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Abstract: The s-parametrized characteristic functofi,s) for a superposition of two squeezed displaced Fock st&®BE$s) is
presented. The s-parametrized distribution functiongHersuperposition 0BDFSs s investigated for different coherent parameters.
The moments are obtained by using this characteristic ifimcThe Gluaber second-order correlation function is wWaked.The
squeezing properties of this superposition are studieclytical and numerical results for the quadrature compbudésiributions
are presented. A generation scheme is discussed. The bebéthe above statistical aspectes differ on changing efctbherence
parameters.
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1 Introduction been reported experimentally2(]-[23]).In the above
experiments an ion with laser cooled in a Paul trap to the
ground harmonic state .Then the ion is set into different
guantum states of motion by applications of optical and
Slectric fields. This moved the study of these states from
the academic field to the world of experimentation, that
encouraged researchers to study the superposition of
these states.

Superposition of the quantum mechanical states of
electromagnetic field have lately recevied more care in

I . . quantum optics@4-[29]),because these states can reveal
superposition of all n) states with coefficients selected |- - ccical properties of light such as quadrature
such that the photon number distribution is Poissonia queezing and sub Poissonian statistis [

([1]-[4]) .On the other hand the squeezed state is one o he studies of some types of superposition of

the non-cl'assmal states of the electromegnetlc field 'SUC%Iauber(ordinary) coherent states have shown quadrature
that certain observables reveal fluctuations less than fOEquueezing and sub-Poissonian statis8([29]

the vaccum state §|-[8]). It is known as the impact of the Methods for production of superposition of coherent
squeezed operator S(z) on the coherentsﬁ]a&iueezed tates in exgeriments have pbe%n made by many
Displsed Fock states (SDFSs) have been studied an rkers(R5-[29]). Superposition of two binomial states

various aspects of these states such as squezzing anfly yyo negative binomial states have been studied in

photon statistics have been investigated]-[1L6]). 30]. Properties of the superposition of displaced Fock
Two-photon coherent states (squeezed coherent state ates and generation scheme have been discuaded [

squeezed number states7] and displaced Fock states
([18],[19) are generated as special cases of squeezehet the class of quantum staigy) have the form

displaced Fock states. Lately the creation of no-classical N
states of motion of a trapped ion as Fock states, coherent _ p L2 N 7m

pp . ' |LIJ>_AN ij|ajvzjvmj> (1)
states, squeezed states and Schrodinger cat states have =

The number (Fock) staten) is the main block in builting
the electromagnetic field state .1t is the eigen state of th
photon number operaton = a'a where a(a’) is the
annihilation (creation) operator. There is an alernative
important state that is the coherent stat¢ which is
defined by applying a displacement operdddo ) on the
vacuum state. It is the eigen state of the annihilation
operator &), and also it is defined to be linear
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withAy as the normalization constant, and the SDFSswhereCy(aj,zj,m;) defined B2] as
| a,z,m) defined by
Cn(aj,z,m;) = (n| aj,z;,m;)
| aj |2 Vr -2

| a,zm) =D(a)S(z) | m) 2 — n! 1/2( Vi /2 gy PP
pimitt 2y 2 2!
min(n,m;) vi/2 —pE , 8
1 1_ 4 mJ>(2/HJV1) Vi \(mj—-i)/2 (8)
o T % _ - 2~ ot . - (— )
D(a) =exp(aa’ —a‘a) S(z)=exp(57a’~ Sz ()3) iZO ( i) =) (2111)
The operator D(a) is the displacement operator, wHo (— I g _7“1* =12
a =| a | exp(if), and S(z) is squeeze operator, " I((ZIJJ'VJ)l/Z) m I((—ZMJVJ-*)l/Z)J
z = rexp(ig) [5]. Where a(a') is the annihilation _ . ' o
(creation) operator of the boson field. while Hn(X) is the Hermite polynomial given by

In section 2 we discuss the construction and properties of

superposition of two SDFSs for different coherent 2]y (—1)m(2x)n-2m
parameter and calculate the photon number distributions. Hn(x) = C mi(n—2m)!
In section 3 we study the s-parametrized quasiprobability m=0

distribution function. In section 4 we discusse someThen we can cast the state (4) as
applications of the charactristic function and the .

