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Abstract: A new analytical method called the local fractional naturamotopy perturbation method (LFNHPM) for solving partial
differential equations with local fractional derivative introduced. The proposed analytical method is a comiinaif the local
fractional homotopy perturbation method (LFHPM) and thealdractional natural transform (LFNTM). In this analyglanethod, the
fractional derivative operators are computed in localtfoaal sense, and the nonlinear terms are calculated usé'gygdélynomial.
Some applications are given to illustrate the simplicifficeency, and high accuracy of the proposed method.

Keywords: Local fractional natural homotopy perturbation method;alofractional derivative operator, local fractional pealrt
differential equations.

1 Introduction, Motivation and Preliminaries

The theory and applications of fractional calculus haverg lbistory in pure and applied mathematics, and were first
introduced by Leibniz and L'idgital in the year 1695. During the last few decades, fraeticalculus was successfully
applied in many areas of physical science and engineericlg as plasma physics, quantum mechanics, astrophysics,
fracture mechanics, chaotic dynamics, optics, and so @ttienal partial differential equations have been solv&dag
many numerical and analytical methodsZ, 3,4,5, 6].
Recently, local fractional derivative and calculus whi@scribed the non-differentiable function defined on Caséds
arising in mathematical physics were discussg@][. The solution of wave equation on Cantor sets using thel loca
fractional variational iteration and decomposition methavas presented®]. In 2013, the approximate solutions of
diffusion equations on Cantor sets were studit@.[Based on local fractional Sumudu transform, the solubhvPs
on Cantor sets was proposed in 2014][ The local fractional homotopy perturbation method folvew fractional
partial differential equations arising in mathematicaygibs was presented in 20157. Recently, in the year 2017, a
hybrid computational approach for solving Klein-Gordoruations on Cantor sets was introducé@][ More detail
about the local fractional derivatives are referredlig 15,16,17,18,19,20,21,22,23,24,25,26,27,28).
In this article, we investigate the solutions of local fiantl partial differential equations based on local frawéil
homotopy perturbation and natural transform. The locaitiomal natural homotopy perturbation method is a coupling
of the homotopy perturbation metho®d 30] with natural transform method[L, 32,33], and this gives series solutions
which converge rapidly within few iterations. In Table 1 weegent some important properties of local fractional
calculus.

The organization of our manuscript is given below. In Secfowe discuss the local fractional derivative and local
fractional natural transform. Section 3 deals with the Idicectional natural homotopy perturbation method. In 8sct
we explain the results of our applications. Section 5 coistaur conclusion.
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2 Local Fractional Derivative and Local Fractional Natural Transform

The local fractional natural transform of the functigfh) of ordera is defined by the following integral:

1 © =St v(t)
L _ _ — ) 24t~ <1
PNy [V(t)] = Va(s,U) r(1+a)/o Ea( — ) Ay 0<a<1 (1)
And the inverse local fractional natural transform is dedibg:
1 yieo ot
L1 _ — - a <
N, Va(s 0] = t) = v /Ho Ea< — )Va(s,u) (d9, 0<a <1, @)

wheres” andu® are the local natural transform variables, gni$ a real constant and the integral in EB) Which is
taken along” = yin the complex plang” = x® +i9y“.

Some properties of the local fractional natural transforethud are given below.
Proposition 1. Local fractional natural transform of local fractional divative is defined by:

L g n-1 S(nfkfl)or ‘
N, [Vma)(t)} = Va(s.u) - I(;W\A Q). (3)

When n=1, 2, and 3, we obtained the following results:

LAN, {vw) (t)} — LS:—;VG(S, u)— uiaV(O),

LN [v<2“>(t)] s Va(s.U) — uiv(O) _ L),

= uza

Qo

530!
Va(s,u) — WV(O) T

- u3a

NG [V (1)

Property 2: Linearity property of the local fractional natural transfois defined by:
YN [y f(t) £ Bg(t)] = y-Na [ (t)] = B-Nq [g(t)] = yFa(s,u) =BG (s u),

where,Fq(s,u) andGy (s,u) are the local fractional natural transforms of the funcdié(t) andg(t), respectively. More
properties are presented in table 1.

Definition 2: The local fractional derivative of the functiat) of ordera att =ty is defined by 7, 8]:

d% A% (v(t) —v(to))
@y = =Y, — 2 N\~ 0))
Vv (t) dta |t7to (t _to)a ) (4)
where,
A%(v(t) = V(to)) = I (1+a)[v(t) — V(to)]. (5)
Moreover, the local fractional derivatives of higher ordez defined as7 8]:
ntimes
—_—~
D" (t) = V") (t) = D{") - D" (1), (6)
ntimes
o"v(t,x)  0¢ a2
e = g g (Y- (7
Definition 3: The local fractional integral of the functiorit) of ordera in the intervally, B] is defined by 7, 8:
(@__ 1 /ﬁ a_ 1 N
Mo = Fray Jy OO0 = Fay A 2, VA" (®)
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whereAq = 141 — T, Ar = maXl0,4r1,42,- -+ [Ti, T+1], To =Y, In = B is a patrtition of the intervdly, B].

