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1 Introduction and continued ing]. Nowadays the theory of inequalities
is still being intensively developed. This fact is confirmed
In recent years several extensions and generalizationy a great number of recent published book$land a
have been considered for classical convexity, and théwuge number of articles on inequaliti€%4,5,14,16,17,
theory of inequalities has made essential contributions t@24,27,42,51,52,54]. Thus, the theory of inequalities may
many areas of Mathematics. In this paper we shall deabe regarded as an independent area of mathematics.

with an important and useful class of functions called The convexity of functions plays a significant role in
operator convex functionsVe introduce a new class of many fields, for example, in biological system, economy;,
generalized convex functions, namely the class ofgptimization and so on2p,49. And many important
operator h-convex functiofThe theory of operator/matrix jnequalities are established for the class of convex
monotone functions was initiated by the celebrated papefynctions. The Hermite-Hadamard inequality (1) have
of C. Lowner |3], which was soon followed by F. Kraus peen the subject of intensive research, and many
[40] on operator/matrix convex functions. After further applications, generalizations and improvements of them
developments due to some authors (for instance, J. Bend@hn pe found in the literature (see, for instant@ 23,41,

and S. Shermaripl, A. Koranyi[39, and U. Franz26]), 47 48] and the references therein).

in their seminal paper3] F.Hansen and G.K. Pedersen .
established a modern treatment of operator monotone anﬁrom'the results founded by 'Hadam.ard ][ the
ermite-Hadamard (double) inequality for convex

convex functions. In Z,11,1934] are found X , -
4 | functions on an interval of the real line is usually stated as

comprehensive expositions on the subject matter. foll This classical i it i imat ¢
Inequalities are one of the most important instrument in ollows. This classical Inéquality provides estimates o
fhe mean value of a continuous functibn [a,b] — R.

many branches of Mathematics such as Functiona
Analysis, Theory of Differential and Integral Equations,
Probability Theory, etc. They are also useful in
mechanics, physics and other sciences. A systemati¢heorem 1. Hermite-Hadamard’s Inequality4p]. Letf
study of inequalities was started in the classical b@#% [ be a convex function ora,b], with a < b.If f is
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integrable onja, b], then Definition 2. [[ 28]] We shall say that a function f1 C
R — R is a Godunova-Levin function or fe Q(I) if f is
b ;
; (a+ b) < - 1 a/ F(x)dx < f(a)+ f(b). ) non negative and for eachye | andt € (0,1) we have
- a

2 2
ftx+ (1-t)y) < @4—%

Definition 3. [[ 21]]We say that f:| — R is aP-function,
r that f belongs to the class(P, if f is a non-negative
unction and for all xy €€ |, t € [0,1] we have

The interested reader can find the history of the
Hermite-Hadamard inequality in the historical note by
D.S.Mitrinovic and 1.B. Lackovic45] and [44]. Both has
been studied widely and in recent years they have foun
generalizations thereof wusing generalized convex
functions. In particular, for operator functions of positi f(tx+ (1—t)y) < £(X)+ f(y).

self-adjoint operators in a Hilbert spakie -

In recent years many authors have been interested iDefinition 4. [[ 14]] Let s € (0,1]. A function f: [0,c0) —
giving some refinements and extensions of the[0,) is nameds-convex (in the second sense), oref K2
Hermite-Hadamard inequality (1). For more about convexif
functions and the Hermite-Hadamard inequality, see . fFAX+ (1=A)y) <A3F(X)+(1—A)%F(y)
Zabandan in 5] presents the Hermite-Hadamard type
inequality for convex functions by sequences. In this
paper, a new refinement of the Hermite-Hadamard typqt can be easily seen that fer= 1, s—convexity reduces to
inequality is presented for operatbr-convex function.  grginary convexity function.

Bakac and Ttrkmen, inS], gave a general form of the A sjgnificant generalization of convex functions is that of

first of certain inequalities showed by Bacak 8] Bnd  p_convex functionmitroduced by S.Varosanec in [32].
showed that the inequalities therein are satisfied for

operator convex functions. Definition 5. [[53]] Let h : J — R be a non negative
Inspired and motivate by the work of Dragom?, function and h 0, definided on an interval & R, with

Ghazanfari in 27], Erdas et al. 24], Horvath et al. 86|, (0,1) € J. We shall say that a function: — R , defined

