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1 Introduction g-Calculus has attracted the serious attention of
researchers due to its applications in various branches of

Let A denote the class of all function§z) which are  mathematics and physics. See al8d[,12,15,16].

analytic in the open unit disk = {z: |z < 1} and are of ~ The g-difference operatoDq acting on functionsf € A,

the form given by (1) and G< q < 1, is defined as
(@) =2+ S a. 1 _ 1@ fa2)
@ =2+ 3 & O baf@ =gy @# 0 ()

Let SC A be the class of univalent functions B. A
functionsf € Sis said to be starlike of orderifand only ~ Dqf(0) = f'(0) and Dﬁf(z) = Dq(Dqf(2)).
if

From (2), we deduce that

8

2i'(2) >a, 0<a<l zcE. Def(2) =1+ § [ng2" 2, ?3)
f(Z) n=2

The class consisting of such functions is denoted byynere
S*(a). For a = 0, we have the well-known clasS" of

starlike functions, seeJ. [Nlq = 11_ q" (4)

-q
Let fi € A, i = 1,2. Then we say thatfi(z) is As -
. ) . q—1-,[njg—n.

subordinate tofy(z), and write f1(z) < f2(2), if there Cp T : s :

exists a Schwartz functiow, analytic inE with w(0) =0 Asarightinverse, therintegral is defined inf] as

andjw(z)| < 1, (z€ E), such that /Zf(t)d (t)=2z1-q) i qnf(zqn) (5)
q - - .

f1(2) = f2(w(2)). 0 =0

If f, € S it is known that the above subordination is In [5], the classS" is generalized by replacing the
equivalent tof1(0) = f(0) andf1(E) C f2(E). derivative withg-difference operatoDq and the right half
plane by a suitable domain. This generalized class is
The g-difference Calculus or quantum Calculus was denoted by§;. An analytic functionf € § C Aiis called
initiated at the beginning of 1® century and was ¢-starlike and is defined as follows, sé‘ﬂ!s.i
developed by Jackson6,[7]. Recently the area of

* Corresponding author e-maklhalidanoor@hotmail.com

(@© 2017 NSP
Natural Sciences Publishing Cor.


http://dx.doi.org/10.18576/amis/110515

1384

N SS ¥

K. I. Noor: On Generalized-close-to-convexity

Letf € A. Then,f € S if

z 1 1
‘E(qu)(z)—l—_q <1——q’ 0<qgq<l1, zeE.
We note that, ag «> 1-, the closed dickw — 15| < 1%

becomes the right half plane and the cl&§seduces to
S

It has been proved irp] thatS* = ﬂo<q<1$§. The class

§,(a) of g-starlike functions of ordem is defined in 1] as
follows.

Definition 1.Let f € A. Then f € §;(a), if

z(Dqf)(2)
2

1-a

—0’_ 1 - 1
1-q/ 1-q
where0<g<1,0<a<landzecE.

Whena = 0, the classS;(a) coincides with the class

S
Following the similar method used it @], we note that
2(Dqf)(2)
fg — 9 14z
1-a 1-qgz

Thatis,f € §(a), if and only if
z2Dqf)(2)  1+{1-a(l+q)}z
f(2) 1-qz '

Definition 2. Let p(z) beanalyticin E with p(0) = 1. Then
p e Py(m a),ifandonly if

(6)

p(2) = (%‘Jr%) p1(2) — (%‘—%) P2(2), (7)
where
02 < 1+{1—a(1+q)z}’

1-qgz
i=12 m>2 qe(0,1), a€l0,1),z€ E.

Form=2, P4(2,a) = Py(a), andPy(2,0) = Py consists of
analytic functions subordinate j;z and limy_,1- Py =

P is the well known class of functions with positive real
part. Also limy_,;- Pq(m,0) = Py is the class introduced
and studied in17].

Definition 3. Let f € A Then f € Ry(m, ), if and only if

z(Dqgf)

E.
; zZe

€ PQ(mv a)a

We note that, foig — 17, Ry(m,0) = R;(m) reduces
to the classRy,, which consists of functions of bounded
radius rotation, seed[14].

We now introduce the concept gfclose-to-convexity
in generalized form as follows.

