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1 Introduction the class of logarithmia-preinvex function.

Motivated by this we in this paper, consider the classes of
Let f:1 CR — R be a convex function witk < b and  g-preinvex and logarithmica-preinvex functions. We
a,b € I. Then the following double inequality is known as prove several Hermite-Hadamard type inequalities for

Hermite-Hadamard inequality in the literature these classes of nonconvex functions. The ideas and
b 10 f(a)+ f(b) techniques used in this paper may be useful for further
ar a)+ research.
hlliad R g < @710
f( > )_b_a/f(x)dx_ 3 (1)
a

Inequality @) can be considered as necessary and D

sufficient condition for a function to be convex. For useful 2 Preliminaries

details on Hermite-Hadamard type of integral

inequalities, se€l} 2,3,4,6,7,16,17,20,22,23]. In this section, we recall some previously known basic
In recent years, several extensions and generalization®sults. LetKy, be a nonempty closed set R. Also
have been considered for classical convexity using noveissume that : Koy — R, 1(.,.) : Kap X Kqp — R and
and innovative techniques, s€&§,10,11,18,21,22,24. a(.,.):Kan x Kgn — R\ {0} be a bifunction.

A significant generalization of convex functions was that . . . )

of invex functions which was introduced by Hans@j.[ ~ Definition 1([11])). Asetkyy is said to be ar-invex set, if
Weir et al. 4] introduced the class of convex functions, there exist an arbitrary functions, n : Kan x Kap — R,
which is called preinvex functions. It is known that a Such that

preinvex function may not be a convex function s24][
Different properties and the role of preinvex functions in

Optimization, variational inequalities, equilibrium Kan is said to be aru-invex set with respect tq and
problems and integral inequalities have been studied ang  if K is a-invex at eachu € Kan. The a-invex setKqp,

investigated, see 1#,1516,17,1821]. In [11] the s also calledxn-connected set. Note that the convex set
concept ofa-invex function was introduced. It has been with o (v,u) = 1 andn (v,u) = v—u s an invex set, but the

shown [L1] that a-preinvex @-invex) have useful and cgonverse is not true.

important  applications in  generalized convex

programming and multiobjective optimization. Inspired Remark.If a(v,u) = 1, then Definitionl reduces to the
by this ongoing research Noor et a&1] have introduced definition for invex set.

u+ta(v,u)n(v,u) € Kqp, vu,ve Kgp,t € [0,1].
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Definition 2([24]). A set K; is said to be a invex set, if
there exists an arbitrary function : K, x K, — R, such
that

u+tn(vu) e Ky, VuveK,,telo1].

Definition 3([11]). A function f on kK, is said to bea-
preinvex function, if there exist arbitrary functionasn :
Kan x Kan — R, such that

< (1-0) () +tf(v),
Vu,v € Kgp,t €[0,1].

f(u+ta(v,uyn(v,u))

In order to develop our some of our main results, we
need following assumption on the bifunctions.,.) and
af(.,.). For more details, se@{].

Condition C. Let n(.,.) : Kayp x Keqy — R and
a(.,.) : Kan x Kan — R\ {0} satisfy the assumptions:
l. ’T(UaU‘Ha(VvU)’?(VvU)) _tn(va U),

I. U(VaU + ta(vvu)n(v7u)) = (1 - t)’](Va U),
K,t€[0,1].

Yu,v €

It is worth to mention here that foo(v,u) = 1,
Condition C collapses to the condition, which is due to
Mohan et al. 13].

An a-preinvex function may not be convex function, see Throughout the sequel of the paper, it is assumed that the

[8].

Remark.If a(v,u) = 1, then Definition3 reduces to the
definition for preinvex functions.