guadrature component distribution for these states. In _N-1/2
section 5 finally we present a generation scheme. | W) =N Zo[klcn(al’z’ m) +keCn(arz, )] | )

9)

n=

(10)

and the photon number distribution P(n) is given by
2 Superposition of Two SDFSs With P(n) =] (n| ) [>=N"1 | kCn(ar1,z,m)+koCn(az,zm) |2
Different Coherent Parameters (11)

Where Cy(aj,z,m) are defined in equation(8). With
probability distribution function is obtained therefore

We use the quantum state (1) for the superposition of &ome statistical aspects can be calculated and discussed.
pair of SDFSs with different coherent parameters but the

squeezing parameters and number of photon are the same.

The superposition stafe) is defined as 3 S-Parametrized Quasiprobability Function
| @)= N"Y2ky | a;,zm) + ko | az,zm)]  (4)  Quasiprobability distribution function such as Glaubers
P(B) function [2] , the WignerW(3) [[33],[34]] function
with the normalization constant N given by and HusimiQ(3) C[[35],[3€]] function have proved to be
very useful theoreticaly tools in performing quantum
_ 2 2 R optical calculations 32. The s-parametrized
N=lk] t | k2_| :[k1k2+k1k2] 5 characteristic functio€(A,s) plays an important role in
exp(—| oL — 0| (| 01— @2 |2) ) the fundamental exposition of the quasiprobability
2 functions. It is defined as the trace of the product of the
B density operator with the displacement operator as
where a = Uda + va*withy = coshr, follows:
v = explig)sinhr and r =| z |,while L3(x) is the s
associated Laguerre polynomial which is given by C(A,s) =Tr[pD(A)] exp(i |A ) (12)

L9 (x) = D /m+0) (—x)° ©) with D(A) defined in equation(3). The s-parametrized
mi® = ; m—s/ ¢ guasiprobability distribution function can be defined as a
. Fourier  transformation of the s-parametrized

Now we try to obtain the photon statistics for the state ofcharactenstlc function,and it is given by

ion(4). Fi
equation(4). First we set F(B,s):%/C()\,s)exp(/\*ﬁ—)\ﬁ*)dz)\ 13)

[ee]

|aj,zj,mj) = ZO<” | aj,zj,m;) [ n) It can be cast into the forr8[] as
- 0 2 (1+9)k
n;)Cn(alszamJ)|n>aJ 132 F(B,S) nkgo( 1) (1_S)k+1<Bak|p|B7k> (14)
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The density operator corresponding to the state (4) is givenvhere
by
1+9K K
A= (DR (L yea e g

p=N"(ki| a1, zm) +k; | az,z,m))
(ki(a1,zm| +ky(az,zm])]

(15)

(L—9)kt 2 unt”*2u 2u

Since we usey = a1 — 3, d = a; — 3. The general

Then the characteristic function can be written in thereprestation functionF (B,s) reduce to the weight

following form

o9 — (PP o 12 ‘2> (X))

[k |? explaiA — oA *)+ | k2 |2 exp(asA — azA*)]
1. - _  _ -
+hkikoexp(—3 [A+ oz — 0 I*)Lmn(| A + 02— a1 |?)

1= - -
kel exp(—5 [ A + @1~ 0z *)L(| A + 01— @2 )],
(16)

functions Q(B), W(B) and P(8) when the order
parameter take the values = —1,zero and -+1.
respectively from this characteristic function we can
calculate any expectation value for the field operators.

4 Some Statistical Properties

After the characteristic function is calculated, we bocus

WhereA = pA +vA*, by using equations (14),(15) and on some statistical quantities namely: correlation fuorcti
(8) we can obtain the s-parametrized distribution functionsqueezing and quadrature distribution.

as follows

k
(B9 = 23 1)

