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Abstract: The Euler-Bernoulli equation, which is a fourth-order partial differential equation, and its related ones have been investigated
in diverse ways. Here, by suitably choosing the transverse displacement function, the fourth-order partial differential equation reduces
to a fourth-order ordinary differential equation. Then we solve the fourth-order ordinary differential equation using the theory of

generalized hypergeometric functions.
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1 Introduction

Since Daniel Bernoulli and Leonard Euler developed the
theory of the Euler-Bernoulli beam problem, its related
ones have been investigated in diverse ways (see, e.g. [1],
[2]1, 131, [5], [6], [10], [11] and the references cited
therein). Here we consider a rectangular rod length /
(0 < x <), height & and width b. Let u(z,x) be the
transverse displacement at time ¢ and position x from one
end of the rod (or beam) taken as the origin. Then the

u(t,x) satisfies the following fourth-order partial
differential equation (see, e.g., [11, p. 333])
128 p ity + Eb > tiyeex = 0, (1)

where p is rod density, S is cross sectional area, E is
modulus of elasticity of the rod material. Letting

and Ebh’=d*= constant,

@)

125p =x" (n = constant)

equation (1) takes in the following form

(xeR":neRy). B

XM uyy + a* Upre = 0

Here and in the following, let C, R™, and Z, be the sets of
complex numbers, positive real numbers, and non-positive
integers, respectively, and let R := R* U{0}.

In this paper, by choosing u(z,x) in (3) as in (16), the
fourth-order partial differential equation (3) reduces to a
fourth-order ordinary differential equation. Then we
present a general solution of the equation (16) using the
theory of generalized hypergeometric functions.

2 Generalized hypergeometric function
and its associated differential equation

Consider the following generalized hypergeometric
function (see, e.g. [9, Section 1.5])

(al)m (a2)m m
m=0 (Cl)m (CZ)m (C3)m m'

2F3(ar,ax;ci,c,033%) =

)
(c;eC\Zy (j=1,2,3)),

where (1), is the Pochhammer symbol (see, e.g. [9,
Section 1.1]). The function (4) satisfies the following
fourth order ordinary differential equation (see, e.g. [7,
pp. 74-80])

d*u du
3 2
X W+(61+CQ+C3+3)X a0
d?u
+ (c1e2 4 cre3 +c3¢1 + ¢ +C2+C3+17}C)Xﬁ
du
+lercaes —(a +a2+1)x]afala2u:0.
()

Let u(x) be a solution of (5). We find the other linearly
independent solutions of (5) in a neighborhood of x = 0.
To do this, let

u(x) :=x"w(x) (yis aconstant). (6)

* Corresponding author e-mail: junesang @dongguk.ac.kr

© 2020 NSP
Natural Sciences Publishing Cor.


http://dx.doi.org/10.18576/sjm/070202

34 NSP

A. Hasanov, J. Choi: Note on Euler-Bernoulli Equation

Applying (6) to equation (5), we get

a* a?
o d—xf +(Ay+e +62+C3+3)x2d—xv3v
+[6v(y—1)+3¥(c1 +e2+c3+3)
d*w
+(cieat ezt ezerter+ertez+1 —x)]xﬁ

+ [47(y=D(r=2)+37(y— D1 +e2+c3+3)
+2¥(cica+cre3+cezci+er+eate3+1—x)

dw (7
+ciees— (a1 +ar+ 1)x} o
+[H{(r=Dr-2)(r-3)

+(r=D(r=2)(c1 +c2+c3+3)
+(y—=1)(cica+crcz+czci+c1+cr+c3+1)
+61C26‘3}x7]

—Y(y—1)=Y(a1+ax+1) —ajas] w=0.
Using the following factorization in (7)
(r=D(r=2)(r=3)+{r-D{r=2)(c1+ca+ec3+3)

+ ()/— 1)(C1€2+62C3+C361 +c1+cer+ez+ 1)+C1€2€3
=(r+a-Dy+a-Dr+a-1),

(®)
we obtain
d* &3
2 d—):+(4y+c1 +cz+63+3)x2d—;:

+ [6Y(y—1)+3Y(c1+ 24 c3+3)
2
T
+ 4 (r=D(r=2)+37(r—(c1 +e2+e3+3) (9
+2y(cica+crestezer+er+ertez+1—x)

+ (ciea+ a3 tezei+er+eatez+1 —x)]

+cicpe3— (a1 +ar + l)x} dw

dx
+ Y+ —D(y+ea—)(y+e—1x
—(y+a)(y+a)|w=0.

