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Abstract: There are different approaches to derive the wave equatittnsame approximations. In this paper, considering theewav
equation as already specified, we get an exact discretegaobtbis equation. We derive an discrete equation that gxaotresponds
to the continuum wave equation. The proposed discrete ieqsadre represented as equations witkdifferences that are represented
by infinite series. From a physical point of view, this digerequation describes a lattice with long-range interastiof power-law
type. From a mathematical point of view, it is a uniquely stdd difference equation that exactly corresponds to ooatis wave

equation.
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1 Introduction

wherep = M/(Ah) is the mass density arlel= (Kh)/A
is the Young's modulus. Note that all odd-order

It is well-known that the wave equations can be derivedderivatives ofu(x,t) are cancelled. Removing all the
by the continualization method applied to a lattice. FortermsO(h?), equation 8) is represented in the form

example, the one-dimensional system of particles and

springs, where all particles have madsand all springs

have spring stiffnesK, is usually described by the

equations of motion in the form

2
M dgfnz(t) =K (Uns1(t) — 2un(t) + Un_1(t)). (1)

2%u(x,t) _sz?zu(x,t)
otz oxe

where ¢ = \/E/p is the velocity. We can see that
continualization by Taylor series cannot give the wave
equation exactly since we removed @{lh?)-terms. If we
consider the next term of the Taylor seri€¥\yith h*, we

(4)

In the continualization method, it is assumed that theget the equations of the gradient elasticiBy4] 5] instead

continuous displacement(x,t) is equals to the lattice
displacementiy(t) at particlen by un(t) = u(nh,t), where
the particle spacing is denoted Wy Expressing the
displacementsupy1(t)

form
Unil(t) = U(X:l: hvt) = U(X,t):l:

Au(xt) N h? 9%u(xt) N h3 3%u(xt)
ax 2 0x2 6 9x3

Then substitution of the term®)(into equation {) and
division by the cross-section area of the medidiand the
inter-particle distanch, gives

+h

+0(h%. (2)

22u(x,t) 22u(x,t)

a2 5 ox

+0(h?), (3)

in terms of the continuous
displacementi(x £ h,t), the Taylor series is used in the

of the wave equatiord.

There are different methods to derive the wave
equations with some approximations. In this paper, we do
not discuss these methods of a derivation of the wave
equation. We try to understand an inverse problem.
Considering the wave equation as already given, we
would like to get exact discrete analogue of this equation.
In this paper we obtain exact discrete equations that
correspond to the wave equatiod).( The proposed
discrete equations are equations with differences, which
are represented by infinite series. From a physical point of
view, these equations describe models of lattices with
long-range interaction$[7]. From a mathematical point
of view, these questions are uniquely selected difference
equations that exactly correspond to the continuous wave
equation. For simplification, we will consider one
dimensional wave equation only. A generalization for
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three-dimensional case can be easily realized by the Using @), we see that the central finite differerfe#?,

approach that is proposed ihG, 11,12].

2 From discrete equation with finite
difference to continuum wave equation

Let us consider the linear wave equation

du(x,t) _2 2%u(x,t)
ot2 ox?

. (5)

which is used in equation6), is characterized by the
inequality

Fna (°A°%) # (ikh)?. (12)
This inequality leads us (see equatioh0)) to the
corresponding inequality

1
h2

02

7 H(Fna (°47) #

which means that this finite difference of second orders

Usually a discrete analogue of this equation is consideregannot give exactly the derivative of second ord&fdx”.
in the form of the equation with finite difference of second The second-order derivative can be obtained only by the

order

d2un(t) 2

o = 5 (s~ 200 + Uy 1(0)) . (6)

It is well-known [1,2] that this discrete equation is not

exact analog of the wave equatids).(Let us give some
details to explain a connection of equatio®$ and ©).
Applying the Fourier series transform#, o, which is
defined by the equation

(=S fie =z, (i), (@)

Nn=—o00
equation 6) gives

d2akkt)  2¢2 & (=DM om-
—7 = n; ami (kh)®™G(k,t).  (8)

The inverse Fourier integral transforF—%, which is
defined by the equation

== [ dkflge=F 1k} (@
21 ) -
gives
d2u(x,t) 2c2 & hM 92Mu(x.t)
dt2 _szl (2m)!  gx2m (10)

limit h — 0, such that

i T (Fna (°42)) 02
s h2 T ox2

(14)

As aresult, the discrete equatids) €an be considered
only as approximation of the wave equatidj). Equation
(6) cannot be considered as an exact analogue of the wave
equation §).

3 From continuum wave equation to discrete
equation

Using the approach, which is proposed 9[L1,12], we
can suggest an exact discrete analog of the wave equation
(5).

Let us consider the Fourier integral transforf,
which is defined by equation

fao = [ dx (0 ek = (0]

—00

(15)

Applying this Fourier transform to the wave equati@j, (
we get

Equation (0) also can be obtained (for details, see Section

8 of [2]) by using the well-known relation

exp(h 00_x> f(x) = f(x+h).

Equation (0) gives the wave equatiom) only in the
limit h — 0, since

. 2.2 M 9%My(x,t)  d%u(x,t)
LITOW rrZl(Zm)! oxem  gx2 (11)

Therefore equation6j cannot be considered as an exact

discretization of §).

