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Keywords: relativem—semilogarithmic convex functions, Hermite-Hadamard irsdigies

1 Introduction Yu,veH :u,g(v) €Kg, te[0,1]

Clearly every convex function is relative convex, but
the converse is not true. The following inequality holds for
any convex functiorf defined orR

Itis well known that modern analysis directly or indirectly
involve the applications of convexity (se&q), due to its
applications and significant importance.

Several generalizations have been introduced in recen% a+b - 1 bf dx < f(a)+ f(b) 1
years and extensions of the classical notion of convex \ "2 | = (b—a)/a (x)dx < 2 : 1)

function and in the theory of inequalities are produced; -« firstlv di o : -
. oo ; . y discovered by Hermite in 1881 in the journal
|{nportant contributions in this regard (se#6[3,11,13, Mathesis (seed]). But this result was nowhere mentioned
4])|' 111 Noor introduced | f i din the mathematical literature and was not widely known
nl f]’ oorin r_oh ucedanewciass ob_convefx S€ _an. as Hermite's result]2]. Beckenbach, a leading expert on
convex function with respect to an arbitrary TUNction; w,q pisiory and the theory of convex functions, wrote that
which are called relative convex set and relative CoNVeXis inequality was proven by Hadamard in 1893 in
function r?spectlyely, a_nd in 10] .EStab“ShEd SOME 1974 Mitrinovit found Hermites note in Mathesi].[In
Hadamard'’s type inequality for relative convex functions. view of the fact that I) was known as Hadamard's
H LetK be a nonempty closed set in a real Hilbert Spaceﬁnequality, now the inequality is commonly referred as the
' Hermite- Hadamard inequalityLg].
Definition 1([11]).  Let Ky be any set in H. The segK For the properties of relative convex functions and
is said to be relative convex (g-convex) with respect to arHermite-Hadamard type inequalities (s&¢1D, 11]).
arbitrary function g: H — H such that(1-t)u+tg(v) € thegrem 1([L0) Let f: Kq—
: . : Kg = [a,g(b)] = R be a
Kg, Yu,veH:u,g(v) €Ky, t€[01]. relative convex function. Then, we have
Note that every convex set is relative convex, but the /4. () 1 g(b) f(a)+ f (g(b))
converse is not true. f ( 5 ) < (g(b)—a)/a f(dx< ————.

Deflnltlon 2([11)). : A f“”Ct'Of.‘ f'Kg—H IS said to b? Noor in [8] introduced the class of relatiie-convex
relative convex, if there exists an arbitrary function g,ctions and also discuss some special cases, in addition
g:H — H such that established some Hermite-Hadamard type inequalities
f((1-tu+tg(v)) < (1—t)f(u)+tf(g(v)), related to relativér-convex functions.
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Definition 3([8]). A function f: Ky — H is said to be
relative h-convex function with respect to two functions h
[0,1] — (0,+) and g: H — H such that I is a relative
convex set, if

F((1-tu+tg(v)) < h(1—t)f(u)+h(t)f(g(v)),
vu,veH:ug(v) eKg, te(0,1).

Theorem 2([8]).
function, such that(n%) # 0, then, we have

b
/g<)f(x)dx
a

Let f: Kg — R be a relative h-convex

1 a+g(b)
f
2h(%) < 2

)< o
= (gb)-a)

1
< [f(@+ ()] | ot

Definition 4. A function f: Kg — [0,+) is a semi
logarithmically to be relative convex function with respec
to g: H — H such that k is a relative convex set, if

F((L-tu+tg(v) < (f(u)'(Fv)*,
Yu,veH:ug(v) eKg, te(0,1).

Now, we combine definitions of Noor-convexity
(relative  convexity), m-convexity —and  semi
m-logarithmically-convex for we obtain obtain the class
of m-logarithmically- semi-convex functions, as the
following.

Definition 5. Afunction f: Kg — (0, +) is: Relative m-
logarithmically- semi-convex function with respect to g
H — H such that I is a relative convex set, if

f(m(L—t)u+tg(v)) < (f(u))™ I (FW)),

Yu,veH:ug(v) eKg, t,me(0,1).
If this inequality reverses, then we call f
m-logarithmically semi-concave function.

