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Abstract: In this Paper, the mathematical model for the study of theidigion of mechanical stresses by the cells within the sof
tissues and tumor tissue is discussed. To describe the frmfiaotropic growth on the mechanical stresses based dmtre elasticity
theory and to study the process of continuous growth. Cioitise law to describe a linearly elastic tumor with contims volume
growth is combined in the model. Two examples is discussiest, éase, in one dimensional model of tumor growth in regtdar tube,
The model is solved in terms of radial displacement andstiedn the second case, the effect of isotropic growth duricompressible
material is solved in terms of radial displacement and se®sThe implications of two examples and possible modedidpments
are investigated. Comparisons are made with the resulkeitwo cases and numerical results are given and illustgagghically for
each case considered.

Keywords: Avascular tumor, Mathematical model, Soft tissues, Igptrgrowth.

1 Introduction Validation of a Spatio-temporal Model of Chemotherapy

) ) Transport to Enhance Tumor Cell Kill. . According to
A number of mathematical models of residual stressymore recent experimental results show that the

development in tumors have been proposed over recenhechanical effects, such as stress, plays an important role
years, using both single phase and multiphasqy the growth of solid tumorsg]. Similarly, you can get
frameworks. Progress in the field of experimentalihe stress field of cell growth or remodeling during
techniques (such as gene sequencing, fluorescent stainiRgtokinesis f]. In fact, the main purpose of the new
techniques) are enabling experimentalists to identifyaspect of this work is to develop a mathematical model,
many physical mechanisms whose normal function isyhich describes the way in which growth is generating
impaired in solid tumor growth. For example, with & pressure regularly in solid tumors. Such phenomena have
population of tumor cells that contain mutated versions ofpot heen studied extensively in sports literature. Instead
the pS3 gene can survive in low pressure abnormallymost of the existing models either spherical multicellular
oxygen (such as hypoxiall[2]. The above description response to changing food and chemotherapy
highlights the importance of genetic mutations in the focysed 7-11] can be set externally or the blood vessels
growth of solid tumors. This is an area of active researchyf cancer 1 2-14] the process that tumors acquire flow the
in the field of oncology. Other factors that have beenpgod to the tissues of the host§-17]. The notable
known for a long time affects the growth of the tumor is exception is the material Chaplain and Sleema#][

to provide vital nutrients, such as oxygen and glucose angynich is used to describe the elasticity of tumor invasion
chemotherapy drug[9, 20, 21], they studied model ofa  theory.

hybrid agent-based model of the developing mammary
terminal end bud , and model of theory and Experimental
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Other models include mechanical influences include

work by Drozdov et al. 9. For example, it discussed Op = WEl—zv) (€0 + V& — (VW + Vo) Q)
in [19] a simple example is the cut growth from the main _ E (g Jydu ((v- ;) W+ ;) g) (5)
square and going on the corresponding field of (I+v)(a-2v) \r © "or 2/mralg)

growth-induced stress. Landman, Byrne developed aRynere radial and circumferential stresses, u is the radial

a multi-tumor relatively stages as with cell growth, and external body forces, the conservation of momentum
proliferation and death of the interview phase transitionsyequires.

between the cell and the water phase of whigl2(, 21]. do, 2B

Since the development of a mathematical model, o T =0 (6)
which couples with stress and growth, will be very
difficult. Our approach is based directly on the current B =0 —0g @

models of the growth of solid tumorg,[6] and that the

growth and death of cells to determine the levels of vital Substituting Eqs.4) and 6) into Eq. @) yields.

nutrients and does not rely on mechanical effects, such as

stress. This model is limited growth spread to simulate the 4. (_121 (rzu)) =1 {(v— (2v—1)%) 99

growth of multi-spherical homogeneous distinct cells, the Y B (2v-1) ' (8)

cells near the perimeter of proliferating cells nutrieictr - (3 v-1)% 4 (2v-1)5F - f) 9} :

quickly, while the tumor center, deprived of food, and

thus less rapidly multiply 32, 25]. They study the This is the general equation for the displacement in a

mechanics of a continuous medium of tumor-inducedgrowing linear elastic material, considering both

capillary growth, Necrosis and apoptosis: distinct cedslo anisotropy and compressibility.

mechanisms in a mathematical model of avascular tumor Case IlI: Effect of growth on stresses during avascular

growth and also they discussed Analysis of atumor.

mathematical model for the growth of tumors. In this section, One present a mathematical model that
describes the evolution of an avascular tumor whose
growth regulates nutrient provided from abroad, such as

2 Formulation of the problem oxygen or glucose, one follow3f6]. Then the scalar

. : . . equations for the concentration of nutrien(st). are:
Case [: Effect of isotropic growth in soft tissues.