Definition 4([24]). A function f on K is said to be
preinvex function, if there exists an arbitrary function
n : Ky x Ky = R, such that

< (L-Df(u) +tf(v),
vu,ve Ky, t e [0,1].

f(u+tn(v,u))

Definition 5([21]). A function f on kK, is said to be
logarithmic a-preinvex function, if there exists an
arbitrary function
a :Kan xKagp = RN :Kgp x Kgp — R, such that

futta(wunvu) < (fw)*(fv)",
vu,v e Kgp,t € [0,1].

Definition 6([7]). Two functions f and g are said to be
similarly ordered (f is g-monotone) ond R, if

(f(¥) = f(y),9(x) -

Definition 7([12). Let f € L1[a, b}, the Riemann-Liouville
integrals J. f and J_f of order a > 0 with a> 0 are
defined by

a(y)) >0, wxyel.

X
1
o _+\a-1
JZ () I'(a)/ t) f(t X>a,
a
and
1 b
(9= prgy [0 O, x<b
X
where

r(a) :/ e 'x?Ldx,
0

is the Gamma function.

bifunctions n(.,.) and a(.,.) satisfy the Condition C,
unless otherwise specified.

3 Main Results

In this section, we prove our main results.

Theorem 1. The product of twaa-preinvex functions f
and w isa-preinvex if f and w are similarly ordered.

Proof. Sincef andw area-preinvex functions. Then

f(a+ta(b,a)n(b,a))w(a+ta(b,a)n(b,a))
< [(1-t)f(a)+tf(b)][(1—t)w(a)+tw(b)]
= [1-t*f(a)w(a) +t(1—t)f (a)w(b)
+t(1—t) f(b)w(a) + [t]*f (b)w(b)
=(1-t)f(a)w(a)+tf(b)w(b)
—(1—t)f(a)w(a) —tf(b)w(b) + [1—t]?f (a)w(a)
+t(1—t)f(@w(b) +t(1—1)f(b)w(a) + [t]*f (b)w(b)
=(1-t)f(a)w(a)+tf(b)w(b)
—t(1-t)[f(a)w(a) + f(b)w(b)
—f(b)w(a) — f(a)w(b)]
< (1-t)f(a)w(a)+tf(b)w(b).

This completes the proof.O

Theorem 2. Let f be a-preinvex function on
Ka.n = [a,a+ a(b,a)n(b,a)]. Then for all te [0,1], we
have

¢ (2a+ a(b, a)n(b,a))

2
ata(bajn(b,a)
@+ 1)

f(x)dx < >

1
< - -
~ a(b,a)n(b,a) /
a
Proof. Sincef is a-preinvex function and the bifunctions
n(.,.) andaf.,.) satisfy Condition C. Thus

; (2a+ a(b,za)n (b, a))

(@© 2017 NSP
Natural Sciences Publishing Cor.



Appl. Math. Inf. Sci.11, No. 5, 1425-1434 (2017)ww.naturalspublishing.com/Journals.asp NS = 1427
1 a+a(b,a)n(b,a)
2a+a b ajn(b,a
:/f( )n( ))dt N / f(2a+Of(baza)n(b,a)>W(X)dx
0 a
1 1 a+a(b,a)n(b,a) 5 b b
<5 [f@+tatb.an(.a) _ / f ( SRLLLLE ‘X”) W(x)dx
0
+ fa+ (1-t)a(b,a)n(b,a))]dt | Arabanba)
| ebanba <3 / {f(2a+a(b,a)n(b,a)—x)+ () }wx)dx
~aanmy | ;

a

f(a)+ f(b)
—

1
/f(a+ta(b,a)n(b,a))dt§
0

This completes the proof.O

Essentially using the technique &J, we prove a lemma

which will be useful in proving our next result of Fejer

type inequality fora-preinvex functions.