)

Remark.

1.If we takem = 1 in (2), then we have the definition of
semi-logarithmically-convex function.

2.If we takeg(x) = x, in (2), then we have the definition
of (m)- logarithmically convex function .

2 Preliminaries

Now we discuss some properties of

m-logarithmically semi-convex functions.
Theorem 3. Let f:[a,g(b)) — (0,+), me (0,1] then,

()When f> 1, f is relative m-logarithmically- semi-
convex function if and only iin f is an relative m-
semi-convex function.

relative

(i f is relative m-logarithmically- semi-convex funatio
if and only ifT is a relative m-logarithmically- semi-

concave function.

Proof. The inequality ) may be written as

In(f(mtx+ (1 —t)g(y))) < mtin(f(x)) + (1 -t)In(f(y)),
and

[f(mbxt (1-0)g(y)] > [F00] - [f(y)] ™),

for all x,9(y) € [a,g(b)) andt € [0,1]. The proof is
completed.

Theorem 4. Let f,h:[a,g(b)) — (0,4) be relative
m-logarithmically semi-convex function and leen(o0, 1],
then f-h is a relative m-logarithmically semi-convex
function on[a,g(b)).

Proof. Using the relative m-logarithmically semi
convexity of f on[a,g(b)), we obtain

f(tmx-+ (- t)g(y)) < (F(x)™- (F(y)* ",

and

h(tmx+ (1—t)g(y)) < (h(x))™- (h(y))**,

for all x,9(y) € [a,g(b)) andt € [0,1]. Multiplying both
inequalities, we get

ftmx-+(1-t)g(y) - h(tmx+(1-t)g(y))™

< (FO)™- (f(y)* - (h(x)
= (£ -h(x)™(f(y)-h(y))

This completes the proof.

)™ (h(y)*"
1

—t

3 Main Results

In this section, we present and discuss Hermite-Hadamard
type inequalities. First, let us recall the following defiioin
we will using. For positivea, b € R:

1.Arithmetic meanA(a,b) = a_+b.

2.Geometric mearG(a,b) = v/ab.

3.Logarithmic meank(a,b) = m'

Theorem5. If f : [ag(b)) — (0,+) is Lebesgue
integrable on[a,g(b)) and m-semi log-convex function
relative to g: (0, +o) — (0,+),me (0,1] , then

aym

o Sl arat)-0ax<c(f(2)".1m).
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Proof. Sincef is relativem-semi log-convex function, Theorem 7. If the functions {, > : [a,g(b)) — (0,+)

we have are Lebesgue integrable da,g(b)) and relative m-semi
o mt logarithmically convex functions and
f(tat (1—t)g(b)) < f (E) f(b)X, te (0,2) g: (0,+w) — (0,4), me (0,1] , then
1 g(b)
and m/ﬁ f1(x) f2(x)dx

ua_ma+wm»gf(%)”k”mmﬂtemAy <t (noro). (1 (7)) 2(5)")

1 aym
<z {(n (—) +a0)L (0.1 (1))
(12 ()" )L (1200 22())

Proof. Since f1, fo are relativem-semi logarithmically
convex functions, we have

By multiplying these two latest inequalities, we obtain
a\m
f(tat (L—t)g(b) f((1—t)a+tg(b)) < f (E) f(b).

Now, taking square root, we get

m a\ mt B
Gt ta+ (1-0a0). f(1-vartg) <6 (1 (2) 1), flta+@-tgb) < f () RO te @)

Integrating over the interval0,1) with respect tox and

and replacingk = ta+ (1 —t)g(b), we get the required a\mt _
o ot [ olb) we get the reg falta+ (L-0g0) < f2(2) ™ R0 te 01)

We multiply both inequalities and integrating over the

Theorem6. If f : [a,g(b)) — (0,4) is Lebesgue interval (0, 1), we get

integrable ona,g(b)) and m-semi logarithmically convex
functi lative t 0 0 0,1], th 1
unction relative to g (0, +) — (0,+) me (0,1], then /0 fu(tat (1—t)g(b)) fa(ta-+ (1—t)g(b))dl

mt

1 g(b) m :