T. Ando in [1], L. Horvath [36], I. Kim [ 38], S. Salas$0], on an interval IC R, is h-convex if f is hon negative and

in this paper, we define a novel class of convex functionsthe following inequality holds

called operator h-convex functionWe establish some

refinements  of  generalized  Hermite-Hadamard ftx+(1-t)y) <h(t)f (x)+h(1-t)f(y)

inequalities for operatdn-convex functionsThis paper is

organized as follows: In Section 2 we provide some

notations, definitions and recall well known fundamental £, some results concerning this class of functions$2e [
theorems. In section 3, we establish the main results of;, 51].

the  article:  refinements ~ of  generalized e can see, from this definition, that this class of
Hermite-Hadamard's inequality fooperator h-convex functions contains the class of Godunova-Levin

functions functions. It also contains the class of

for each xy € (0,») andA € [0,1].

forany xy el andforallte (0,1).

1. If h(t) =1 then anh—convex functionf is a
P—function.
2. Ifh(t) =t3se (0,1] then arh—convex functionf is

A S , _ans—function.
Our purpose in this section is to establish some basic 3 |t h(t) = tS, with s= —1 then arh—convex function

terminology, we review briefly and without proofs some f is a Godunova-Levin function.

elementary results from the continuous functional

calculus. The functional calculus is defined by theIn order to achieve our results we need the following
spectral theorem. definitions and preliminary. WittiB(H) we shall denote
The notion of a convex function plays a fundamental rolethe C*—algebra commutative of all bounded operators
in modern mathematics. The theory of convex functionsover a Hilbert spacél with inner product,) . Let <7 be a
has been studied mostly due to its usefulness angubalgebra oB(H). An operatorA € </ is positive if
applicability in Optimization. We recall some concepts of (Ax x) > 0 for all x € H. Over .« there exists an order
convexity that are well known in the literature. relation by means

2 Preliminaries

Definition 1. A function f:1 — R is said to be convex A<B if (AxX) < (BxX)
function over | if for any xy € | and for any te [0,1] we
have the following inequality .

B> A if (BxX) > (AX,X)

ftx+ (1-t)y) <tf(x)+ (1-t)f(y). (2)  for A, B e « selfadjoint operators and for alle H.
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The Gelfand map established a—isometrically
isomorphism @ between the setC(og(A)) of all
continuous functions defined over the spectrumAof
denoted byo (A), and theC*—algebreC* (A) generated by
A and the identity operatdryy overH as follows:
Foranyf,ge C(g(A)) anda, 3 € C (Complex numbers)
we have

1. @(af+pg)=a®(A)+pP(B)

2. o(fg)=@(A)@(B) and @ (f) =@ ()"

3. ||¢’(f)|\=||f||1=t€SU(g)|f(t)l

4. @ (fg) =14 and @ (fy) = A, wherefp(t) =1y
fi(t) =tforallt € o(A)

with this notation we define

f(A) = @ (f)

and we call it the continuous functional calculus for a

selfadjoint operatoA.
If Ais a selfadjoint operator antlis a continuous real
valued function oro(A) then

f(t)>0forallte o(A) = f(A) >0

thatis to sayf (A) is a positive operator ovét. Moreover,
if both functionsf, g are continuous real valued functions
ono(A) then

f(t) >g(t) forallt € o(A) = f(A) > g(A)

respect to the order iB(H).

Definition 6. Let H be a Hilbert space and € R an
interval. A continuous function fl1 — R is called
operator convex with respect to H if

f(AA+(1—A)B) < Af(A) +(1—A)f(B)

for all A,B € B(H)%® with o(A)Uo(B) C | and for all
scalarsA € [0,1]. f is called operator convex of order
n e N if it is operator convex with respect to H C".
Finally, f is simply called operator convex if there is an
infinite dimensional Hilbert space H such that f is
operator convex with respect to.H

Theorem 3. [F. Hansen and G.K. Pedersen3Z]] A
continuous function f defined on an interval | is operator
convex if and only if

f axjaj | <y af(xj)a;

for every finite family{x; : j € J} of bounded, self-adjoint
operators on a separable Hilbert space H, with spectra
contained in I, and every family of operato{aj rje J}
inB(H) with 5 j;ajaj = 1, wherel € B(H) is the identity
operator.

Theorem 4. [D.R. Farenick and F. Zhou 75]] Let
(Q, 2, 1) be a probability measure space, and suppose f
is an operator convex function defined on an open interval
| CR. Ifg: Q — B(C")?is a measurable function for
whicho(g(w)) C [a,B] C | forall w e Q, then

f(/ gdu)g/ f ogdu.
Q Q

Some other references about this topic are 34,35)].
Dragomir in R2] has proved a Hermite-Hadamard type
inequality for operator convex functions.