Table 1. Some useful results

LN [t9] = 3% "Ny [sing (t9)] = zo*zm
"Ny [cosy (t7)] = gza—izﬁ "Ny [coshy ()] = gza—s_auza
I(a) tha - t(+1)a qa tha - t(h-1)a
0t F{Ina) — T+ (ntDha) di@ r<1+na> — TI+(n-Da)
Ea(t) = Y30 rramay: 0<a <1 dto’ Ea(t?) =Ea(t?)
. P 2na
sing (t%) = 55 (— 1)”%, O<a<l| 9 sing(t?)=cos(t?)
0 @2n+Ia .
cos (t%) = 3%~ 1) " rarrrmay, 0<a <1 & cogy (t%) = —sing (1)

3 Local Fractional Natural Homotopy Perturbation Method

Let us consider the following nonlinear operator with loftattional derivative of the form:
LGV(Xat) + FC! (V(th)) + MG (V(Xat)) = gC! (X7t)7 (9)

where,Lq = g% denotes the linear local fractional differential operakgrdenotes linear fractional derivative operator
of order less thah,, Mg (V(X,t)) denotes the nonlinear operator, apdx,t) is the non-differentiable source term.

Applying the local fractional natural transform (denotadhis paper by™N, ) on both sides of Eq9j, we get:
"Ng [LaV(X,t)] +-FNg [Fa (V(X,t)) + Mg (V(%,t))] = Ng [ga (x,1)]. (10)

Using the derivative of the local fractional Natural treorsii on Eq. L0), we get:

2a

20
Ve (%5, U) = év(x, 0) + SZG V0 (g [ga(x,1)]) ‘;2—a (“Ng [Fa (v 1) + Mg (v(x.D)]) . (11)

Taking the inverse local fractional natural transform of Bd), we obtain:
V(xt) = Ga (x,t) —-FNg ! ‘;iz ("Ng [Fa(v(x,t)) + Ma(v(x,t))]}] : (12)

where,
a

2a
FA+a) a)v(a)(x, 0) +FN, ! {l;z_a ('-FNO, [g(x,t)])} .

Now we apply the local fractional homotopy perturbation inoet of the form:

Gq(%,t) =V(x,0) +

= ip”“vn(x,t). (13)

According to the local fractional homotopy perturbationthoel, p € [0,1] is an embedding small parameter.
The nonlinear ternMq (v(X,t)) is written as:

- ip”“Hn(v» (14)
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whereHp(v) is the local fractional He's polynomial and can be calcudatsing the following formula:

n .
MC{ (Z)pajvj>‘| 7n2071727"'
1= p:O

1 g

Ve, W) = F g 1) e

By substituting Eqg.13) and Eq. {4) into Eq. (L2), we get:

© u2a [ ©
Zopnavn(x,t) = Ga(X,t) — pa <LFN071 [@ <LFNO! lz pnaFa(Vn(Xat)) + z pnaHn(V)‘| >‘| ) : (15)
n—= n=0 n=0
Comparing the coefficients of like powersof in Eq. (15), we have the following approximations:

p%% : Vo(x,t) = Gq (X,1),

pr: vy (x,t) = =t T l;ziz ("Na [Fa (Vo(x.1)) + Ho(V)])- ;
P2 vo(x,t) = —FN, T Zzi: ("Na [Fa (va(x.1)) + H1(V)])_ :
P> va(x,t) = —FNg T Zzi: ("Na [Fa (v2(x,1)) + Hz(V)])_ ;

and so on.
Settingp anda to be equal to 1, the series solution of E®).i€ given by:

v(x,t) = lim S Vn(X,t). (16)

00
N— -

Convergence of the series solutionsfhe series solutions in Eql§) converge in most cases. Since the proposed
method gives solution in iterative form, then the Banaclxedipoint theorem can be applied to study the convergence of
the series solutions. Presently, the proposed analytieghod can only be applied to solve problems with initial
conditions. Thus, the case of problems with boundary canditremains an open problem.

4 Applications

In this section, the applications of the local fractionabmal homotopy perturbation method are clearly illustiateshow
its efficiency and high accuracy.