[l ki |?] Ce(v,zm) |*+ | ke |?] CE(8,zm) |?
+kiksCl(y, 2z m)CZ (5,2, m)
+ kikzclg(éa Z, m)C%* (Va Z, m)]

and alsd-(3,s) in a mathematics form is:

min(n,k) i/2 %\j/2
res=ryacy (1)) R

17)

ly[? v vy
[exp(— —JrﬂVZ)H(k—i)(W)
oo (el e P x5+ ()
H(kﬂ')((_f:)m)'*mfj)(i(zwi)yz)
2 2 5
+ kek exp(— u+(2v“ )H<k—j>(W)
T L L
(n=1) (—Zfﬂ)l/z 2 2u
o =
H(k—i)(W)H(n—i)(W)
5? 42 -0
[ ka2 \Zexp(—u—i-(z‘:lw )H(kfj)((—Ty)l/z)

o* 2
H<nj><W>+k*kzexq—ﬁ+%>w )
v

H(kfn(W)Hm—n(;y)H,

(—2vp)i?2
(18)

4.1 The auto-correlation function

We present the moments of the photon operators for the
superposition of tw@DFSsin order to calculate different
statistical quantities. The s-parametrized averge vdlae o
anda' are presented as

o« o'
)\kﬁ( )\)C()\ S)|)\ =A*=0
(20)
i.e. the average values of power of creation and
annihilation operators are derived by differentiating the
characteristic function with respect th and —A* as
shown above. Also by using equation (8) we can
calculatethe averge values for any differemt,m; andz;

as
Sl Carll <(aj,zj,m)
Z) (s— k i22i5M;) (21)

Csy1-k(Qj,zj,mj) s>k

([@"d]s) = Trip{a’a}s =

therefor, by equation (20) we clculate;

@ =N ke [2ai+ | ke |2 a5 + kiks
exp(— | Gi— G2 ) (AL~ By) [~ 3La(| 61~ G2 )
U a(] 6 - G2 ) +ikoexp(—5 | G — i )
(Ao~ Bo) 3L Gz — s )+ Ly (] 62— i )]

=(@)"
(22)
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and
2 _ 2 £2
@) =Nk Pai +|kPa3 (ki[> + |k |?)
1 -
[uv* +2pv*m) + kil exp(—5 | a1 — @z B)

[[(—pv — %(A1 —B1)?)]Lm(| a1 — a2 |?)
—[(A1=B1))?—2uvILi 4 (| a1 — a2 [?)
+(AL—B1)’Li, (| a1 — a2 )]

+hikoexp(—3 | @ — 6 [)[[(—v — (e~ B2
Lm(| 02— a1 |?) — [(A2— B2)* — 2uV]

Lin1(] 02— a1 °) + (A2—B2)’LE, o(] a2 — a1 [?)]]

_ <a2>>k
(23)

While the average number of photons can be calculated

analogously as follows

(@'a) =Nl ke [Pl @[>+ [ ke [P a2 [P +( ko [* + [ k2 [?)
1, - _

[m(lu|2+|v|2)fC]+k1k§eXp(f§Ial—az\z)

(S (=B~ ([ P+ v )~ )~ (A B
U 1(] 6= G )~ (A~ Bu)BiL (| 63— 63 )]
+hikoexp(—3 | 62— 6 )[4 (Ao~ B2?)
R+ V) =C)— (he—B)?

L 1(| a2 — a1 %) — (Ao — Bo)BaLZ, (| a2 — a1 7)),
(24)
where

Al=-A =V (a1—a), B =-By=p(ar"—az")

1
C=3ls=(uP+|vP)
(25)
The Gluaber second-order correlation function is defined
by
12,2
(2 _ (@"&)

The light withg!® < 1 has a sub-Possionian distribution,
the light with 1< g® < 2 has a super-Possianion
distribution, and the light withg® > 2 has a
super-thermal distribution. Coherent light hgs) = 1
while thermal light hag(® = 2.

In figure 1 and 2 we plot the correlation functig®

against the squeeze parameter r, and we take the values

m = 0,1,2,3, with different value of the displacement
parameters;, a, and the direction of squeezing is zero
@=0.

We plot figure 1 fora; = 1,0, = 2, andk; = 1,k = 1.
There is thermal distribution fan = 0 ,sub-Possionian is
observed form =1 in the range & < r < 1, and for
m= 2, 3 there is super-Possionian distributign

0.0 0‘5
Fig. 1: Correlation functiog@against the squeezed parametawith a; =

1,0, =2 fork; = 1,k; = 1. The squeeze parameter is assumed to be real and runs
from 0 to 3. The photon number has the vale= 0(line)m = 1(dashedm =
2(thick)andm = 3(dot dashed).

