)

Vxe[0,1],N>4,NeN.
Also it hoIdsZ,i,M) (1) =1, andZ,i,M) are positive sublinear operators fr&@n ([0, 1]) into itself.

(@© 2018 NSP
Natural Sciences Publishing Cor.


www.naturalspublishing.com/Journals.asp

168 %N S\ George A. Anastassiou: Canavati fractional approximabpiMax-Product...

We give
Theorem 6 Same assumptions as in Theor@nthen

o (D 1.(p(9)77)

(M) _ <
20— TW] < ——r (52)
{p(x)+—(v+1) (p(x))m] ,YVNeN, N>4
We getNIinl Z,SJM) () (x) = f(x), wherep (x) is as in 61).
—to00
ProofUse of Theoren2, similar to the proof of Theorer®
We continue with
Remarkere we deal with the Max-product truncated sampling opesdsee 1], p. 13) defined by
sin(Nx—krr) kit
M Vico (%)
W () () = =R (53)
\/k_O Nx—KrT
and 2 Nk
Vk OSI Nx—Krt (kWn)
K (1) (0 = —— (54)

sir?( Nx—kn) ’
Vk— (Nx— kn)

Vxe€ [0,m, f:[0,m — Ry acontinuous function. _

Following [1], p. 343, and making the conventiéﬁ@ =1 a.nd denotingy k (X) = w we get thasy k (kW") =
1, andsy (%) =0, ifk# j, furthermoren™ (f) (%) = (%) forall j € {0,...,N}.

CIearIyW,E,M) (f) is a well-defined function for alt € [0, 71, and it is continuous of0, 71], aIsoW,E,M) (1)=1.

By [1], p. 344 W,ﬁM) are positive sublinear operators.
Calll (x) = {k€ {0,1,...,N};suk (X) > 0}, and setx := &7, ke {0,1,...,N}.

Weseethat ( )f( )
Vet x SNk (X) T (XN k
W (1) (9 = =8 . (55)
ngm(x)sl\l,k (X)
By [1], p. 346, we have
W (|- =X) () < 510, YN EN, ¥xe 0,7, (56)
Notice also|xyx —X| < 7,V x € [0, 71].
Therefore § > 1) it holds
-1 T[A
M) () < T
W (| X| )(x)f = oy VX€0.7] ¥NEN. (57)

We continue with

Theorem 7Letv > 1,v¢ N, p=[v],x€ [0, 7], f: [0, — R and f& CY, ([0,7])NCY_ ([0, ). Assume that® (x) =
0,k=1,..,p—1and(Dy, f) (x) = (Dy_f) (x) =0. Then

wl(DVf (nw)il)-

W (000~ 109] < ——p
m 1 L v
[m+(v+1) (W) ] VNeN. (58)

We have thatllm W,\(l >(f)(x) = f (x).

N— o0

(@© 2018 NSP
Natural Sciences Publishing Cor.



Progr. Fract. Differ. Appl4, No. 3, 161-177 (2018)www.naturalspublishing.com/Journals.asp NS = 169

Proof Applying (36) forW,\(,M> and using %7), we get

v+l
(M) _ < w (DY f,9) i N
MR (1001 00] < O |+ s (59)
v+1 i v+1 v+1
Choosed = ("2N ) " thensvtl = andsV = ("2N ) . We use the last intd@) and we obtaing8g).
We make
Remarktiere we continue with the Max-product truncated samplingrators (seel], p. 13) defined by
i (Nx—Kkm) ¢ (ki
Vico Sz | (%)
(M) (Nx—km)?
Kn™ (1) (x) = \/ sin?( Nx—kn) ’ (60)
k=0 (Nx— kn)

vV xe[0,m], f: [0, — R4 acontinuous function.
Following [1], p. 350, and making the conventiéﬁ@ =1 and denotingy x (X) = % we get thasy  (K7) =

1, andst(J_") —0,ifk], furthermord(,(\lw(f)(jwn) —f (M) forall j € {0,...,N}.
Sincesyj ( ) = 1 it follows that\/}_,sn. k( ) >1>0,forall je{0,1,..,N}. HenceK,S,M) () is well-defined

function for allx € [0, 1], and it is continuous ofD, 71], aIsoK,(u >(1) =1 By [1], p. 350,K,5,M) are positive sublinear
operators.

Denotexyx := &7, k € {0,1,...,N}.