Theorem 5. [[ 20],Theorem 1] Let f: | — R be an
operator convex function on the interval I. Then for any
selfadjoint operators A and B with spectra in | we have

the inequality
¢ 3A+B L A+3B
4 4

(1(%3°) 2)

< /Olf((l—t)A+tB)dt

S%[f (AJZrB>+ f(A)ﬂsz(B)] (s f(A);f(B)>

The definition of operatos—convex function is proposed
by Ghazanfariin [23].

Definition 7. Let | be an interval in0,) y K a convex
subset of BH)™. A continuous function fl — R is said
to be operatos-sconvex on | for operators in K if

f((L=A)A+AB) < (1—A)°F(A) +A5f(B)

in the operator order in BH), for all A € [0,1] and for

HereB(H)s?is the set of selfadjoint bounded operators on €Very positive operator A and B in K whose spectra are

the Hilbert space Hg(A),o(B), denotes the spectrum of
AandB, andf(A) and f(B) are defined by the continuous
functional calculus. We refer the reader tdg] for
undefined notions o@* —algebra theory.

contained in | and for some fixed=s(0, 1] .

The following Hermite-Hadamard inequality for operator
s-convex functions holds.

As illustration below we state some classical theorems onfheorem 6. [[ 27],Theorem 6] Let f: | — R be an

operator inequalities.

Theorem 2. [Bendat and Shermanlp]] f is operator

convex if and only if it is operator convex of every order

n € N, and this last property holds if and only if it is
operator convex with respect to the Hilbert sp@é¢C).

operator s-convex function on the intervald [0,) for
operators in KC B(H)*. Then for all positive operators
A and B in K with spectra in,lwe have the inequality

+f(B)

251 (ALZB> S/Olf((l—t)A—HB)dtS f(AiH
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Dragomir in B2 introduced an even more general ProofThe function fis continuousj;)l f((1-t)A+tB)dt

definition ofoperator h-convex functions exists for any self-adjoint operatofsandB with spectra
inl.

Definition 8. Let J be an interval include iR with We can g|Ve two proofs of the theorem. The first us|ng

(0,1) ¢ J. Leth:J — R be a non negative and identically the definition of operatoh—convex functions and the

nonzero function. We shall say that a continuous fUnCtlonsecond us|ng the Hermite-Hadamard |nequa||ty for

f:1 — R, defined on an interval € R, is an operator  real-valued functions.

h—convex for operators in K if The first proof.
From the definition of operatdn—convex functions,
f(tA+(1-t)B) <h(t)f (A)+h(1-t)f(B) we have the inequalities
forallt € (0,1) and ABe K CB(H)* suchthat SPA) C | ¢ X+Y i (1—t)X+tY+(1—t)Y+tX (5)
and SgB) C 2 ) 2 2

With this concept Dragomir obtained some results 1

involving operatordi-convex functionsThe first of them <h{ =) (FA—OXLtY)+ f((1—1)Y+tX
is located as Lemma 2.3 in5? and it involves the — \2 (T X+ +T(( Y+1X))
associated functiog. The second is the Theorem 2.4 in

[52], which establishes the Hermite-Hadamard type 1

inequality foroperator h-convex functions <h <§) (F(X)+1(Y))

Lemma 1. If f is an operator h-convex function then for anyt € [0,1] and self-adjoint operatoi$ andY with

spectra inl. If we integrate the inequality5§ overt and
xas(t) = {(T(tA+ (1 -1)B)X X)) take into account that

for x e H with ||x|| = 1is an h—-convex function ove, 1). 1 1
/ f((l—t)X—HY)dt:/ f(EX+ (L—t)Y)dt
Theorem 7. Let f be an operator hconvex function. 0 0

Then then we conclude the Hermite-Hadamard inequality for
operatoth—convex functions
! A+B / F(tB+ (1—t)A)dt
2h(1/2 X+Y 1
f<T> g/ F((L—t)X +tY)dt
B)) / htydt  (3) 0 .
0
<h <§) (FX)+1(Y)) (6)
3 Main Results that holds for any self-adjoint operato¥s andY with
spectra inl. Utilizing the change of variabla = kt, we

Theorem8Let f: |1 — R be an operator hconvex have

function on some interval I. Then for any self-adjoint 1/k
operators A and B with spectra in |, we have the/O