2;\
% = —c?k2a(k,t). (16)
Using the inverse Fourier series transform
h r+mwh L ' 4 a
=5/, KW= kKL an)
we obtain
d?up(t) 2,
—dt”z( ) - £z A%un(t), (18)

where 7 A? is the 7 -difference of second order that is
defined by

; T 2(-1m
T A2, .
AUp = — E Un—m— —Un. 19
n - 2 n—m 3 n ( )
m#0
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As a result we get an exact discrete analogue of the wavarhich means that the difference of second order gives the

equation 9) in the form of the difference equation derivative 0%/9x?> exactly. This .7-difference are
connected with the derivatived?/dx?> not only
dun(t) _ 2¢® T (1" (1) — ﬁu t) asymptotically defined by the limit — 0. It's obvious
a2z~ n m:z—oo m " 3 that the limith — O also gives this derivative
m#£0 ;
(20) im 2 (Fna (74") 0" 29)
To use the Fourier series transform, we assume that the h—0 hn oxn’

function un(t) belongs to the Hilbert spadé of square-
summable sequences, where the norm onl Bhepace is
defined by the equation

oo 1/p
||f|p:=( > |f[n]|'°) : (21)

n=—oo

As a result, the suggested equations witkdifference
can be considered not only as approximation of the wave
equation. The suggested discrete equati@ds dre exact
discrete analogue of the continuous wave equatin (

4 Solution of difference equation
The 7 -difference (9) is defined by convolution of

Um € 12 and the functions Difference wave equatior2Q)can be solved, by using the
method of separation of variables. Let us represg(t)
Ko(m) — (=pm in the form
2 3 Un(t) = u[n] T(t). (29)

Substitution of 29) into equationsZ0), gives equation for

that are belong to the spadé. Using the Young’s u[n] in the form

inequality for convolutions (sed 8,14] and Theorem 276

of [15]). in the form 2
19 . % TA%u[n] + w?uln] = 0, (30)
17 4%u]lr = [[Kz # ullr < [IKzllpllulle,  (22) _ _
Equations foiT (t) are the same for equatiory @nd @0).
whereme Z, and To solve B0), we assume that solution is proportional to
1 1 1 exp(A n) with a constanA . Substitutei[n] = exp(A n) into
T +1= o + Pt (23) difference equation3Q), and use the relation
TATexp(An) = A exp(An), (31)

we get that the result of the action of operatbA? also

belongs to the Hilbert spact of square-summable Which is proved 12, we get a solution of difference
sequences, i.e. equation 80) in the form

T a2 2
ATumel (24) uln) = CreM " 4 Gt M, (32)
since conditionZ3) holds.

; ) 2_0 i _
Note that using equation 5.1.2.3 & [we can get whereAq » are solution of equatioA+ w- =0, i.e.A; =

+iwandA; = —iw. Itis easy to see that solution3d) is
@ (—1)m 1 connected with the solutiamx,t) of wave equations) by
> Ke(m) =% o = 56(2)= the relationun(t) = hu(hn,t) for all n € Z andh > 0, up to
m=1 m=1 renormalization constan@ .
- 2 Difference equation 30) can be considered as an
_ _i/ X dx=-TT (25)  exact discretization of differential equatioB)( The exact
r(x)Jo e+1 12 discretization means that the difference equation has the

where {(2) is the Riemann zeta functiorf, (z) is the =~ Same general solution as the associatgd differential
Gamma function. Therefore a result of the action of the®guation. Here we use the following criterion of exact
7 -difference” A2 on a constant function converge. discretization of differential equations. A discretizatiof

An important property of the suggested different®)( differential equation is exact if and only if the associated
is that the Fourier series transfor, » of this difference  difference equation has solutiongt) is exactly equal to

[ee]

is represented by the equality the solutionsu(x,t) of associated differential equation for
x = hn, wheren € Z andh > 0.
Z . (7A2) = (ikh)2. 26 It should be noted that discretization of the wave
h’A( ) (ikh) (26) equation by standard finite difference8) (cannot be

considered as an exact discretization since
CAlexp(An) # A exp(An) (33)

%2’ in contrast with 81). Therefore 82) is not the solution of
(27)  the standard difference equatid).(

This equation leads us to the corresponding equality

L7 (7 (787)) = 7 ) -
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5 Conclusion

[13] W.H. Young, "On classes of summable functions and their
Fourier series”, Proceedings of the Royal Society A. Val.87

We propose exact discrete equations that corresponds to No.594. (1912) 225-229. doi: 10.1098/rspa.1912.0076
the wave equation exactly. From a mathematical point of[14] W.H. Young, "On the multiplication of successions

view, these discrete equations are selected equations with of
nonstandard differences that exactly correspond to the Society A. Vol.87.

Fourier constants”, Proceedings

N0.596. (1912)

of the Royal
331-339. doi:

continuous wave equation. Physically these equations 10.1098/rspa.1912.0086 B
describe microstructural models of chain with long-rangel15] G.H. Hardy, J.E. Littlewood, D.G. Polyanequalities,
interactions. The main advantage of the suggested Second edition (Cambridge University Press, Cambridge,

discrete equations are the connection with continuous

wave equation without any approximation. For
simplification, we consider one-dimensional wave
equation only. A generalization for three-dimensional
case can be easily realized by the approach proposed
[10,11,12]. Computer simulation of suggested exact

discrete analogue of the continuous wave equation can bﬁs

realized similar to modeling of chain systems with

1952).

[16] V.E. Tarasov, Fractional Dynamics. Applications of
Fractional Calculus to Dynamics of Particles, Fields and
Media (Springer, New York, 2011).

i[r;IL7] V.E. Tarasov, "Review of some promising fractional

physical models”, International Journal of Modern Physics
B. Vol.27. No.9. (2013) 1330005.

] T.M. Atanackovic, S. Pilipovic, B. Stankovic, D. Zod¢
Fractional Calculus with Applications in Mechanics. Wave

long-range interactions. We assume that the suggested Propagation, Impact and Variational Principles (Wiley-

equations with .7-differences can be important in
application since its allow us to reflect characteristic

properties of complex systems and continua at the
long-range

micro-scale and nano-scale, where
interactions play a crucial role in determining the
properties (se€lfp, 17,18,19] and references therein).
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