&ETEA fgdx < L(f(2)", (b)) < [(8(3) (2)" b aoya
) o -/ ( <> (1)) (o)
< > -

Proof. Sincef is relativem-semi log-convex function, = ( ' <%> f;(%) a

we have ’ log( f1(b) f2(b)) —log( (fl (—) 2(5» )

ay\m
f(tat+ (1-t)g(b)) < f (%)mtf(b)l“, te(0,1). - "(fl(b)fZ(b) <f1< )f2<m)> )
By Young’s inequality, we have
Integrating over the intervdD, 1), we get /1 ((h (3) 5 (E))m)t“l(b) (o)t

a

[ ttar a-vgmnan < [C1(2)™ ot < o) () ) o

1 aymt 1— N a\m 2 2 a\m2
= 1y (R 1ot ; ;{ oo ((3)) (e -(s(3)) 1
Hb)f <3)m log(fu(b)) ~log (. () ") log(fa(b)) ~log (2 )")
= a = (0 (2) )L (o1 (2))
log(f (b)) ~log(f (=) . S
o " (5" o) (. (2)))
=L(f(b),f(= . .
< ®) <qu ) Substitutingx = ta+ (1 —t)g(b), we get the required
f(b) + f (E) inequality.
< —~m7 -
- 2 Remark. If m=1and the functiog is such thag(a) =a
Substitutingx = ta + (1 — t)g(b), we get the required W€ Nave acoincidence with Theorem 4.53h [
inequality. Theorem 8. If f,h:[a,g(b)) — (0,4) such that th e
o L([a,g(b)]) and f is m-semi log-convex function relative
Remarkf m= 1 and the functiory is such thag(a) = a . g(b) . .
then we can get a coincidence with Theorem 4.8]n [ to g: (0,+e) — (0,+) in [O, Tl] and h is m-semi
(@© 2017 NSP
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log-convex function relative to g(0, +) — (0, +o0) in
ol )},then

o
mp

1
g(b)—a

(3
(i

m
a

Proof.

functions, we have

/gw) f(x)h(x)dx

)mlh( )n]z?f(b).h(b))
)mlh( )mz,f(b).h(b)).

a

mp
a

m

my

a

mt N
—t
=)t e o)

f(ta+ (1-t)g(b)) < 1 (

and

a

ot 1-t
mz) h(b)t, t € (0,1).

hita+ (1-t)g(b)) < h (

By multiplying inequalities, we get
f(ta+ (1—t)g(b))h(ta+ (1—t)g(b)
t t
< f ( a )ml h( a )mz ((b).h(b))2 .

my my
By integrating over interva(0,1) and replacing = ta+
(1—1t)g(b), we get the required inequality.

Using the technique oflf], we can prove the following

result.

Theorem 9. If f h:[a,g(b)) — (0,+e) such that fh% e

L([a,g(b)]) and f and § are m-semi log-convex function

g(b)],forq>1,
m

relative to g: (0, 4o) — (0, +o0) in [O,
then

1

a

m
a

m

A

(e

<R

)m, f(b)) Ls (th(%)m, fr(b)
)m, (b)) Al (fhe (r%)m fri(b) ).

Proof. Sincef andh are relativan-semi logarithmically-
convex functions, we have

a

f(tat (L—t)g(b)) < f (m

)mt F(b)F, t e (0,1),

and

a

hta+ (1—t)g(b)) < h (m

)mth(b)l“, te(0,1).

Since f and h are relativem;-semi log-convex

By Holder’s inequality, we get

1
g(b)—a

= /Olf(ta+(1—t)g(b))h(ta+(1—t)g(b))dt

4(b)
/a f(x)h(xX)dx

1
j,a
X

< (/(;1f(ta+(1—t)g(b))dt)

1
q

(/: f(ta+ (1—t)g(b))h% (ta+ (1—t)g(b))dt)

l7tdt) s X
[fhd (%)}mt[fhwb)]l*tdt) :
SBEGOTEY
a

m) ) AC (10010 ()7).