Example 1Consider the following local fractional partial differéaitequation of the form12):

o9v(xt)  9*v(x.t)

o 5,20 =0,t>0,xeR,0< <1, a7
subject to the initial condition
V(x,0) = Eq (x). (18)
Applying the local fractional natural transform to EG.7) subject to the given initial condition, we get:
1 ue /. 92%v(x,t)
Va(xsu) = GBa(x) + ( Na [W : (19)
Taking the inverse local fractional natural transform of B@), we deduce:
Lry-1 | U (L 92%v(x,t)
V(X,t) — Ea(Xa)—F NC{ |:§ < FNC{ {W . (20)
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Now we apply the local fractional homotopy perturbation inoet of the form:

V(x,t) = i)p”"vn(x,t).

Then Eg. 20) becomes:

o a o 2a
ZO PVn(x,t) = Eq(X") + p° (LFNgl [u? <LFNG [ZO Dna%g’t)] )] ) . (21)

Comparing the coefficients of like powersf in Eq. 21), the following approximations are obtained:

5 (n[522))
:

= mEa(x"),

P2 vo(x,t) = Eq (%),

P va(x.t) =N

u? %% (x,t
029 Vo (x,t) =LFN T {? <LFNG [ 0)(12(0' )D]
tZC{

" ez

P vs(xt) =N, {Z"_? <LFNG {%D]

t3C{

“rara

and so on.
Then the series solution of EdLY)-Eq. (18) is given by:

i)vn(x,t)

VO(Xat) +V1(X7t) +V2(X7t) R

td tZG t3C{
E.(x%) (1
a(X )( Y rira) " Ta+20) Tae3a) " )

]

v(x,t) =

_ EAx“)i% L (1) ().

Thus, the exact solution of EAQLY)-Eq. (18) is given by:

V(X,t) = Eq(tY)Eq (x%). (22)
The exact solution is in close agreement with the resultiobtiin [12].
Example 2Z2onsider the following local fractional partial differémitequation of the formZ7):

%v(x,t)  9%9v(xt)
ota ox2a
subject to the initial condition

—Vv(xt)=0,t>0,xeR, 0<a <1, (23)

V(x,0) = sing (x%). (24)
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Applying the local fractional natural transform to EQ3| subject to the given initial condition, we get:

1 ut 92%v(x,t)
Va (X,S,U) = §SIHQ(XO{)+§ ( Ny [v(x,t) - W]) . (25)
Taking the inverse local fractional natural transform of &%), we have:
: Lrn-1 | U7 (L 92%v(x,t)
V(X,t) = sing (x¥) +-"Ng [§ ( Ny {v(x,t)— R N . (26)
Now we apply the local fractional homotopy perturbation neet of the form:
v(xt) =S p"vn(xt). (27)
P

Then Eqg. 26) becomes:

0 a oo 0 2a
Zop”“vn(x,t) = sing (x9) 4 p¥ <LFNO,1 lug <LFNO, [Z}p"“vn(x,t) - zop“"a%z(;(’t)] )1 ) . (28)

Comparing the coefficient of like powers pf in Eq. (28), the following approximations are obtained:
PO% 2 Vo(x,t) = sing (x%),

ua L azaVO(Xat)

) ( No |:VO(X7t)_ “oda

P va(x,t) =" NGt

a

— i a
= Faea) o),
_fu 029 (x,t
p20: Va(x,t) :LFNal [? (LFNa [Vl(X,t) - %] >:|
4t%a a
Firza) N ),
_fu 029, (x,t
pBG: V3(Xat) :LFNC{l |:§ (LFNC{ |:V2(X7t) - %] >:|
8t3a u
Fis3a) S
and so on.
Then the series solution of EQR3J)-Eq. (24) is given by:
v(x,t) =S va(xt)
2"
=vo(X,t) +vi(X,t) + Vva(x,t) + - -
) 2xHa (Zta)Z (Ztcr)B
_ a
= Sina () (” Fita) T(1+2a) TF(1+3a) "

_ sina(xa)ni% — sing (X¥)Eq (249).

Thus, the exact solution of EQRY)-Eq. (24) is given by:
V(X,t) = sing (xX¥)Eq (2tY). (29)
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The exact solution is in close agreement with the resultiobtein [27].

Example Xonsider the following local fractional partial differémtequation of the form7,27):

92v(x,t) 9% v(x.t)

FTE 5520 =0,t>0,xeR, 0<a<1, (30)
subject to the initial conditions
d%v(x,0)
V(X7 0) =0, T =Eq (Xa). (31)
Applying the local fractional natural transform to EGQJ subject to the given initial conditions, we obtain:
u® gy U2 Ly 929v(x,t)
VG(X,S,U):@EG(X )+@ o 0)(7 . (32)
Taking the inverse local fractional natural transform of B3g), we get:
v(x,t) = _ Y g (x¥) +-PNg v LN P(xt) (33)
? - /_(1+ a) a a 52(7 a 0XzC{ :

Now we apply the local fractional homotopy perturbation inoet of the form:
v(x,t) =% p™va(xt). (34)
PR
Then Eqg. 83) becomes:

00 a 2a ] 2a
5 it - e ([ ([ 2] ).