Lemma 1.Let f bea-preinvex function then we have
f(2a+ a(b,a)n(b,a) —x) < f(a) + f(b) — f(x).
Proof.Letx € [a,a+ a(b,a)n(b,a)]. Then we have

f(2a+a(b,a)n(b,a) —x)

= f(2a+ a(b,a)n(b,a) —a—ta(b,a)n(b,a))

=f(a+ (1-t)a(b,a)n(b,a))

<tf(a)+(1—t)f(b)

= [f(@)+ f(b)] - [(1-t)f(a) +tf(b)]

<[f(a)+ f(b)] - f(a+ta(b,a)n(b,a))

= f(a)+ f(b) — f(x).
This proof is complete. O
Theorem 3. Let f: K = [a,a+ a(b,a)n(b,a)] — (0,)
be aa-preinvex function with ac a+ a(b,a)n(b,a) and

w: [a,a+ a(b,a)n(b,a)] — R is a non-negative and
integrable function, then we have

a+a(ba)n(b,a)
; (2a+ a(b,za)n(b, a)) / W(x)dx
a
a+a(ban(b,a)
< / F(X)W(X)dx
a

f(a) + f(b)
<20 a/

Proof. Sincef is a-preinvex function and the bifunctions
n(.,.) anda(.,.) satisfy the Condition C, we have

ata(ban(b,a)

f (2a+ a(b,a)n(b, a>) / w(x)dx

2

a+a(b,a)n(b,a)

/ f (x)w(x)dx

a+a(ba)n(b.a)

f(2a+ a(b,a)n (b,a) — X)w(x)dx

ata(ban(b,a)
f(a)+ f(b) /
<13+
a

This completes the proof.O0

w(X)dX.

Theorem 4. Let f: K = [a,a+ a(b,a)n(b,a)] — (0,)
andw: K =[a,a+a(b, ) (b,a)] — (0,0) bea- -preinvex
functions with a< a+ a(b,a)n (b, a), then we have
2a+a( b an a+a n(b,a)
f
o (B (2 )
1
[6 a,b)+ = N (a,b ]
a+a(ba)n(ba)
< abanba / f(x)w(x)dx
1 1
< éM(a,b)Jr EN(a, b),
where
M(a,b) = f(a)w(a) + f(b)w(b) (2)
and
N(a,b) = f(a)w(b) + f(b)w(a). (3)

Proof. Since f andw are a-preinvex functions and the
bifunctionsn(.,.) anda(.,.) satisfy Condition C, we have

; <2a+ a(b,za)n(b, a)) W ( 2a+ a(b,za)n(b, a))
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2 N 2
a+ta(b,a)n(b,a) +(1-t)a(b,a)n(b,a)
(SRR EERIRS)

_ (a+ta(b,a)r](b,a) +(1-t)a(b, a)n(b,a))

<;l(fa+taban®a)
+f(a+(1-t)a(bayn(b,
x{w(a+ta(b,a)n(b,a))
+w(a+ (1-t)a(b,a)n (b,
:%[f(a+ta(b a)n (b,
+f(a+ta(b,a)n(b,

a))}

a))}]
a))w(a+ta(b,a)n(b,a))
a))w(a+(1-t)n(b,a))

+f(a+(1—-t)a(b,a)n(b,a))w(a+ta(b,a)n(b,a))
+f(a+ (1—-t)a(b,a)n(b,a))
xw(a-+ (1-t)a(b,a)n (b,a)]

< 3 [f(atta(b,a)n(b.a)w(a+ta(b.a)n (b.a))
+f(a+ (1-ta(b,a)n(b,a)
«w(a-+ (1-t)a(b,a)n(b,a))
F{(L-1)f(a) + 11 (b)}{tw(a) + (1 - )w(b)}
(@) + (L- 0T (B)H{(1— (@) + tw(b)}]

= All[f(atha(b a)n(b,a))w(a+ta(b,a)n(b,a))
+fla+ (1 -ta(bayn(ba))
xw(a+ (1—t)a(b,a)n(b,a))
+[2t(1—t)M(a,b) + 2(t>+ (1 - t)®)N(a,b)]] .