This completes the proof.

a

(b
(h

— L1 (f(b),f(
< Al (f(b),f(

<

~

)" (1)

Corollary 1.
q=1we get

Under the same hypotheses of theoBgiih

1
g(b)—a

a

/:@ f(x)h(x)dx < L fh(b),fh(a>m)

For the following results we need the following
Lemma. Using the method ir2].

Lemmal. Let f:| — R be a differentiable function on
int(l1) and g: R — R an arbitrary function. If f is
integrable onfa,g(b)] con gb) > a, then

f(a)+ f(g(b)) 1 g(b)
e CECA
_g(b)—a

1
2 /0(1—2t>f’(ta+(1—t>g(b>>dt.

Proof. Integrating by parts

/01(1—20 f/(ta+ (1—t)g(b))dt

(@© 2017 NSP
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(1—2t)f(ta+ (1—t)g(b))|*

a—g(b) 0
2 1
+ a_7900)/0 f(ta+ (L—t)g(b))dt

fgb) . 2
a—gb)  a—g(b) /0 f(ta+(1-t)g(b))dt

g(b)z_a 01( )f'(ta+ (1—1t)g(b))dt
b

1—
f@+flgb) 1 /g<b>f(x)dx
2 (g(b) —a) Ja

Theorem 10. Let f: 1 — R be a differentiable function
on int(l) and g: R — R an arbitrary function. Let
me (0,1). If [f'| is m—semi logarithmic convex function
respect to g and integrable over | we have

2t
9

f(a)+ f(g(b) 1 g(b)
5 — 30 —a/a f(x)dx
S e HICEE
where
"
©= T (b)
and

(L if c=1
Ei(c) {E%T:(4\/6_2C_2+(C_1)|nc) if c#1

Proof. Using Lemmal and Definition2 we have
‘ f@+fgb) 1 /g<b> {0dx
2 (a—g(h)) Ja

_ 1
< %a/o [(1—2t)|| ' (ta+ (1—t)g(b))|dt
_ 1 m
<802 [a20i(171 (3)™ (o) et

S0 ([ (] (2))" (7)o

1

[ a-n (v (5) (o) )

1/2

r(aym
Doingc = %, we continue the proof by cases.

Casec # 1 : evaluating the first integral, we have

1/2
/0 (1—2t)|f'(ta+ (1—t)g(b))|dt
1/2 m _
<@ (rI(E)" (7o) a
e (V2 R
_|f|(b)/0 (1_2t)<W> dt
— || (b) /01/2(1_ 2t)cdt

1 28 2
— () (- Y 2
Ll )( |nC+In2c Inzc)

in similar way, the second integral is

/1 (2t—1) | f'(ta+ (1—t)g(b))|dt
1/2

1 f1(a\m t
§|f/|(b)/1/2(2t—1) <%> dt

e (S 2
_|f|(b)(lnc In2c+lnzc

adding the integrals

1/2
/O (1—20)|f'(ta+ (1—1)g(b))|dt

+ ’ (2t—1)|f'(ta+ (1—t)g(b))|dt
1/2

|f'] (b) (4/c—2c— 24 (c—1)Inc)

In?c

Note that the expression £ —2c— 2+ (c—1)Inc has the
only zero inc= 1 and is positive foc € (0,0) — {1}

Casec=1:
Evaluating the first integral

1/2
/0 (1—2t)|f'(ta+ (1—1)g(b))|dt

1/2 m _
< J a2 (i1 (R) " (e ta
/ Tamy
I [ - (1)

) 1/2 1.,
It |(b)/o (1-2)dt= 71| (b)

(@© 2017 NSP
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The second integral

/1 (2t—1)| f'(ta+ (1—1)g(b))|dt
1/2
</1/2(2t D (1 (2))™ (1] ()" e
_ L 1 (5)
— |t (b /1/22t 1)< If’I( ) ) dt

31710

=|f'[(b) [ (2t—1)dt="=

1/2
adding the integrals
1/2
/O (1—20)| ' (ta+ (1—t)g(b))| dt
1
+ 1/2(2t—1)|f/(ta+(1—t)g(b))|dt

1

=§\f’\(b)