Mathematical approach discussed here represents the
effect of a given fixed growth—strain distribution is 29 092
considered rather than an evolution of stresses over a DC(; Ec(r,tﬂ-mc(r,t)) —me(rt) =0,  (9)
period of growth. Moreover, spherical symmetry is
assumed, which has particular relevance to solid tumor N(rt)  av(nt)
growth. Hence, the constitutive equation of linear r’ + dr’ =ac(r,t) -k (10)

1 Wherec(r,t), the concentration of nutrients amdr,t) is
Cva— "~ (o mass density of tumor cells(r,t) is the velocity of tumor
R E (0r — 2v0p) @ cells, Here is no body fo(rce)s except gravity, hich is

supposed to be slim, so the balance of our crops,

elasticity [3, 6] is given as:

1
€~ Vo9= g (09 —V(0r — 0g)) 2
. o 2
Where r and 6 denote the actual radial and o Tl =0, (11)

circumferential strains respectively, agd= g(r)denotes
the relative volume change due to growth. The anisotropicFinally, One formulate the constitutive law, which

multipliers,  andy, represent the proportion of the connects the strain inside the tumor to the stress upon it,
volumetric growth directed into the radial and One assume that the material is compressed. A

circumferential directions respectively. Thus, combination of the above assumptions results in the
following equation:
Vo +2yp = 1, 3)
The constants E and denote Young’s modulus and 1 (Du+ DuT) — 195 + 1 (31— Tr(1)d) (12)
Poisson’s ratio respectively. Eqgsl)(and @) may be 2 3 2E

arranged to give where u is the change in strain, g the volume per unit

— E lume produced at a given point by growth,is the

Or = i ((L—V) & +2veg — (1 —V) y +2v volume pro g p yd )

' m‘é)(lfz") ( )m: UQ ( ¥ Ye)9) Kronecker-delta Tr represents the trace of the tensor and
= T ((1_V) o T2 —((1-v)% +2VV9)9) the Young modulug, the value of which is different for

(4) different tumors. The equationl]) may reduces to
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another form subject to continues growth volume, is as

follows:

L(Ov+v) =10 ve+ £ {FGBr-Tr(1)d) +3(w-T-T-w)},
(13)

where w is the second order vorticity tensor and
W= —%(Dv— Ov"). The remainder of this work, One

look only to the status quo fow = 0. Set quantities
dimensionless, One write

=/D¢/m T=1/aCy, F=r/L, T=t/T, (14a)
€=c/Cy, V=VT/L, T=T/E, @=wT. (14b)

where the concentration of nutrients with external feed
value Cy (which is assumed constant). Under this

The term inC, = 0 must be zero, however, for the
displacement to be bounded in the center of the tumor,
sinceu = 0 atr = Oby symmetry. Considering a sphere of
radius a with a constant hydrostatic pressure of -p at the
surface,

u=0, at
Tr:_p at

r=0,
r=a,

(22a)
(22b)
The constan€; is obtained from the substitution of

Eq. 1) into (4).
Therefore, the constitutive equations are given by

_ 2E p24p  — 2
o = p+3(1 v (a3/ gf<df /gr dr) (23)

transformation the model equations become (dropping the

tildes for clarity)

gic(rt) 0
ror v’ ar2

ov(rit)
+ ar =c(r,t)—

c(r, t)) —c(r,t) =0, (15)

2v(r,t)
r

(16)

or(r,t) 2v(r,t)  oav(rt) B B
ot +< ; + ar r(rt)=0onr(rt)=0,
17)
A (2rr To—19)

"f9+°°‘r (te—1¢) | =0, (18)

1 9%

sin(@) d¢
I(ov+ovh) =1(O +3{S@ET-Tr(1)0)+3(w T-T-w)}.
(19)
wherew:—%(Dv OVT), ande satisfiess = Tk= .