—h
—~

(1—t)A+tB)dt

(4)

inequality _ 1 (/1]‘ (( )A+ uB)du)
- o : k k k
(CR)NRE (22
1
k
(

/Olf((l uA+uKZDATE 1|2A+B>d>

and by the change of variable= kt — 1, we have
1|t /(k—i)A+iB 2/k
<k szf <ﬁ> +h(1/2) (f(A) + f(B))] /1/k f ((1—t)A+tB)dt
! u+1 u+1
</o f(<1‘T>A+TB>d )

1

k

1 1 Au A Bu B
E(/of(“‘?‘W?W)d“)

IN
S~
i
—_
N
|
>
_|_
T
o
Il

(<h(1/2)(f(A) +f(B)))

where k is the numbers of steps.
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B % </01f <(1_u) (k—l&A+B+u(k—2)kA+ZB) du) g /Olf <(1_U)A+(|T(—1)B

We can change the variables until the variable kt —

+uB> du

- <n(z) (1 (=) )
(k— 1) by using the same procedure above. By the change 2 K

of variableu = kt — (k— 1), we get

/1 f((1—t)A+tB)dt

(k-1) k
1 _ _
f((l—u+:: 1>A+”+:: 1B>du>

1
f(A—&J A, BU k) du)

T
-

K A+k+T+B

/01f<(1—u)wk_1)8+us>du).

Using the Hermite-Hadamard inequality ) (we have

f <A+<2ﬁ> . <(2k—;|)(A+ B) @
</Olf<(1—u)A+uW>du
H{2)(rmr (222)).

(kflliAJrB " (k—Z)kAJrZB (2k—3)A+B
f 5 =f S (8)

S— S5—

Xl Xl Xl

N N N

< /olf <(1—u)A+uW>du
< h(i_zl) <f <(k—1|)(A+B> L <(k—2)kA+ZB>)7

(-2A128 | (3138 (2k—5)A+5B

—

2k

1 _ _
; f<(1_u)(k 2)kA+ZB+u(k 3)kA+3B>du
0

_ h(%) <f <(k—2)kA+ZB) L <(k—3)kA+3B>)

By induction we have

AtLB | g A+ (2k—1)B

By summing 7), (8), (9), (10) and the other inequalities
between @) and (L0), we have

(k-1)A+B (k—1)A+B | (k—2)A+2B
(=) )

k—2)A+2B k—3)A+3B A+(k=1)B
+f<< A28 | (3 >+ +f< <k>+B>
5 L

Sk/olf((l—t)A—HB)dt

() o (3)
)
(20 (em)

() e

When regulating the inequalityl{), we get the desired
inequality in Theorem. It is obvious from the left-hand
side of the inequality4) for k = 1,we getf (258), and it
is obvious the right-hand side of the mequalitzj/) (s
provided fork = 2.

The second proof.

Letx € H, ||X|| = 1 and letA andB be two self-adjoint
operators with spectra in. Define the real-valued
function OxAB : [0,1] - R by
Pxap(t) = (f((1—t)A+tB)x,x). Sincef is an operator
h—convex, then for anyt;,t; € [0,1] y a,8 > 0 con
a+ B =1 we have

Pxap(aty+ Bto)

(f((1—(aty+ Bt2))A+ (aty + Bt2) B)x, x)
(fla(1—t) A+tB]+B[(1-t2) A+ 12B])xX)
h(a) (f (a [(1—t1) A+ tB]) X, X)
+h(B) {f (a[(1—t2) A+12B]) X, X)
= h(a)¢xag(tr) +h(B)$xas(t2)
showing thay a g is ah—convex function or0, 1]. Now

we can use the Hermite-Hadamard inequality for
real-valued functions

a+b 1 b
o(%57) = gra ), w9

<
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to get that

1 1/k
PxAB (Zk) <k A Py ap(t)dt

<h <%) (¢x,A,B(O) +¢xAB <%>) ,

3 2/k
PxAB (Zk) <k ; Py ap(t)dt

or () (o 3) 0 3)

2k—1 1
K2 <k / t)dt
¢X7A,B( 2K ) = ek ¢x,A7B( )

<h (%) <¢x,A,B (k%(1> + ¢x,A,B(1)) .

By summing the inequalities above and multiplying with
(1/k), we get

% [(PXAB( )+¢XAB(23k) + ot buas (%;1)]

(2) s ()

k—1
+.. +¢xAB< K )}
Thus, we can write

() e) o (%)
()
< [(a-varBxa
h(%)<{f(A)+f(B)+f((1—%)A+%B>+...
(-5 ) e) ).