By [1], p. 352, we have

(- =X) (0 < o, YNEN, ¥xe 0,71, (61)
Notice also|xn — x| < 1,V x € [0, 71].
Therefore § > 1) it holds
-1 Tl)\
M) (| ) g < T
Ky (| x|)(x)7 = oy YX€0.7 VNEN. (62)

We give
Theorem 8All as in TheorenY. Then

v
v 1 v+1\ v+l
L (" ) ] VNEN. 63)

We have thatllm K,(\‘ )(f)(x) = f(x).

N— o0
ProofAs in Theorenv.

We make
RemarkWe mention the interpolation Hermite-Fejer polynomialsGirebyshev knots of the first kind (se,[p. 4): Let

f:[-1,1] — R and based on the knotﬁk_cos(% )e(—1,1),ke{0,...,N},—1<xN,o<xN,1<...<xN7N<

1, which are the roots of the first kind Chebyshev polynorfigh (x) = cos((N + 1) arccox), we define (see Fejé8])

Hona (f z bk (%) f (k) (64)

(@© 2018 NSP
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where

2
qu%=@—X%MU<@ﬁ%ﬁ%%aﬁ>, (65)

the fundamental interpolation polynomials.
The Max-product interpolation Hermite-Fejér operatons@hebyshev knots of the first kind (see p. 12 4 fare
defined by

_ Vicohk (9 f (xuu)
\/’12‘:0 hN,k (X)

Han 1 (f) (%) , VNEN, (66)

wheref : [-1,1] — R, is continuous.
Call N
_ Vicona ) [xui—X|

Vicohnk(X)

En (%) := HiN 1 (- = X)) () . xe[-1,1]. (67)

Then by L], p. 287 we obtain that
EN(x)gz—f, vxe[-1,1], NeN. (68)

Form> 1, we get
m
~ Vicohnk () ok —x"
VE:O ik (X)

1 Vo () i — X

Hanle (- = X™ (x)

Vit Ik (%) [ Xnk — X| [ Xk — X‘m_l

<2™ (69)
Vitohnk (x) ViCo Mk (%)
2"
< — )
SN Vxe[-1,1,NeN
Hence it holds
(M) m 2"
Hona g ([ =X7) (%) < N1 Vxe[-1,1, m>1,¥NeN. (70)
Furthermore we have )
Honia (D) (X) =1, Vxe[-11], (71)

andHéw+l maps continuous functions to continuous functions gvelr, 1] and for anyx € R we have\/}_qhy x (x) > 0.

We also havé i (xnx) = 1, andhyk (xn,j) = 0, if k# j, furthermore it holds-léml(f) (Xn,j) = T (xn,j), for all
j €{0,...,N}, see 1], p. 282.

Héml are positive sublinear operator],[p. 282.
We give

Theorem9letv > 1, v¢N, p=[v], xe [-11], f:[-1,1] - R, and fe C{, ([-1,1])nC;_ ([-1,1]). Assume that
fk(x)=0,k=1,...,p—1,and (DY, f) (x) = (Dy_f) (x) = 0. Then

o (021 (3:2) )

[HiL2 (1) 00— ()] < (72)

rv+1)
A N e
Nt1 (v+1) <N+1> 1 » VNEN.
i i (M) —
Furthermore it h0|d5N|l[QwH2N+1 (F)y(x) = f(x).
1
ProofUse of Theoren, (36) and (70). Choose) ;= (2,:111") m, etc.

We continue with
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Remarktiere we deal with Lagrange interpolation polynomials onl@fshev knots of second kind plus the endpoihis
(see [], p. 5). These polynomials are linear operators attachéd fe-1, 1] — R and to the knotgy x = cos((N=5) m) €
[-1,1],k=1,...,N, N € N, which are the roots aby (x) = sin(N — 1)t sint, x= cost. Notice thatxy 1 = —1 andxy n = 1.
Their formulais given by (I, p. 377) '

Z |Nk XNk (73)
where 1
(D) "X
[ , 74
N 09 = (1431 +0cn) (N=1) (x—xnk) (74)
N>2 k=1,.,N, andwn (X) = [Tk_; (Xx—Xnk) and§,j denotes the Kronecher’s symbol, thagig = 1, if i = j, and
6,j=0,ifi#j.