Integrating both sides with respecttton [0, 1] and using
change of variable technique, we have

of (2a+ a(b,za)n(b, a)) W (2a+ a(b,za)n(b, a))

1 1
- {EM(a, b)+ §N(a, b)}
a+a(b,a)n(b,a)

! f (x)w(x)dx. (4)

= a(b,a)n(b,a)
Now we prove right side of the inequality
f(a+ta(b,a)n(b,a))w(a+ta(b,a)n(b,a))
<[(1-t)f(a)+tf(D)][(1—t)w(a)+tw(b)]
= (1-t)?f(aw(a) +t(1—t)f(b)w(a)
+t(1—1t) f(a)w(b) + t2f (b)w(b).
Integrating both sides with respecttton [0, 1], we have

a+a(ba)n(ba)

1 f (x)w(x)dx

a(b,a)n(b,a)
<% M(a, b)+1N(a b). 5)
Combining @) and 6) completes the proof. O

a

Theorem 5. Let f: K = [a,a+ a(b,a)n(b,a)] — (0,«)

andw: K =[a,a+a(b,a)n ( ,a)] — (0,00) bea-preinvex
functions with a< a+ a (b, )n(b a), then we have
1

a(b,a)n(b,a)
ata(ban(b,a)

<

a

f(x)w(2a+ a(b,a)n (b,a) — x)dx

=Y

1
< Z z
< gM(@b)+ 3N@b).
where Ma,b) and N(a,b) are given by 2) and @)
respectively.

Proof. Proof directly follows from the definition of
a-preinvex functions.
Theorem 6. Let f: K = [a,

a+ a(b,a)n(b,a)] — (0,)

andw: K =[a,a+a(b,a)n ( ,a)] — (0,0) bea-preinvex
functions with a< a+ a (b, )n(b a), then we have
1

a(b,a)n(b,a)
ata(ban(b,a)

f(x)w(2a+ a(b,a)n (b,a) — x)dx

<

where@(a,b) = [f(a)]? + [f(b)]2 + [w(a)]? + [w(b)]>.

Proof. Sincef andw area-preinvex functions. Thus

1

a(b,a)n(b,a)
a+a(b,a)n(b,a)

x / f(xw(2a+ a(b,a)n (b,a) — x)dx

a

f(a+ta(b,a)n(b,a))

o\l—‘

xw(@+(1-t)a(b,

1
%/ (a+ta(b,a)n(b,a))}2dt
0

a)n(b,a))dt

1
+%O/{w(a+(1—t)a(b,a)n(b,a>>}2dt

<

(f (b))}t

NI -

Nl o

{(1-t)f(a) +t

1
{tw(a) + (1—t)w(b)}2dt
0

+
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a(b,a)n(b,a)

1 a+a(ban(b,a)—v\**

—g[if<a>}2+{f<b>}2+{f(a)}{f(b)}] | (=)
+6[{W(a)}2+{W(b)}2+{W(a)}{W(b)}] fv

lek “alban(ba)

~4 @b) This implies that

This completes the proof.O ot <2a+a(b, a)n(b,a))

Our next result is Hermite-Hadamard inequality for 2

a-preinvex functions via fractional integrals. - Ma+1) { o

S — S g -f(a)
[a(b.a)n(b.a)]
Theorem 7. Let f be a a-preinvex function and a(b,a)n(ba)®
f € L[a,a+ a(b,a)n(b,a)]. Then, we have +J3% f(a(b, a)r](b,a))]

; (2a+ a(b,a)n(b,a)) Also

2
f(a+ta(b,a)n(b,a))+ f(a+ (1—t)a(b,a)n(b,a))
ra+1) < f(a)+ f(b).