Definition 4. Let f € A. Then f € Kg(m, a), if and only if

thereexistsg € Ra(m, o) such that

zf'(2)
92

Fora =0, m= 2, we have the cIasKa‘ of g-close-to-
convex functions and

1+0z
1-qz

zeE

lim KZ(m,0) = Tn,
q—1- q( ) m

where T, is the class of generalized close-to-convex
functions introduced and discussed 1 [

Also, form=2, a =0 andq — 1-, we obtain the clask

of close-to-convex univalent functions, sé& [

Definition 5.Let f € A. Then,fora>0,0<ry<1 f(z)is
said to belong to the class T{'(m, a, ), if and only if there
exists g € Kg(m, o) such that
zf'(z) +af(2) = (a+1)z(d (2))".
We note that

qu(m7 aa 1) = Ks (m7 a)

Also

(8)

f eTq“(m,a,l):Qq(m,a) = f(Z) :zg/(z),
g€ Kq(ma).
Let
G(a,b;c,2)
1
_ % /0 (1 — u)t 11— ) Pdu, (9)

where(a) > 0, O(c—a) > 0, I' denotes the Gamma
function andG(a,b;c,z) represents the hypergeometric
function.

Unless otherwise stated, throughout this paper we take
0<a<1l0<r<1l m>2a>0andzeE.

2 Preliminary Results

Lemma 1[1] Let g € A. Then g € S§i(a), if and only if,
there exists a probability measure u supported on the unit
circle such that

29'(2) /
=1+ ozF ,(oz)du(o),
g(z) ‘0%1 q,a( ) IJ( )
where
hd 21
Foa(@=S (1-0) niqlz”, zeE.
n=1 q

Lemma 2. Let g € §(a). Then there exists g € §; such
that

9(2) :z<gl—(z)>la.

- (10)
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The proof follows easily from the definition and Proof. Since f € Tq(m, a,y), there existsy € Kg(m, a)

simple computations.

Using a result proved in10] for Ry(
2.2, we have

m) and Lemma

Lemma 3.Let g € Ry(m,a). Then there exist s € §;(a
i = 1,2 such that

@:{(%%]
SO

Whena = 0 andq — 17, we obtain a well known result

for functions of bounded radius rotation, s& [

Using (3) and a result proved i@ for the class
R;(m), we have the following result.

Lemma4.Let f € Ry(m,a). Then, for |7 =r <1,

(1_qr)q 3(1-a)(F-3) _ ‘@
(14qr)®-a@+3) ~| z
(1+qr)q ~a)(§-3)
(1+qr) a(1-a)(P+3)’ (1)
where
O3 = 102, %Z%l, Q2—|Olgqq17q€(0 1. (12

Lemma5[4] Let h( z) be analytic in E, h(0) = 1 and
Oh(z) > 0,z=re?. Then

21 ) 1
|, €0 <) ey

wherecy(A) isa constantand A > 1.

3 Main Results

Theorem 1.Let f qu(m,a,y) =Tq(m,a,y). Then

21-Q

W{G(a, bic,—1) —rt'G(a,b;c,—r1)}
|1

z

29 —(Q+1 _
< M{G(a, bc,—1) —r; ¥VG(ab;e,—r; b},

where
m 1
M=y(l- a)%(z - E)a Q=y(l-a)as,
1-r

a=M+1 b=2-Qc=M+2 =17
lzZl=r, O3=0i0 (13)

such that
f'(2) = (d'(2)"
y
~ (%20 |
o1 € Ry(ma 14__g§ (14)

Let d; denote the radius of the largest Schlicht disk
centered at the origin and contained in the image of

|zl < r underf(z). Then there is a poirdy, |z| = r such
that|f(z)| = dr and we have

& = |f(@)| = [Tz
(1-q2)M (1-gz\’
[ (1rqs)

4 (1-ggMT
> -~ @
> |, remat

where we have used (14) and Lemma 2.4. Thus, we have

2 /1—gs\MY  ds
1@l [ (Fe)  mree 15)

Let i;gz =t.Thend = — 1fgs ds and we can write
(15) as
2(1-Q ,1
f(z0)) = = [, M@+0%
q 1+[7
(1-Q [kt
_ 2 ] /FtM(l—H)_(Z‘Q)dt
(1-Q /1
2 — | @y o
=l1+1s (16)
To calculatdy, let 3= =ry andryu=t. Then
201=Q) pr
lh=- q /1(|’1U)Mr1(1+r1u)7(27@du
0
(1-Q)
7 Q+1/ M1+ ru)~du
q 0
219 ol (@)r(c-a) .
= — q rl I_(C) 'G(av b! C, _rl)v (17)
wherea, b, ¢, r1, M andQ are as given by (13).
We now calculaté,
(1-Q /1
Iy = 2 / tM(1+1) @ ot
0
21-Q) r(a)[ (c—
- @F(C=3) g pc,—1). (18)

q I(c)
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Since Proof.Sincef € Tqa(m, a,y), we can write
rarc-ag rM+1 1 @ v
ro  TM+2) M+1 (a+ arp @ +at@) :z[—glz -p(z)} L eRyma (21)
1
T A-anG-pyr2 1+q
it follows from (16), (17) and (18) that P2 < T4

1f(2)]
21Q _
> W{G(a, b;c,—1) —

To calculate the upper bound foir(z)|, we proceed in the

similar way and note that

(1+qjz)™*
P @) = G —gzmer

That is,
|7 M+1
s [ s
0

(1 _ qS)M+Q+1
With 1% — & and—

r¥tiG(a b;c, —r1)}. (19)

qs —-ds=d¢&, we have

1-gs 1
o) < 1/L§IEM< 2 )ZQdE
- 2 1+¢
2@ . (Q+1)
_W{G(aablcv_ 1)—ry

xG(a,b;c,—r; )} (20)
Combining (19) and (20), we obtain the desired result.