The Max-product Lagrange interpolation operators on Chiby knots of second kind, plus the endpoiats are
defined by (1], p. 12)

\/k 1INk (%) f (k)
VIC 1 Ik (X)

, Xe[-1,1], (75)

wheref : [—1,1] — R continuous.

First we see thaLf\,M) (f)(x) is well defined and continuous for amyc [—1,1]. Following [1], p. 289, because
SN Ink(X) =1,V x € R, for any x there existk € {1,...,N} : Iyk(x) > 0, henceV}_; Ik (x) > 0. We have that
Ink (Xnk) =1, andInk(xn,j) = O, if k# j. Furthermore it holdst_,(\,'vI> (f) (xn,j) = f(xnj), all j € {1,...,N}, and
LMW (1) = 1

N =1
Call I (x) = {k € {1,...,N};Inx (X) > O}, thenl (x) # 0.
So forf e C; ([-1,1]) we get

Vierd oo Nk (%) T (k)
(M) kely )
L f)(x) = (76)
N () (x) = vkaN e
Notice here thabx — x| <2,V x e [-1,1].
By [1], p. 297, we get that
M VIC 1 Inge (%) Xk — X
(1= () = Vi) -
Vit Ink (%)
Vieyohx o3| e -
vk€.+ Ink(¥) T B(N-1)’
N>3,Vxe (—1,1), Nis odd.
We get thatih > 1) -
M) (| X|m) ( ) \/k€|Jr IN k ) |Xva - X‘ 2m717'[2 (78)
vkel,j(x) |N,k (x) “6(N-1) ’
N>3oddVxe (-11).
L&M) are positive sublinear operatorg],[p. 290.
We give
Theorem 10Same assumptions as in Theor@nihen
1
v v+l
(M) L <D)\€f7 (6(N—1)) )
LN (1 00— 1 ()] < - (79)

rv+1)

2V 1 2V
€

%I
N> .
6(N—1)+(v+1) (N—1)> , VNeN:N>3, odd

It holds lim L )(f)(x):f(x).

N— o0
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1

ProofBy Theoren®, choosed := (6(2,:—221)) m’ use of 86) and (78). At +1 the left hand side of79) is zero, thus79) is
trivially true.
We make

Remarklet f € C ([-1,1]), N>4,N e N, N even.
By [1], p. 298, we get
4m? 2%

L<NM><|-—x|><x>sB(N_1)=3(N_1), wxe (-1,1). (80)
Hence (n> 1)
LI (| —x™) () < % vxe (-11). (81)
We present

Theorem 11Same assumptions as in Theor@nthen

o (021, (3:25) ™)

(M> . < 2
W00~ 1] < —— (82)
ov+12 1 V+22 %I )
> .
lB(N—l) + VD) (3(N—1)) 1 , VNeN, N>4, Niseven
i (M) —
It h0|d5N|ﬂm|—N (f)y(x) = f(x).
2V+2n2 vi«]ﬁl
ProofBy Theoren2, use of 86) and 81). Choosed = (3(N71)) , etc.
We need
Definition 3.LetxXg € R, x> Xo, Vv >0, v ¢ N, p=[v], [] is the integral parta = v — p.
Let f € CJ (R), i.e. f € CP(R) with H f“’)H < 4o, where||-||, is the supremum norm.
Clearly (3°f) (x) can be defined vieBj over[xo, +).
We define the subspacg C(R) of G} (R) :
Y, (R) = {f eCP(R): 30 (P ecl([xO,+oo))}.
For f € C¢ ;. (R), we define the left generalizedfractional derivative of f ovefxo, +) as
/
Dy, f = (3241 . (83)

Whenv > 1, clearly then the left generalized fractional Taylor form(f € C; . (R)) (12) is valid.
We need

Definition 4.Let xxo € R, X< X, V>0,V ¢ N, p=[v], a =v—p. Let fe C} (R). Clearly (J; _f) (x) can be defined
via (13) over (—oo,Xg].
We define the subspace ¢f C(R) of Cf (R)

cY_(R):= {f ceCP(R): (J;LO:“ f<p>) € cl((—oo,xo])} .
For f € C; _ (R), we define the right generalizedfractional derivative of f ovef—e,xo] as
/
DYy f = (~1)P (3P (84)

Whenv > 1, clearly then the right generalized fractional Taylor fasta (f € C; _ (R)) (19) is valid.
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We need

Definition 5.([9], p. 41) Let I C R be an interval of finite or infinite length, and:fl — R a bounded or uniformly
continuous function. We define the first modulus of continuit

@ (f,8) = sup |t fy), §>0 (85)
X,y€
Ix—y|<8
Clearly, it holdscwy (f,0), < +oo.
We also have
w (f,rd), < (r+1)wi(f,0),, anyr>0. (86)

conventionLet a real numbem > 1, from now on we assume thB{! f is either bounded or uniformly continuous
function on(—o,Xo], similarly from now on we assume th@t}C‘Hf is either bounded or uniformly continuous function
on [Xg, +).