Remark. Ifinthe TheorenlOwe putm= 1 andg(x) =
we have

= IAL

if c=1, and
f(a)+
‘ 2 b- a/f X)dx

|fI | (b )(4\[C 2c—2+(c—1)Inc)

<2521 0)

if c#£ 1, where
](a)
|1 (b)

Theorem 11. Let | C [0;) be an open real interval
and let f: 1 — (0;0) be a differentiable function on |
such that f € L([a;b]) for 0 <a< b < w. If [f/(x)|%is
m-logarithmically semi convex o2, | for m € (0;1],
then for g> 1

[ f(a)+2f(9(b)) 3 g(b)l_a/a[‘]’(b> f(x)dx

C=

Proof. Whenq > 1, using Definition , Lemma (1) and
Holder inequality we have

f(a)+ f(g(b)) 1 g(b)
‘ e O A

_ (g(b;‘a) /0(1 2) ' (tat (1 )g(b))dt‘
g(gb)z a/|1 20)[|f'(ta+ (1—t)g(b))| dit
1-1/q
b;a(/u 2t|dt> x

1/q
a
A b))| dt)

< (ot -3 (%)“/qu/(bnq ( / l|<1—2t>|cqtdt) Uq.

If c=1 we have

1 1 1
/O|(1—2t)|cqtdt:/0 (1—20)[dt =

If c> 1, then

1
/O (1 20)|cTdt

_ /01/2(
1

(/1|(1—2t)|\f/(ta+(1—

1
1-2t)cdt+ [ (2t—1)c™dt
1/2

= q_ /2 _ el
qlnzc((c 1)qlnc+4c 2c 2)
Remark. If m=1 andg(x) = x the we have
f(a)+f(b 1 /b
()2 (b) b_a/a F(x)dx
b—a) /1)
<02 (3)  rorEes
where .
AIC)
[/ (b)’
and
. _f3c=1
1(6,0) = qz—lﬁz—c((cq—l)qlnc+4c‘4/2—2cq—2),c;«é1

_ 1\ -1/
< (g(b)2 3 (E) |f/(b)|q(E1(c,q))1/q Lemma 2. Let f:l C R— R be a differentiable mapping
onint(l)and ab e I witha < b. If f' € L([a;b]), then
where Tz (%)m ¢ (a+g(b)> B 1 /g(b> f(x)dx
IO 2/ 9b-alk
1/2
and = (g(b) —a) {/ tf'(ta+ (1—t)b)dt
0
(c.q) %’521 /2 [ a-otta t)b)dt
7irze (I=1)ainc+4c¥? 207 -2) ¢ #1 1/2( )f(ta+ (1-t)b)
(@© 2017 NSP
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Theorem 12. Let f: | — R be a differentiable function and

on int(l) and g: R — R an arbitrary function. Let
€ (0,1). If |f’| is m—semi logarithmic convex function

respect to g and integrable over | we have

‘f <a+29(b)> B g(b)l— a/ag(b) ((dx

< (9(b) —a)| | (b)Ez(c)

4 B {711 if c=1
an C) = c4\ﬁ:+2
0y ifc#1

Proof. Using lemma2 we have

‘f <a+ §<b>) ) g(b)l_a /ag(b) oo

= (g(b) —a)

1/2
/O tf/(ta+ (1—t)g(b))dt

1
+/1/2(1—t)f’(ta+(1—t)g(b))dt'

< (@b -a) (1|t a-vgto)| et

1
+/1/2(1—t)\f/(ta+(1—t)g(b))\dt)

Let

The first integral is

1/2
/0 t|f'(ta+ (1—t)g(b))|dt

</1/2
< [P0 (2)) ™ (1 o)

:|f’\(b)/01/2t<(|f|f|/|(f"g)) ) dt

and

/11 (1—t)f'(ta+ (1—t)g(b))dt

/2
<|7|o) [

If c=1 we have

1/2
/0 t|f'(ta-+ (1—t)g(b))|dt

/(mtf + (1—t)g(b))‘dt

1 1
/ (1-1)f'(ta+ (1—t)g(b))dt < || (b) [ (1—t)dt
1/2 1/2

Casec # 1 we have

1/2
/0 t|'(ta-+ (1—t)g(b))| dt
< \f/|(b)/01/2tctdt
1/2
, tc ¢
= || (b) (m_ (Inc)? ) )

e Vve(ne—2)+2
_‘f|(b)< 2(Inc)? )

and
/11 (1-t)f'(ta+ (1—t)g(b))dt

/2
1
<t (b)/ (1—t)cdt
1/2

= |¥|b) <(1‘”d+ ©

Inc (Inc)