By lettingr — 1 in Theorem 3.1, we have the following

covering result.

Theorem 2Let f € Tq(m, a,y). Then f(E) contains the

Schlicht disk
21-Q

gM+2)’
where Q, M are given by (13).

|2 <

Corollary 1.Let f € Tq(m,a,y) and g— 1~. Then f(E)
contains the Schlicht disk

o(1-2y(1-a)
y1-oa)(3 - 1)} +2

Whena =0, r =1, we havez| < 45 and form= 2, this

result reduces to a well known covermg theorgmn< 1 i
for close-to-convex functions.

Izl <

Theorem 3Let f € T{(m, a,y) be given by (1). Then, for
(M+Q) > 3, and M, Q asgiven by (13), we have

_ atl) miQ
= 0(0) (511 )aM9, (0o,

where O(1) is a constant depending onlyon g, m, o, y
and M, Q are asgiven by (13).

Now, from Cauchy Theorem, Lemma 2.2, Lemma 2.3
and (21), we have

n+a
a1 |an|
1 21
R
- Zmnfl/o
31,5263“;.

Using distortion result fos, € §, (see [L0]) in (22), and
applying Schwartz inequality together with subordination
we have

|Ip(2)|"d8,

(22)

niay
at1)

1o gM 21|y (z) MO+
<O [ Ip(2)do

s1(2)

z

y(1-a)(3+1) 3
d@)

(1+qM /1 /2"
< il
- 1t \2n/o
1 r2n 2 2
() Ip@iae)

2 dé %
<d1(or,y,m7<1)</o m)

21 dg %
X —
(/o |1—qre*9|2>

1
< dz(U,V7m7Q)m7
whered;, dy are constants and we have used Lemma 2.5.
The proof is complete by choosimg=1— 1, (n— o).

We have the following special case.

Corollary2.Let a =0, y =1 and a = 0. Then

f € Tq(m,0,1) and we have
an = O(L)N(®B(EF+2)-1 (0 o).

Whenq — 1™, a, = O(1)-nZ, and this is a result proved
in [13. Form=2,q— 1, f is close-to-convex and in
this case we obtain a well known result, s8k [

Denote byL(r, f), the length of the image of the circle
|zl = r underf. Then, with the similar techniques used in
Theorem 3.3, we can easily prove the following.
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Theorem 4Let f € Tq(m,0,y), y > 3. Then

1 Mo+Qo+y—1
1—qr

in |z < rm.
Now, let f; € Abe defined as

L(r,f)= O(l)( , (r—=1) f1(2) = [(c1+ 1+id) /OZ{Gl(t)}Cl p(t)tid_ldt]chlﬂ
where O(1) isa constant, Mo = ygs( — 3) and Qo = ygs,

: - We note thatf; is a Bazilevic univalent function in
gz isasgiven by (12).

|z| < rm, whererp, is given by (24), see].

As a special case, we note tHat T, when we take/= 1
andq— 1~ = gz — 2 and in this case we have a result
proved in fL3] that

We observe tha{%Z) #0, |7 < rm.

1 f1(2)=2<@)%1, a=c+id

7+1
L(r,f):O(l)(E>’z , (r—=1)

z

This means that(z), given by (26), is analytic and, for

(@)ﬁi, it is possible to select uniform branch which
takes the value one far= 0 and which is analytic for
|7l < rm and also allows us to compute the derivatives in
(23) |4 <rm

Thus we conclude that(z) is univalent in|z] < rm
wherern, is given by (23) and the proof is complete.

Theorem 5Let G € A and let ZS’(/%Z) < i_gi -
ﬂo<q<1R§(m,a). Let
2t'(z) +af (2) = (a+1)zC'(2).

Then f isunivalentin |z < ry, where
1
m=5{m—Vm -4}, (24)

Proof.First we note thato<q<1§;(a) = S'(a), see ]
and therefore it follows from Lemma 2.3 that The authors would like to thank Rector, COMSATS
Mo<g<1Ry(M. @) = Rm(a) C R, the class of bounded |nstitute of Information Technology, Pakistan, for

radius rotatlon ) providing excellent research and academic environments.
From (23), we can write

Pq(2), g €
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