<
~ (2a(b,a)n(b,a))”
Multiplying above inequality by®—! and then integrating

X [‘J[gwa(ua)n(b,a)]—f(a) + 35 f(a+a(b,an(b, a))} with respect td on [0,1], we have
<T@ +1b) _a+l)
- 2 a(b,ajn(b,a)”
Proof.Sincef is aa-preinvex function and the bifunctions « |39 _f(a)+J3% f(a(b,a)n(b,a
n(.,.) anda(.,.) satisfy the Condition C. Then [ atanoa) 1@+ % flab.an( ))}
< f(a)+ f(b).
2a+ a(b,a)n(b,a) . .
f > After suitable rearrangements the proof is complete.
a+ta(b,a)n(b,a)+a+ (1-t)a(b,a)n(b,a) Now, we prove some results for logarithmicpreinvex
=T 2 functions.
1 Theorem 8. Let f be a differentiable logarithmic
= 5f(a+ta(b,a)n(b, 2)) a-preinvex function on K,. Then ue Kq, is the
1 minimum of f on I, if and only if ue Ky, satisfies the
+5f@+(1-ta(ban(ba). inequality
Multiplying both sides of above inequality iy~ and <a(v u) f(u) (v u)> >0, VuveKap (6)
then integrating with respect tan [0, 1], we have B (V) R A ’ '
2 f <2a+ei¢(b—a)> where f is the differential of f.
a 2 Proof. The proof is left for the interested readers]

1 .
< /to’*lf(a+ta(b,a)n(b, a)dt Before proceeding further one may consuit for the

details on arithmetic, geometric, logarithmic and

0 extended logarithmic means. Our next result is
1 Hermite-Hadamard’s  inequality = via logarithmic
+/(1—t)"*1f(a+ (1-t)a(b,a)n(b,a))dt. a-preinvex functions. The proof of the result is obvious
o using the definition of logarithmia-preinvex functions.
Theorem 9. Let f be a logarithmica-preinvex function,
Let u = a + ta(ban,a) and  then forallte [0,1], we have
v=a+ (1-t)a(b,a)n(b,a) and by change of variable
technique, we have f <2a+ a(b,a)n(b, a))
2
Ef 2a+a(b,a)n(b,a) ata(ba)n(b.a)
a 2 <expl—— L / log f (X)dx
a+a(b,a)n(b,a) a1 =exp a(b,a)n(b,a) g
- / u—a f(u) du a
- a(b.an(ba)) a(ban(ba) <T@ (D).
a
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Theorem 10.Let f be logarithmica-preinvex function.

Then for all te [0, 1], we have

a+a(b,a)n(b,a)
()
1 a+a(ba)n(ba)
<exp [W a/ Iogf(x)dx}
<X
a(b,a)n(b,a)

a+a(ba)n(ba)

x / G(f(x), f(2a+ a(b,a)n (b,a) — x))dx

ata(bajn(b,a)

a+a(b,a)n(b,a)

1
:expLH_ a(b,a)n(b,a) / log f (x)dx

a
UsingAM — GM inequality, we have
G(f(x), f(2a+ a(b,a)n(b,a) —x))
- f(x)+ f(2a+a(b,a)n(b,a) —x)
< > .
Integrating the above inequality with respeckion [a, a+
a(b, a)n(b a)], we have

(b,a)n( a)

a+a(ban(b,a)

X / G(f(x), f(2a+ a(b,a)n (b,a) — x))dx

a+a(b,a)n(b,a)

1
< abanba) / T

Proof. The proof of first inequality is obvious from Sincef is logarithmica-preinvex function, so for all €
previous result. In order to prove second inequality, we[0, 1], we have

proceed as
G(f(X), f(2a+ a(b7 a)r’(ba a) - X))
= expllogG(f (x), f (2a+ a(b,a)n (b,a) — X))