We need

Definition 6.Let D f (real number m> 1) denote any of j _f, DY f andd > 0. We set
@ (DR 1,8) i=max{ e (D _1,8) . @1 (DR, f.8), .} (87)

where % € R. Notice thatw, (D) f, 6)R < o0,
We give

Theorem 12Letm> 1, m¢ N, p=[m], % € R, and fe C}, (R)NCY_ (R). Assume thatF) (xo) =0, k=1,...,p—1,
and (D{}?J+ f) (o) = (D _f) (xo0) = 0. The conventioB is imposed. Then

w (D f,0)

1
I (m+1)

If(X)—f(x)| < m

, 5>0, (88)

for all x € R.
Proof Similar to Theoreni.

Remarlket b: R — R, be a centered (it takes a global maximum at 0) bell-shapectiam with compact support
[~T,T], T >0 (thatisb(x) > O forallx € (—T,T)) andl = [ "1 b(x)dx> 0.
The Cardaliaguet-Euvrard neural network operators areefiy (seel(])

e (= S IfN(f)(,b(Nl—“ (x-§)): (89)

k=—N2

0< a < 1,NeNandtypically herd : R — R is continuous and bounded or uniformly continuouston
CB(R) denotes the continuous and bounded functioiRpand

CB: (R)={f:R—[0,w); f eCB(R)}.
The corresponding max-product Cardaliaguet-Euvrardai@atwork operators will be given by

W b (N (x= ) £ ()

M () () = f (90)
“ VI eb (N (x—£))

x € R, typically heref € CB, (R), see also1(].
Next we follow [10].
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For anyx € R, denoting

we can write

(91)

X€R, N> max{TjL |X| ,T‘%}, whereJr n (x) # 0. Indeed, we havé/ycy, b (N~ (x— £)) >0,V xeR and
N > max{T + x| ,T*%}
We have thaC,i,"f'(,) (1)(x) =1,¥xe RandN > max{T + || ,T*% }

See in [LO] there: Lemma 2.1, Corollary 2.2 and Remarks.
We need

Theorem 13([10)) Let b(x) be a centered bell-shaped function, continuous and withpamtsuppor{—T,T], T > O,
O<a<land Cf\,Mg be defined as in9Q).

@) If |f(x)| <cforallxeR then‘C,(\,'\fg (f) (x)‘ <c, forallxe R and N> max{T+ x| ,T‘%} and qm; (f)(x) is
continuous at any point& R, for all N > max{T + x| ,T‘%} ;

(i) If f,ge CBy(R) satisfy f(x) < g(x) for all x € R, then qﬂ\g(f)(x) < C,(\,Mg (9)(x) for all x € R and
N > max{T+|x|,T*%};

iy o (M) (M) (M) -1.

(iii) Crg (F+9) (X) <Cyg (F) (X) +Cg (9) (x) forall f,g € CB; (R), xe Rand N> maxq T+ (x|, T~ @ ¢;

(iv) Forall f,ge CB; (R), xe R and N> max{ T + || ,T‘%}, we have

[ (1) 09— (@) (9] <G (1 — ) (9
(V) C,(\,Mg is positive homogeneous, that ig\@()\ f)(x) = )\C,% (fy(x)forall A >0,xe R, N> max{T + x| T }
and fe CB; (R).
We make
RemarkWe have that

En.a (X) i=Clg (|- — X)) () = (92)

VxeR, andN > max{T+ IX| ,T*%},

We mention from 10] the following:

Theorem 14([10)) Let b(x) be a centered bell-shaped function, continuous and withpemtnsuppor{—T,T], T > 0
and0 < a < 1. In addition, suppose that the following requirements atélfed:

(i) There exisO < my < My < oo such that m(T —x) < b(x) <My (T —x),Vxe [0,T];

(i) There existD < mp < My < o such thatma(x+T) <b(x) <My (x+T),Vxe [-T,0].