1
2
1/2)

e 2c—./c(Inc+2)
_m(b)( 2(Inc)? )

Adding integrals

1/2
/O t|f'(ta+ (1—t)g(b))|dt

1

n 1/2(1—t)f/(ta+(1—t)@J(|O))0|t
e (fc('”c_zz)+2+ ZC_\E('”?Z))
2(Inc) 2(Inc)
/| (b
- |(In|(£)2) (2c—4yc+2)

i if c=1
2c(|4\c/>’+2 if c£1

and Ex(c) = {

(@© 2017 NSP
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Theorem 13. Let f: 1 — R be a differentiable function
on int(l) and g: R — R an arbitrary function. Let
me (0,1). If |f'|% is m—semi logarithmic convex function
respect to g and integrable over | then forgl we have

h(a+gm>_m£;aém”@mx

- 4 2
where
o (P
1] (b)
and
2(3)"" 01
Eeq =) ()

Proof. Using lemma2 and holder inequality we have

‘f <a+29(b)> B g(b)l— a/ag(b) ((dx

1/2
= (gb)—a)| [ tf'(ta+ (1—v)g(b))dt

+ ’ (1-t)f'(ta+ (1—t)g(b))dt‘
1/2

/
< (@) -a) [ 1] 2 (1- oot

1
+/l/2(1—t)|f’(ta+(1—t)g(b))|dt>
< (g(b) —a) x

+ (/ljz(l—t)dt>ll/q x

1 1/q
(/1 (1—t)\f’(ta+(1—t)g(b))|th> ]
(g(b) —a) (1)
(oo 1y,
1/2 1/q
K/O t|f/(ta+(1—t)g(b))|th) +

1 1/q
</ (1—t)\f/(ta+(1—t)g(b))|th> ]
1/2

() ([iras @ ogmpa)™* - Hreasa-var

Casec # 1 : Solving the first integral

1/2
t|f'(ta+ (1—t)g(b))|*dt

0
< \f’\q(b)/l/zt (7“]”'(4(%))”1) dt

0 /% (b)
1/2

= [1°0) [ttt
0

2(qglnc)

and

/l (1—t)|f'(ta+ (1 —t)g(b))|*dt
1/2

1 f1a(aym !
<t a0 (UEET) o
= \f’\q(b)/ljz(l—t)cqtdt

7% ) 2c¢9—\/c9(ginc+2)
2(qlnc)?

then

¢ <a+§(b)> B g(b)l_a/ag(m f0dx

_ 1-3/q
- %4@ (%) 1| (b) x

Vd(ginc—2) +2 1/q><
2(qgInc)?

<2cq—\/c_Q(qInC+2)>1/q>

2(qgInc)?

Casec=1:

|9 (b)
8

<[ [t
and
/11 (1—t)|f'(ta+ (1—t)g(b))|*dt

/2
< |f’|q<b>/1 (1-t)dt= 'f/';(b)

1/2

then

’f(a+§&ﬂ>‘gw;—aﬁg
(g(b) )

=T a @1

(b)
f(x)dx
3/q
|71

0)2 (%)Uq
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Now, we can establish

a+g(b) 1 g(b)
‘f< ¢ )_g(b)_a/a f(x)dx
(gb) —a) (1\*¥9
< ot (5) || (b)E2(c.q)
where
C(rE)"
“= ()
and
2(§)"%0=1
cd(glnc—2)+ /q
Exfe.c) = (“hmet ™)

2¢9—+/c9(qgInc+2) 1/a
v ) el

o

4 Conclusions

We expect that the ideas and techniques used in this paper
may inspire interested readers to explore some new

applications of these newly introduced functions in
various fields of pure and applied sciences.
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