By regulating these inequalities above, we get

e

1
g/ (f(L—t)A+tB)x,x)dt
0

3
A+ ZkB)

<1
~—k

(12)

|l

<

o(5)([reve 005 (S2) )

Finally, since by the continuity of the functidn, we have

/Ol<f (1—t1)A+tB)x X dt

- <(/01 f ((1—t)A+tB)dt> x,x>

for anyx € H, and any two self-adjoint operatofsandB
with spectrairl, from (12) we get the desired result id)(

Remarkf h(t) =t we obtain the Theorem 4 of Bacak V.
and Turkmen R. inq].

Theorem9Let f,g: | — R be an operator h-convex
function on some interval.|Then for any self-adjoint
operators A and B with spectra in |, we have the
inequality

/Ol<f (L—t)A+tB)%X) (g((L—t)A+tB)xx) dt

< M(A,B)/Ol(h(t))zdtJr N(A,B)/olh(t)h(l—t)dt,
where
M(A,B) = (f(A)x,x) (9(A)x,X) + (f(B)X,X) (9(B)x,X)

N(A,B) = (f(A)xx) (9(B)x, %) + (f(B)x,X) (G(A)%,%)

ProofLet x € H,||x| =1 and let A andB be two
self-adjoint operators with spectra in Define the

real-valued functions ¢xag : [0,1] — R by
¢X,A,B(t) = <f((1—t)A+tB)X,X> and (,UX,A,B : [O, 1] — R
by ¢yas(t) = (9((1-t)A+tB)x,x). Since f and g are

operatoth—convex functions, then for evety= [0, 1], we
have

(F((1—)A+B)x,X) < h(1—t) (F(A)x,X) +h(t) (f(B)x,X)

(13)

(9((1-t)A+1tB)x,x) <h(1—1) (9(A)x,X) +h(t) (g(B)x,X)

14

From13and14, we obtain -

(F((L=t)A+tB)X,X) (g((1 —t)A+tB)X,X) (15)

< (h(1=1))?(F(AX,X) (9(A)X,X)

+(h(t)? (F(B)x,X) (9(B)X, X) (16)
+h(t)h(1—1) ((f(A)x,x) (9(B)X,x)

+ (F(B)%,x) (9(A)X,x)) (17

Since ¢xap(t) and Yy ap(t) are operatoh—convex on
[0,1], they are integrable ori0,1] and consequently
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dxaB(t)Uxag(t) is also integrable orf0,1]. Integrating <g <w> x,x>
both sides of the inequalityL§) over[0, 1], we get
1
k-1 i ;
/o (f((1—t)A+tB)x,x) (g((1—t)A+tB)x,x) dt +i ¢ (k—i—1)A+iB xx) x

1 6k £ k
< (1A (A [ (hL—1)dt

° (k—DA+iBY
+ (1B %) @B)xx) [ (h(D) N )

+ ((F(A)X,x) (9(B)x,X) + (f(B)X,X) (J(A)X, X))
x /Olh(t)h(l—t)dt.

With the appropiate change of variables, we have

’

and we can write

1

(h(1-1)?dt= [ (h(t)?dt.

0

/01 (F((1—t)A+tB)x, %) (g((1— t)A+tB)x,x)dt

1

< M(A,B)/ (h(t))2dt + N(A,B)/Olh(t)h(l—t)dt,

0

where
M(A,B) = (f(A)x,x) (9(A)x,x) + (f (B)x,x) (g(B)x,x)
N(A,B) = (f(A)x,X) (9(B)x,x) + (f(B)X,X) (J(A)X,X) .

Remarkf h(t) =t we obtain
1 1
/ (h(t))zdt:/ 2dt— 1
0 0 3

1 1 1
/Oh(t)h(l—t)dt:/o t1-tdt= 3

and

where k is the number of steps.

Proof.The proof is obvious from Theoren8sans9.

Remarkf h(t) =t we get the Theorem 6 of Bacak V. and
Turkmen R. in f].

4 Conclusions

In this work, we have introduced the conceptogierator
h-convex functionsand we have presented some
refinements of Jensens inequality and
Hadamard-Hermites inequality fé-convex functioand

for operator h-convex functiondn addition, we have
presented some applications that show how the main
theorems generalize other results demonstrated in cited
references. We hope that everything established here will
stimulate further research in this area.
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