L L
0.0 05 10

Fig. 2. Correlation functiog®against the squeezed parametemith a; =

1,0, = —2 for ky = ko = 1. The squeeze parameter is assumed to be real and
runs from 0 to 3. The photon number has the vafue 0 (line), m= 1(dashed),

m = 2(thick) andm = 3(dot dashed).

In figure 2 we plot the displacement parametejs= 1
and a; = -2 and k; = 1,k, = 1. We note that for
m=0,1,2,3 there is super-Possionian distribution , super
thermal is observed fom = 0, r > 2. While a small
amount of sub-possionian is noted fior= 3 for a very
short period of r QL < r < 0.3 The results are different
from earlier studiesqs =1 ,a, = —1) see B2.

4.2 Squeezing

We discuss the squeezing for the superpositioBRiFSs
(4). The quadrature operators of the one mode field are
defined by

X =s(@tal) X=(a-a) [XX|=i/2 @7)
which satisfy the uncertainty relation
{(A%1)?)((A%2)?) > & with the variance

((AX))%) = (XP) = (X))? j=1,2 (28)

The field is said to be squeezed#X;)? < %1 for j=1,2.
The average valuegX;)and (X;) of the quadrature field
operators are directly computed, the varian¢@sX;)?)
and ((AXp)?) of the quadrature field operators are
presented from equations (22),(23)and(24).
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The squeezing is best parametrized by the q parameter
defined as

~ {(AX;)?) —0.25

O =—ase—— i=12  (29)

“0f

_1sL

_20L

Fig. 3: squeezing parametgr with the squeeze parameter r far=k, = 1 and
oy = 1, a, = 2 with different values fom= 0(line),m= 1(dashed)n = 2(thick)and
m = 3(dot dashed)

In figure 3 we ploig; with the squeeze parameter r for
k1 =k, =1, anda; = 1, a, = 2 with different values for
m=0,1,2,3. We observe that the squeezing exis&) <
g; < 0in all r,i.e., the squeezing condition reagis< 0
and it increases with r. The results are different from the
earlier studiesq; = 1,a, = —1) seeB?].

4.3 Quadrature Distributions

The quadrature component distribution for the
superposition state (4) is defined as

P(Xa¢) :| <X7¢ | ll»’m> |2 (30)

We first expand the eigenstate of quadrature component

X(9) = sslexp(-id)a+exiig)al] (31
in the photon number basis as

1 X2 expig]) .
|Xa¢>=WeXF’(—E)iZOWHI(X)|J> (32)

Then by using equations (29) the quadrature component
distribution becomes

1 X o explig(j—1)
POcO) = G @) 3

- o (33)
[ 1CJ(01,Z, m)+ ZCJ(a27zam)]

Fig. 4: Quadrature distributiorP(x,¢) of the state| y) consisting of the
superposition ofSDFSs, with=0,0; = 1,a, =2r =1, andk; =k, =1

-5

: “(b)

Fig. 5: Quadrature distributioR(x, ¢) against x (a) ap = 0,(b) atp = 71/2

Fig. 6. Quadrature distributiorP(x,¢) of the state| y) consisting of the

[ ICIS(al, Z, m) + kECIS(az, Z, m)] Hj (X) H, (X) superposition of SDFSs,witm= 0,01 = 1,0, = —2,r =1,@=0andk; =k, = 1
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PX,(7/2))

: "(b)

Fig. 7: Quadrature distributioR(x, ¢) against x (a)ap = 0,(b)atp = 11/2

Fig. 8: Quadrature distributiorP(x,¢) of the state| y) consisting of the
superposition of SDFSs, with=0,a; = 2= —a,r=1¢=0andk; =k, =1

G

POX,(x/2))
2.0p

“*(b)

Fig. 9: Quadrature distributioR(x, ¢ ) against x (a) ap = 0,(b) atp = 77/2

—a4 -2 2

Fig. 10: Quadrature distributiorP(x,¢) of the state| g) consisting of the
superposition of SDFSs, with=0,a; =3= —a,r=1¢=0andk; =k, =1

PX,(7/2))

- oy

Fig. 11: Quadrature distributioR(x, ¢) against x (a)ap = 0,(b)atp = r1/2

In figures 4, 6, 8 and 10 we plot the
phase-parametrized field strength distribution(quadeatu
componentP(x,¢) with m= 0y =1, and different value
of a1, a;.