Integrating above inequality with respectxmn [a,a+
a(b,a)n(b,a)], we have

I
a(b,a)n(b,a)

a+a(ba)n(ba)
G(f(x), f(2a+ a(b,a)n(b,a) —x))dx

x exp[logG(f(x),
1
Zexp[ a(b,a)n(b,a)

f(2a+ a(b,a)n(b,a) —x))]dx

a+a(ba)n(b,a)
x / logG(f(x), f(2a+ a(b,a)n(b,a)—x)dx]

fa+ta(b.a)n(b.a) <[f(@)]*'[f(b)"
Integrating above inequality with respecttton [0, 1], we
have

a+a(ba)n(ba)

a(b,a)n(b,a) a/ Fx)ox

This completes the proof.O

Theorem 11. Let fw: | C R — R be logarithmic
a-preinvex functions, then we have

a+a(b,a)n(b,a)

o m a/ F(x)w(x)dx
=P B anba < L[t (@w(b), f(a)w(a)]
ata(bayn(ba) < f(a)W(a); f(b)w(b)
) a < %O(a, b),
corbo-rioatizar ab-an e =X g where®(a,b) = [f(a)}? + [f(b)}2+ [w(a))? + (w(b)%.
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Proof.Sincef andw are logarithmia -preinvex functions.

Then

f(a+ta(b,a)n(b,a))
w(a+ta(b,a)n(b,a)

Now

UG
w(b)]'.

~—

1
a(b,a)n(b,a) /

f(b)w(b) — f(a)w(a
log T (b)w(b) —Tog f@w(a) _ L LIwW(b), f(a)w(a)]
- f(a)w(a);L f(b)w(b) _ At (@w(a). f (b)w(b)]

‘[w(b)]'}?]

1
/
+{w(a+ta(b,a)n(b,a))}? dt
1
[ F@P o)+ (@)™
0

O
=
L
2
o
~
=
—~
£

the required result. O

Theorem 12. Let fw: |1 C R — R be logarithmic
a-preinvex functions, then we have

_
a(b,a)n(b,a)
a+a(ba)n(ba)
f(x)w(2a+ a(b,a)n (b,a) — x)dx

»

Proof. Since f,w be logarithmica- preinvex functions,
then we have

(
f(a)w(b) — (b)W( )
" logf(a)w(b) —logf
= L[f(a)w(b), f(b)w(a

_ Haw (b)z (W) _ At (@yw(b), f (b)w(a)]

1
< g / {[f(a+(1-t)a(b,a)n(b,a))?
0

(w(a+ta(b,a)n(b,a))]?} dt

(@© 2017 NSP
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C[f®)R @]t W@ [ [wb)]
-] e [
a Y 2 Wi u- 2
e [ {6 e [{58
4 Iog% . 4 lo XVV(—SI; .
1 [F@P-[FOP 1 W) )
4logf(a)—logf(b) 4logw(a)—logw(b)
:}{f(a)Jrf(b) f(a)— f(b) }
2 2 logf(a) —logf(b)
+}[w(a)+w(b) w(a) —w(b) }
2 2 logw(a) — logw(b)
= J[Alf (). fb)LIT(@), T(b)]
£ [AW(a), w(b)]L[w(a), w(b)]
S}{f(a)+f(b)f(a)+f(b)]
2 2 2
1 [w(a) +w(b) w(a) +w(b)
+§[ 2 2 ]
AT (@), £ ()] + [A(w(a) w(b)) 2
2 )

which is the required result.00

Theorem 13.Let fi, fa, ...
functions. Then foy, to, ...

, fn be logarithmica-preinvex
n

JUn>0and 5 1 =1, we
i=1

have

a+a(ba)n(b.a)

W/ZJ

<._§i{uiw[ul1><fi<b>,fi<a>> }

ProofSince fi,fy,...,fq be
functions and using inequality

1

logarithmic a-preinvex

1 1 1
fr.fo. fn <pa(fo)A + pp(f2)H2 + ...+ pn(fp) Hn,
n
M1, M2, Hn >0, ) pi =1
n i; i

Then

a+a(ba)n )

/ 3, e

1eon )
< i(fi( (b,a)n(b, )))“‘i}d’t
<O/{i;u a+ta(b,an(b,a

1 n
< i[(fia)*
<0/{iziu a

a(b,a)n(b,a)

<mmﬂﬁ}m

=Ii<u.>2<fi<a>>i 0/ (%) du
3 )2<fi<b>ﬁi—<fi<a>>~‘lu
.Z " “logfi(b) —logfi(a)
- 3w = L. @)

[ @ 1><f<b>,fi<a>>}”_'.