To vanish the term x~! (see, e.g. [8, Section 18.2]), we
should have

Yr+e—D(r+a-)F+a-1)=0, (0

which gives the following four solutions
Y=0,y=1-c,y=1-c y=1-c3. (11

Applying each of the four solutions in (11) to (9), we
obtain the following four linearly independent solutions
of (5)

uy =2F3 (a1, az; c1, ¢2, ¢35 %), (12)

Uy =x1c1 2F3(17c1+a1, 1l—ci+a; (13)
2—ci, 1+c—cp, 1+c3—c5x),

us :x17022F3(1 —c+ay, 1 —cy+ay; (14)
2—cy, 14+c1—cy, 1+C3—cz;x)

and

m :xlfc32F3(17c3+a|, 1—c3+an; (15)
2—c3,14+c1—c3, 1 +C2—C3;x).

3 A solution of Euler-Bernoulli equation (3)

In (3), letting

2\ —1

2[)

u=p(t;a) w(c), where p(t;a) = (—a

R S ¥
PRI

(16)
and o :=

where x € RT, n € Rg, and a2 is the same as in (2), we
find the fourth-order partial differential equation (3)
which reduces to a fourth-order ordinary differential
equation (25) or (26). Then we solve the fourth-order
ordinary differential equation (26) using the differential
equation satisfied by ,F3 in Section 2.

Theorem 1. The four linearly independent solutions of
the Euler-Bernoulli equation in the form (26) are given as
follows:

3 a+3 a+l 3a+1.6
2 4 Y 2 Y 4 2 ?

uy = p(t;a)F3 (1, =

(17)
1-a T—a a+3 oa+1
u2:p(t;a)6 4 ]Fz( ) 5 2 2 ;G>a (18)
1o 4—a S—a o+3
— N 2 : N
U3 p(t,a)G ]Fz( > T4 ' a ’G>; (19)
and
30 9-3a 3—a 5—«
ug = p(t;a) o+l “>1Fz< 1 3 1 %)
(20)
N
whereoc.—m.

Proof. For simplicity, let p := p(t;a). We find

Urt :PzthFszwcGt+Pw606;2+17w66n (21)
and

Uiy =Py @ + 6 Py O Oxy +4 Py O Ox + 6 pry O ze
+ 4px Wsoco 6,3 +1 sz Moo Oy Oxx + 4px g Oxxx
+ p Wsooo G;‘ +6p0sso ze Oxx

+3pwo‘o‘(7)gx+4pwo‘o‘(7x6xxx+pwo‘oxxx-
(22)

© 2020 NSP
Natural Sciences Publishing Cor.



Sohag J. Math. 7, No. 2, 33-36 (2020) / www.naturalspublishing.com/Journals.asp NS e 35
Substituting (21) and (22) into (3), we obtain and
[ZZPG?Q)UUUQ‘“”(4a2px63+602p6)(26xx) WDsoo w4262(170!) IF (9_3a 3—a 5 o ) (30)
4 b 2 b 4 b

+ (6a2pxx ze + 1202px Oy Oxx + SaZprx +x pG,z
+4a’ p 0y Orr) Voo
+ (2xn pi 0 +x"poy + 6aszx Oxx + 4a2pxxx Oy
+4a py Oex + @ P Orr) W + (@7 Py + X pyr) @ = 0.
(23)
Considering p, = 0 in (23), we get
a* P G,? Wsooo + 64’ p GXZ Oxx Wooo
+p(3a* 0p +x" 67 +40° 0 Opi ) Wo

+ (zxn pi o +x"poy +a2PGxxxx) W +x" py @ =0.

(24)
Using
4 +3 2 2
Gx:*mxn yeees Pp=—6a"p
in (24), we have
+3
G3w6666+6n—+462w666
n+3 In+17 >
+|\—— ——F -0 )00
<n+4 n+4 o°
n+3 n+2 n+1 7 3
+ : : — =0 | g — -0 =0.
(n+4 n+4 n+4 2 ° 2
(25)
Setting o := % in (25), we obtain
o + o+3  o+1 3a+1+3 SRR
0000 4 2 4 000
(a+3 a+1 o+1 3o+1 3o+1 a+3
4 2 2 4 4 4
a+3 o+l 3a+1+1—o)ow
4 2 4 o
o+3 o+1 3o+1 3 3
: : (14241 } —2w=0.
T (g nejen—je—0
(26)
Comparing (9) (y = 0) with (26) and setting
_q 3 _o+3 o+l _do+1
a) = ,(12—2,6‘1— 4 , 2= 2 , 3= 4 , X=0

in (12), we obtain the following four linearly independent
solutions of (26):

3 a+3 a+1 3a+1
=2k (1, = ; ) N ) 27
; 23(,2 7 > 7 0) (27)
1o T—a a+3 o+l
= 4 F . . 2
m=0 12( 1 1 3 ,G), (28)
|-« 4—a S5—a a+3
— 7 | F . . 2
0 =0 12( a1 2 ,G), (29)

Considering (16), we obtain the desired solutions.

4 Conclusion remark

In this paper, by suitably choosing the transverse
displacement function, the Euler-Bernoulli equation; a
partial differential equation, reduces to a fourth-order
ordinary differential equation, which is shown to be
solved using the theory of generalized hypergeometric
functions. Certain similar partial differential equations are
believed to be solved by applying the method used here.
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