In figure 4 in casexr; = 1,0, = 2, kg = ko, = 1 we note
that two symmetric peaks gt= 0,21, the small peak is
atx~ 0.7 and the large peak at~ 3. As ¢ increase they
becomes three peaks with small heights compared to the
original ones. The middle is larger while the side peaks
are small but ag reaches tar ,they combine into 2 peaks
,and then they are swing the small peak is around
x~ —0.7 and the large peak is arourd- —3 see figure
5.The oscillation is repeated with a period 2nd also we
find that it is bounded. Incidentally we have also the same
results if we takek; = —ko, = 1.

In figure 6 we takeor; = 1L, a, = —2,k; = ko =1 we
note that the motion of the peak in tlie ¢) plan is the
same as figure 4 but in opposite directions as may be seen
from figure 7.
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In figure 8 we takea; = 2,a, = —2 we found that the Hamiltonian by applying at/2 carrier pulse will stay in
figure is symmetric arounat = 0 and ¢ = 7/2. It is this state and will be left unchange®]-[40])) .Thus the
observed that there are two peaks only goe=0,5rand  dynamics are reduced to those of the motional degrees of
with heightx =~ 3 . Also we observe that the height of freedom only.Under this Hamiltonian the motional
peak is increasing with increasing the value ofas  dynamics evolve towards the SDFSg,z,m) by intially
shown in figure 10 wherer; = 3,a, = —3 where the  preparing the Fock staten), then applying the linear part
height rechex 40 . Thus behavior is different from the first, and after that the quadratic part. The Fock state
casea; = 1= —ap seeB2. can be prepared with very high efficiency according to
In figure 5,7,9 and 11 we plot Quadrature distributionrecent experiments Zp]-[23]). In this case
P(x,¢) against x with different values o , We find  a = 2i(g1+95) andz= —2(g3+ g;). The prepartion of
another structures and oscillation between the peaks ansuperposition of these states can be done according to the
the number of them increase with increasings show in ~ scheme described in by applying a further displacement
the casep = 11/2 see figures 5(b),7(b),9(b)and 11(b). operator adjusted in a way to effect the) state alone,
producing(1/2Y/2)(expig| B,z m) | &)+ k| a,zm) | g)),
then after a carrierr/2 pulse is applied to give finally the
superposition of states. On detecting the ion any one of its
5 Generation Scheme internal states(| €) or | g)) we get the desired
superpositiorf| a,z,m) + k| 3,z m)).
After the discussion of the properties of the
superposition of theSDFSs, we wish to consider the
production of such state. We learn Let a two-level ion of § Conclusion
massM move in a harmonic potential of frequenayin

the x-direction. Leta(a’) stand for the annihilation We have discussed some properties and generation
(creation) operator of the vibrational quanta in the gcheme of superposition of Squeezed Displaced Fock
x-direction. Then the position operator is given by siates with different cohernt parameters (SDFSs). We
X = Axo(a+a’) with Axo = (26aM)~V/2 the width of the  have calculated the photon number distribution,
harmonic ground state. In this scheme, four beams otharacteristic function and quasiprobability distribouti
laser applied along the x-axis are required to manipulat§unctions. moments have been presented through
the motion of the atom; they are detuned #8yy and  charactristic function. The second-order correlation
+2ay. In  the rotating-wave approximation the function g have been calculated numerically.The
Hamiltonian for this system is given by squeezeing properties of this state which is presented as
@ analytical and numerical results are increasing by
H = waa + (=)0, — [UE~(x,t)a; +hc] (34)  changing the coherent parameters. We have found the
2 basic features of two of superposition of SDFSs, such as
The first two terms describe the external and internalthe appearance of increased number of separted peaks in
free motions of the ion and the last term stands for thethe quadrature distribution by increasing the coherent
atom-field interactionu is the dipole matrix element and parameters.
wy the transition frequency of the two-level ion , and the
operatorss, = [¢) (¢| - |g) (gl , 0+ = [e) (gl .
o_ = |g) (¢] where|e) andg) are the atomic excited and References
ground states respectively.
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