3 Solution of the problem

Application for case 1: The effect of isotropic growth

during a compressible material.

One consider the proportion of the volumetric growth

directed into the radialyy = % and circumferential
directionsyy = 3

so that Equ (8) & —0asx— —oo,

Jd (10  , _1/1+v ag

a(rzﬁ(r 9)=3(i)5% @
Whose solution is

A R AN P C

_3<1_V> rz/o gredr +Cyr + 2 (21)

WhereC; andC; are constants of integration.
Boundary conditions :

2E 1
Pt 30 <r3/ of?df 4+ = / grzdr—g)
(24)

The quantityp , being the difference between the radial
and circumferential stress components, will now be used
to study the genesis of tissue stresses since it is
independent of both the external hydrostatic pressure and
the outer radius of the tissue, and determines the
distribution of stresses as reflected in E). (

Subtracting Eq.24) from (23) now gives

il o

Note, however, that the volume average of g in a sphere of
tissue of radius r is

(25)

3 [ o
Guu = 5 | 077 (26)
B= 31-v) (9— Gav) (27)
Further, appealing to Egss)(and (7) gives
do 2E

0_rr “Ia-v (Yav—9) (28)

dor 2B (1 ag
ar  3r(1-v) (F(gav_g)_ﬁ> (29)

The nature of the induced stresses is now considered for
two growth distributions, firstg = 2Si0h* a5 above

r sinha
discussed, and similarly in cage=1—
Application for case 2: One dlmensmnal tumor growth
in rectangular tube.
In this case , one consider the rectangular tube is semi-
infinite, therefore the equation given ih@) takes the form.

d%c(x,t)
0X2 - C(Xat)a

One solve equatior?@) subject to the boundary

(30)
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c(a(),t)=1 and g—i — 0asx— —oo, Thus, there are only three non-trivial equation, only two
the latter condition ensuring that the solutions areof which are linearly independent, since the trail system is
bounded. In this method One find. required to be reduced to zero. Linearly independent
_at) equations can be combined to get a more convenient
c(x,t) =&, (31)  form. For example, subtraction of tize from theyy all

With € = 0 equation 22) reduces to lead to the equation.

9 9
9 Vg)‘(’t) — c(xt), (32) (E vy 0_x> (ty = 12) =0, 55

Again, to ensure bounded solutions, One solve equationUsing the boundary conditions that
(32 subject to the condition

Tyy—0,12—0 when X — 0
V(X,t) > 0as X — oo,
that .
and dedtice tha (x,t) = &2 (33) One deduce that, sincev > 0, T = 1z throughout the
’ ’ tumor.

Using equation18) One note that on the tumor surface Ty = Tz = T(X,t), (40)
da B ) B Substituting equatiordQ) into any of equations3g) leads
dat v(a(t),t) =1, witha(0) =0, (34) to the following expression for

Thusa =t, that is, the tumor grows linearly with time. 0 0 2 9v(xt)

One consider that the non-diagonal elements of the 5t TV o | T=—5— (41)

stresses tensory = Ty, = Tx = 0. the component of
equation 18) in the x-direction leads to the equation. Since v is already known, equatiodlj may be solved,
subject to the initial condition that= 0, att = 0, giving
90 _ 0 (35)
ox
Assuming that there is no normal stress at the tumor
boundary and scaling pressure so that the pressure outsidésing equation 42), allowingt — o the equation 42)
the tumor is zero, One integrate equati®3)(subject to  become as:
the boundary condition in which case.

r(x,t):—% [X+In(1+e*—e™")]. (42)

2
~— In(1+e ™), t 43
T =0 WXL, (36) r=-glan@re)), toe o @3)

Resolution of equatiorl@) in the y- and z-directions leads 2

to ordinary differential equations fayy andt,, which are ~ @X— — and T=~—zx for 1<x<a

similar in form to equation35) and can be integrated to (44)
show the more limited results.