1
Then for all fe CB, (R), xe R and for all N € N satisfying N> max{T + x|, (%) “ } we have the estimate

0% (1) (0 = £ ()] < e (N2, (93)
where ™ TM
c:=2( max —2,—1 +1],
2mp - 2my
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and
wi (f,0)g = sup |f(x)—Tf(y)l. (94)
X,yeR:
[x—y|<o
We make

Remarkin [10], was proved that

1
Ena (X) < max{% M} NO1 ¥N> max{TJr x], (%) } (95)

2mp ' 2my
Thatis
} ) (96)

Q=

™™, TM 2
) (|- =) (9 < max{z—n;,—l}wal, VN> max{n X, (?)

From ©2) we have thafx— &| < L.

1
Hence > 1) (V x€ R andN > max{T +x, (%)@ })

< (97)

Then (> 1) it holds

M
g (- XM () <
1
T™My, TM 1 2\«
m—-1 2 1 <
T max{ M, 2my } ) VN > max{T + x|, (T) } (98)
Call
. TMy, TM;
0:= max{ my 2me } > 0. (99)
Consequentlyr > 1) we derive
o) . oTm-1 2\ 7
Cha (=X (%) < e’ VN >max< T+]x|, (?> . (100)

We need

Theorem 15All here as in Theoreri2, where x= Xg € R is fixed. Let b be a centered bell-shaped function, contisuou
and with compact suppoft-T,T], T >0,0< a < land q(\IM; be defined as in9Q). Then

(M) m+1
@ O.8)5 | o G (™) 0
WWR[C (- X" 09+ , (101)

VNEN:N>max{T+|X|,T‘%}.
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ProofBy Theoreml2 and 88) we get

w (DY'f,9)
1f()—fX)[< W

|._ |m+1

— m S —
e T IT

, 0>0, (102)
true overR. "
As in Theoreml3 and using similar reasoning amm (1) =1, we get

i () 0= T 00| <Ca (I ()= T D () €2

@ (D, 8) [C'% s i (- —xm) (x)] |

r(m+1) (103)

VNGN:N>max{T+|X|,T‘%}.

We continue with

Theorem 16Here all as in Theorem2, where x= X € R is fixed and m> 1. Also the same assumptions as in Theorem
14. Then

pTm™1 1 gTm st
le(l—O’) M) (N(m+1)(1—0!)) ] ’ (104)
1
VNEN:N>max{T+|x|,(%)“}.

i (M) —
We have tha"EIILnlooCNﬂ (F)y(x) = f(x).

ProofWe apply Theorem5. In (101) we choose

1

5- oT™  \mit
. (N<m+1><1a>> ’

_ eTm
thusd™* = {2y and .
oTm  \ ™1
5m:<N(m+l)(1—or)) : (105)
Therefore we have
1
(M) _ (100 1 m eTm L '
s (09— 100] < a8, (o) ) (106)
oTm-1 1 oTm B
NI @) | (m+1)6 N Da) |

1
1 m eT™ ™1\ [eT™!? 1 1] 09
I'(m+1)wl<DXf’(N(m+1><1—“>) ){Nm<1—“>+(m+1)56 -
R
1

1 . oTm | mi
Fm+n™ (DX " <N(m+l>(la>> i

oTm-1 1 oT™m M
le(l—O’) M) <N<m+1><1—a> ) ] ’ (107)

1
VNeN:N> max{T +x], (%)@ }, proving the inequality104).
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We finish with (case ofr = 1.5)

Corollary 1.Let x€ [0,1], f: [0,1] — R, and fe C1?([0,1]) NCL>([0,1]). Assume that’{x) = 0, and (D) (x) =
(DE2f) (x) = 0. Then

3/
6 2/ 6 \3
< CVYNEN. 108
te () (108)

ProofBy Theoren, apply @7).

Due to lack of space we do not give other example applications

4 Conclusion

In this article we determined the rate of convergence of garseiblinear positive operators to the unit in the presence
of Canavati fractional smoothness. We gave applicatiores goeat variety of max-product operators. The results are
quantitative and the produced Jackson type inequalitsvia the modulus of continuity of Canavati fractional arde
derivative under initial conditions. Our approach in thelagations results in a higher order of convergence.
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