Hi

D fi(a)+ fi(b)
S ) Hi————

2H
This completes the proof.O

Theorem 14. Let f;,f,,....fn be differentiable
logarithmic a-preinvex functions on %interior of I).
Then, we have

ata(ban(ba) n
J 3 fi(vdv
a i=1
>t (2a+or(v,2u)n(v,u))
a+a(ba)n(b, a)
X

fa(V) f3(v)..

a+a vu vu))

Ik . fa(v)exp(¥1) dv
iz (

b,a

I

a+a(
X

)n (b, a) ’
f1(v) f3(v)... fa(v)exp(%s)dv

f1(v) f2(V) ... fa-1(v) exp(%h) dv

f/(2atauun(wu)
” :<a <V7 2a+a(v,U)n(v,U)) S m—

2 fi( 2ata(vu)n(wu) ) ’
i 2
n <v, 2a+ a(v,zu)r](v, u)) > '

Proof. Since fy, f5..., f, be differentiable logarithmicr-
convex functions, so we have

) > f(wexp| (a(wu) g ww)) . ™

f2(v) > fa(wexp[{a(vu) G n(ww)] . ®)
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f(v) = fa(wexp| (a(vu) . n(wu))], (©)
Multiplying (7) by Hifo(v)fa(V)... fa(v), (8) by
paf1(v) f3(V)... fa(v) and @) by pnfi(v)fa(v)... fa_1(Vv)
respectively and then adding the resultant, we have
2 fi(v)
> ylfl( ) f2(V) f3(v) ... fn(v)
f/
xexp|(auu i nwu)]
+2fa(u) f1(v) fa(v)... fa(v)
I 1(u) (10)
X exp_<a(v, u) oV~ u>}
+Hn fn(u)_ f1(v) fZ(V? - faea(v)
xexp_<a(v, u) I;Eﬂ ,v—u>}
Puttingu — Z2rauiniv) in (10), we have
2 fi(v)
>uﬂ(%ﬂ7ﬂw)wwuw fo(v)
2acta(vu)n (vu) f/(2a+a(\4u>n(\I,U))
X exp < (V, a av2ur7 e fi(zaw(v%l)n(\w))’

n (V, 2a+a(vgj)n(v7u) ) >}

ek (%) f1(V) f3(v)... fa(V)
<a (V 2&+C{(V2u)q(\/u>) (2aratuni)

Zata(vin(u)
n (v, 2a+a<vgl>n<vw) }

X exp

(2a+a(v;)n(v,u) ) ’

- frea(v)

/( 2a+a(v u)n(v,u) )

+unfn(2a+a(v,2u)n(\/,u)) ( ) ( )
M
X exp <a( 2a+a(v2u)n( )) f(2a1+a(vu) (vu))

n (V, 2a+a(v2u)n(vu) ) >}

Integrating both sides of above inequality with respeet to
onla,a+ a(b,a)n(b,a)], we have
a+a(b!a)n(bva> n
' S fi(v)dv
a i=1

> fp (2a+(lx_(v72u)n(v7u) )

ata(ban(b.a)
X j f2 (V) fg(V) . fn
a
o ( 2a+or(v,2u)n(v,u) )

a+a(ba)n(b.a)
X J
a

(V)exp(¥)dv

f1(v) f3(v)... fa(v)exp(¥%)dv

2a+a(vu)n(vu)

+Hn fn (72 : )
a+a(b,a)n(b,a)
fl (V) fz(V) .

x
This completes the proof.O

fa_1(v) exp(%h) dv

a
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