Ty = Ty(X.z1), 2= Tzz(xdg%-) 4 Numerical results

From Eg. @0) One can write Results mentioned above apply to this situation stable
20 0 condition, where the tumor was originally inspired, and

1 (Ov+ OV — 1 (0)5= Lovixt) (55 o on the sizea = a* of their equilibrium. It is clear from the

2 3 3 0x 00 -1 numerical results of the tumors grow, One {ix= 0.1 and

assumed that the tumor tension in origin, sizeaaadLO.

Finally, One turn to the constitutive law; equatig??is  Plots of B, Trand 1 with equal amounts of time in the

now expressed with more general form in Cartesianiigure. 6, and during this period the tumor reaches
coordinates as: effectively the size of its equilibriuat = 28.96.

In Fig. (1-3) the employs the constitutive of linear
10v(x,t) 200 1 ( 9 ) elasticity to discuss the nature of growth-due to stresses i

3 ox 0-10 |= A 4—v(x,t);—X soft tissues. The solution of the simpler case of isotropic
00 -1 growth obtained insight into the influence of the spatial
non-uniformity of the growth process on case of the
—Ty— Tz 0 0 nature and in case of distribution, tissue stresses. The
0 2y —T O (38) nature of the induced stresses is considered for two
0 0 21p—Ty growth distributions withy = 2inhr

r sinha*
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Fig. 1. Dispersion curves for the effect of the spatial non- rig 3. pispersion curves for the effect of the spatial non-
uniformity of the growth process on both the nature and yniformity of the growth process on both the nature and
distribution tissue stresseﬁ , versus r with different @t is  gistribution tissue difference stresses, versus r with different
Tra= 1821 24, 27,307 55 a=18,21, 24, 27,30 as growth igSnnr

Circumferntial Stress 1 8
]
"
Rachial Stress 1 1

30 0 10 20 30

Fig. 2: Dispersion curves for the effect of the spatial non- Fig. 4: Dispersion curves for the effect of the spatial non-
uniformity of the growth process on both the nature and uniformity of the growth process on both the nature and
distribution tissue stresses , versus r with differenta = distribution tissue stressery , versus with differenta =
18,21, 24, 27,30 as growth iﬁ%. 18,21, 24, 27,30 as growth is - 7

Figs (4-6) shows the case at the nature of the inducedectangular tube smooth semi-infinite. As depicted
stresse32|s considered for two growth distributions W'thpressures personal cross that corresponds to the stable
g=1- % where the tumor and features dynamic evolving situation.

Anisotropic growth is also examined; demonstrate itsInitially, the tumor without stress. However, since the
important role in relieving growth-due to stresses. Fig. 7border tube prevents lateral movement of cells near the
Here One show how the transverse component of thesurface of the spread of the tumor creates pressure and
stress tensor develops into a tumor growing in aoccasional pressure. In the absence of cell death, and the
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Fig. 5. Dispersion curves for the effect of the spatial non- Fig. 7: Dispersion curves for Transverse stregsversusx with
uniformity of the growth process on both the nature and gifferentt (.t=02—--t=04,U201%=06,__t=08t=
distribution tissue stressery , versus r with differenta = 1),a=28

18,21, 24, 27,30 as growth is 1 1

1.24
10 H
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= G056
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r distarce x

Fig. 8: Dispersion curves for velocity versusx with different
Fig. 6. Dispersion curves for the effect of the spatial non-t (...t=0,——-t=0.2,U2018 =04, __t=0.6,t=0.8), a=

uniformity of the growth process on both the nature and 28.
distribution tissue difference stress@sversus r with different

a=1821, 24, 27,30 ,as growth is ;—i

As it is shown in the Fig. 7, tumor cells near the

border came under pressure stress (0) those increases
stress of the surface of the tumor remains constant idinearly with time scale. However, tumor cells near the

values. That was when the surface passes through thesenter, where there is the death of the spread undergo
points. One are drawty = T, = T(X,t) at times transverse tensile strength of the cetisx 0), which also
t=0.2,0.4, 0.6, 0.8, 1analytical results for the cultivation increases linearly with time. One plot at times
of the tumor (solid line). Analytical results stationary t = 0.2,0.4,0.6,0.8,1. Parameter valuese = 0.1,
state of the tumor (the dotted line). Value of the parametel® ~ 1/¢ = 10. Fig. 8, Here One show how velocity

e=0. develops within an equilibrium size spherical tumor with
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