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Abstract: Complementarity problems provide a unified and general émmonk for studying a wide class of unrelated problems. In
this paper, we use the change of variables technique tolisst#iie equivalence between the general complementadtyigm and the
fixed point problem. This equivalence is used to study thstemce of a solution of general complementarity problendssaiggest an
iterative method. Our methods of analysis is very simpleoaspared with other techniques. These results can be viesvsigificant
refinements of the previously known results.
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1 Introduction 2 Formulations and basic facts

Let R" be the Euclidean space, whose norm and inner
product are denoted By || and(-,-) respectively.

Let T,g: R" — R be a continuous monotone nonlinear

. . . operators and let be a closed and convex setRi. We
Complementarity theory contains a wealth of new ideas;qgjqer the problem of findinge R” such that
and techniques, which was introduced and considered in

early sixties by Lemke] and Cottlel] independently. 9(u) >0, Tu>0, (g(u),Tu)=0. 1)

For the applications, motivatio.n, numerical results andwnich is called the general complementarity problems,
other aspects of complementarity problems, 4e2,8,5,  mainly introduced and studied by No@][ A wide class
6,7,8,9,10,11,12,13 14,15  and the references therein.  f problems arising in pure and applied sciences can be
In recent years, complementarity problems have beeri,died via general complementarity problert)s (

novel and innovative ideas. Dolcettd] [considered the |, c R sych that

implicit complementarity problems, which arise as the

discretization of the variational inequalities. Nocg] [ Y= M), Tu>0, (Tuu—m(u)) =0, ()
introduced and investigated a class of nonlinearwhich is known as implicit(quasi) complementarity
complementarity problems, which is known as generalproblem, which were introduced by Dollcett].[ For he
complementarity problem. There are several techniquegpplications and other aspects of the complementarity
for solving complementarity problems including the problems in engineering and applied sciences, 48]
change of variables method, the origin of which can be11,12,13 14,15] and the references therein.

traced back to Van Bokhhove@. Noor[7] and Noor et |f g = |, the identity operator, then problerf)(is called
al.[10,11,12,13] have used this technique to suggestthe nonlinear complementarity problem, introduced and
SomeI iterative forb | solving diﬁerenth clasies of investigated by Cottlel], that is, findu € R" such that
complementarity problems. We again us this technique to
show that the general complementarity problems are! = Tuz0, (Tuu)=0. (3)
equivalent to the fixed point problem. This equivalent For the applications, formulation, numerical methods,
formulation is used to consider the existence of theother aspects and various generalizations of the
general complementarity problems. Our results can beomplementarity problems, sed, 3,5,6,7,4,8,9,10,11,
viewed as significant refinement of the known results. 12,13,?,14,15,16] and the references therein.
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To obtain the main results, we recall some well-known

concepts and results.

Definition 1.An operator T: H — H with respect to an
arbitrary function g is said to be:

1.Strongly g-monotone, if there exist a constant 0,
such that

(Tu-Tug(u)—gW)) > afgu)—gv) % VuveH.

2.Lipschitz g-continuous, if there exist a const@nt 0,
such that

[Tu="Tvl| < Bllg(u) =gV,

3.g-monotone, if

vu,veH.

(Tu—Tv,g(u) —g(v)) >0, VuveH.

If g~ exist, then Definition 2.1 reduces to:

Definition 2.An operator Tg!: H — H said to be

1.Strongly monotone, if there exist a constant 0, such
that

(Tg'u=Tg u—v)) >alu—v|? VuveH.
2.Lipschitz continuous, if
ITg lu—Tg v <Bllu—v|, VYuveH.
3.g-monotone, if
(Tu—Tv,g(u) —g(v)) >0, VYuveH.
Remarkif the operatorT g~ is both strongly monotone

with constanta > 0 and Lipschitz continuous with
constan3 > 0, thena < (3.

3 Main results

In this section, we use the technique of change of

variables, which is mainly due to Van Bokhovelf] as
developed by Noor et allp,11,12,13], to establish the
equivalence between the general
problem and the fixed point problem. We use this

complementarity

If g1 exits, then 4), can be written in the following
equivalent form

_ XEx |x|+x)
2 2 7

In fact, we have the following result.

pPTg (5)

Theorem 1u € R" satisfiedl, if and only if, xe R" satisfies

(5).

Theorem 3.1 implies that the probler) s equivalent to
the fixed point problem5). In order to prove the existence
of a solution of problem), it is enough to show that the

mappingx defined by
_X+x [X] + X

F(x =2 ). ©)

is a contraction mapping and hence it has a fixed point
satisfying problemX).

PTg

Theorem 2Let the operator Tg' be the strongly
monotone with constardt > 0 and Lipschitz continuous
with constantf8 > 0, respectively. If there exists a
constanfo > such that

20
?7

then there exists a solution of problef).(

0<p< (7)

ProofLetu € R" be a solution of problemdj. Then, from
Theorem 3.1, we can define the mappkng) by (6). We
rewrite (1) as:

X +x

2
F(X) =w—pTg*(w).
Consider

IF (x1) — F (x2) 12

= [lwi —wo — p(Tg H(wi) — Tg w2
(w1 —wa,wy —wp) — 2p((Tg H (W) = Tg H(wo),Ww—2)
H(TgH(wa) —Tg H(wa), Tg H(wi) — Tg H(wa))
< |lw—2||>— 2paw—2Z|* + p?B?|| w1 — w,||?

(8)
9)

= (1-2pa+p?p?)|wy —w,||?,

equivalent formulation to investigate the existence of awhich implies that

solution of the general complementarity problem.

Using the technique of Van Bokhovehd and Noor
etal.[10,11,12,13], we rewrite the probleml) as;
X[ 4x X=X

w=g(u) 5 2

This equivalent formulation plays a crucial role in the
derivation of our main results.

v=Tu (w,v) =0. (4)

IF(x1) = FO)l| <4/1-2pa+B2p?|wi —wa|.  (10)
Also, from @), we have

+ X1 _ |X2| —I—XZH
2 2

1
§||(|X1| —[X2|) 4+ (X1 — %) |
X =l + [[x1 =%} = [[x1 — %2l (11)

|Xq|
Wi —wa|| = |

A
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Using the technique of Noor et &al,[L1,12,13], one can  [14] M. A. Noor, K. I. Noor, and T. M.Rassias, Some Aspects

study the convergence criteria of Algorithm 3.1. The of Variational Inequalities, Journal of Computational and

comparison of this method with other numerical methods  Applied Mathematics, 47(1993),285312.
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Appl. 37 (1982), 149-162.

Conclusion [16] W. M. Van Bokhoven, A class of linear complementarity

problems solvable in polynomial time, Technical Report,

Department of Electrical Engineering, Technical Univistsi

In this paper we have used the change of variables Eindhoven, Holland, 1980.
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existence of a solution of the general complementarity | = = Muhammad Aslam
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