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Abstract: In this letter, we have discovered a connection between éwe fractional time derivative of Caputo-Fabrizio and his
associated ordinary derivative. We will prove this conimttgiving an evident physical meaning.
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1 Introduction

The fractional calculus has used in numerous applicatidmsfierent scientific fields. Historically, various defiiihs

of fractional derivative had produced from Leibniz, AbeleRann, Liouville, and so on. In the last century, fractiona
derivative has used for characterize non-linear behavioraterials subjected to fatigue or to analyze chaotic pheama
as Brownian motion. Recently, id], Caputo and Fabrizio have introduced a "New FractionaméDerivative” NF Dy)

for characterize behavior of viscoelastic materials, whieter of derivationg, is between 0.6 and 1. In this letter, it has
given an evident physical meaning of tN& D¢, by means of the connection between ordinary derivatispeet to time,
of the response in output from a physical system and theidrzadttime derivative of the input function to system itself

2 The Connection Between the NFD; and its Associated Ordinary Derivative

Let be f(t) € H(a,b), with b > a and a € [0,1]. Let M(a) be finite and continue function in [0,1], such that:
M(0) =M(1) =1.

Caputo - Fabrizio defined théF D; as the following operatod]:

oIt = 1% [ glfmlen|- (155 ) ¢ 0] er @

T l-a.

Dirac’s Delta functionp(t — 1), has defined, in the sense of the theory of distribution$tezhof -t respect to the time
axis origin, the following limit:

6(t—T):aIiml<%> exp {— (%) (t—T)]. )
Theorem 1. Let (1) be given:
o= [t |- (L) | a ®
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with y € (0,1); We obtain:

d _

G001 =2aw] = | 5 ¥] 11w @
By means of (1), we conclude:

oM [ot)] = lim {2("g)]} -
= im {0 [ qrlsmree |- (55 ) a-n]ar =

:aliml{'\l/lfa; /at%{/arf(u) exp {— (ryy) (r—u)} du} exp {— (%) (t—r)} dr}.

M
g M@ _ v
1-a -y
and inverting the integral operation with that of limit, wkas ( )=1, we obtain:

a0~ 4 [0, {(2) o] (422 -] o g 52
By means of the (2), we report that:

oV g(t) / {/f du} exp[ ( )(t—r)}dr,
ie. (1_)/)/) t_T]dT

oigt) = [ o [

Putting:

Reapplying the (1) we get:

3 Physical Meaning of the NF D¢

With reference at the theory of circuits and signéls the (3) represents the output sigrgit), from a linear system. Its
impulse responséyt), has given from following expression:

t
h(t) = - t—
(® exp( Rlcl)m a). (5)
wheres# (t) is Heaveside function. This system is known as a passivegfal pass filter.

From Figure 1, putting:
1- y)
RCi=|——|T
o (5

that it represents the time constant of the low pass filteigltain the following parameters:

() C) 3)

Rlcl
1+ R1(31

y=

)
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Fig. 1: A physical system for the calculation of thé= Dy

M= (1;Vy) <R2E3R3) '
Rs

The term, 3, represents the attenuation on the output sigftal

7= (15 ) Mma.

The current through the second capacitor is the derivafitteeooutput signal from RC circuit, attenuated and mulégli
by the capacityC,:

(%y) CM(Y)8(t).

It coincides with the new fractional derivati\@t(y)[f(t)], puttingT =Ry, i.e.:Cy = 1;VV(Farad) eC = %,(Farad).

Finally, from Figure 1, we observe the new fractional damxeof the input tensionf (t), is a electric current which
depends on the parameters of the system. There are a numbewdfactional time derivative applications some of
which are reported in3,4,5,6,7,8].
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