Comparing the coefficients of like powersgf in Eq. (35), the following approximations are obtained:

tC{
Oa . o a
p—: VO(th) - r(1+a)EG(X )a
1a. Lrn-1 [U (L 92%vo(x,t)
p a . V]_(X,t) - NC{ ? < FNG {W
t3C{ a
= mEO,(X ),

. . [u@ 9%y (x,t
p2 : V2(X,t) :LFNal |:@ (LFNC{ l: 0):-2(0{ ):|>:|

t50

~ s )

t7d

R
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and so on.
Then the series solution of EQ®-Eq. 31) is given by:

v(x,t) = ivn(x,t)

n

Vo(X,t) + va(X,t) + Vo (X, t) + - -
o tC{ t3C{ t5(1 t7C{
:E .« e
a(X) (r(1+ @) " T(+3a) " TA+5a) Fi+7a) " )

0 t@n+1)a

= EG(XC{) Z{)m = S'nm(ta)Ea(Xa)
Thus, the exact solution of EBQ)-Eq. (31) is given by:
V(X,t) = sinhy (t*)Eq (X9). (36)

The exact solution is in close agreement with the resultiobthin [17,27].

Example 4Consider the following nonlinear local fractional parifferential equation of the form:

29v(x,t)  d9v(xt) d7v(x.t)

Gta oxa ota —v(xt)=0,t>0,xeR, 0<a <1, (37)
subject to the initial condition
V(X,0) = cogy (X%). (38)
Applying the local fractional natural transform to E§7) subject to the given initial condition, we get:
1 ay Ut 29v(x,t) d9v(x,t)
Va (X,S,U) = gcos,(x )+§ ( N [v(x,t)+ oxa ta . (39)

Taking the inverse local fractional natural transform of B39), we obtain:

V(x,t) = cogy (x) +FN, 2 {LSI‘—? (LFNG {v(x,t) + 00{;’5;’” 00;’5:’”})] . (40)

Now we apply the local fractional homotopy perturbationinoet of the form:
v(xt) =S p"vn(xt). (41)
2

Then Eqg. 40) becomes:

ipnaVn(th) = cogr (x7) + p” (LFNal [LSI,_T (LFNa [ipnaVn(xat) + i}pnaHn(V)l )1 ) 5 (42)

whereHp(v), is the local fractional He’s polynomials which represem tfonlinear terms‘% %.

Some few components of the nonlinear tetrigv) are computed below:

o 0C{VO(Xat) 0C{V0(Xat)

Ho(V)

ox@ ote
0% (x,t) 0%vp(X,t)  d%Vp(X,t) d%va(X,t)
V)= oxa ota
Ha (V) = d%p(X,t) 0%V (X,t)  d%vi(Xt) d%va(X,t)  d9Vva(X,t) %Vo(X,t)
2T T oxa ote oxc ate oxc gte
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and so on.
Comparing the coefficients of like powersgf in Eq. 42), the following approximations are obtained:

pOCI . VO(th) = CO0% (Xa)a

P va(x,t) =-FNGt i.—f ("N [Vo(x,t) + Ho<v>])]

a

= mcosu(x"),

P2 vo(x,t) =Nt [:‘—:} ("Na [va(x.t) + Hl(V)])]

—&CO (Xa)
T Fit2a) )

0% va(x,t) =N [“g (g v ) + Hz<v>])]

3a

= mcosu(x"),

and so on.
Then the series solution of EQ7)-Eq. 38) is given by:

i)vn(x,t)

Vo(X, 1) + Ve (X, 1) + V(X t) + - -
2t (Zta)Z (Ztc{)3
Fi+a)  T(1+2a) r(1+3a)+"'>

. cos,(x“)ni% — cog (X%)Eq (2t).

]

v(x,t) =

= cog (XY) (1+

Thus, the exact solution of EB7)-Eq. (38) is given by:

V(X,t) = cosy (X )Eq (2t%). (43)

5 Conclusion

In this paper, partial differential equations involvingcdd fractional derivatives are studied, using local frawil
homotopy perturbation method and local fractional nattrasform. The analytical method called LFNHPM reduces
the computational size, and is applied directly to difféi@nequations with local fractional operators without any
linearization, discretization of variables, transforimaf or taking some restrictive assumptions. It gives ses@utions
which converge rapidly within few iterations. The proposathlytical method is successfully applied to differential
equations with local fractional derivatives, and provedédighly efficient and computational accurate.
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