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Abstract: The aim of this paper is to present new fixed point results énfthmework of Branciari metric spaces. Some examples are
presented to support the results proved herein. Thesagesifly, generalize and complement the results of Jleligahet [J. Inequal.
Appl. 2014, Article ID38(2014)]. We also provide an examgfeur result, where the comparable result in the existirggdiure is not
applicable. As an application of our results, we obtain adfigeint results involving a cyclic mapping, not necessardntinuous.

Keywords: Generalized metric space; fixed point; cydlic, 8)-admissible mapping.

1 Introduction Theorem 1.Let X be a complete metric space and¥ —
X. If there exista) € S such that
One of the most important result in metric fixed point d(TxTy) < ¢(d(x,y))d(x,y)

theory is Banach contraction principle3[] which states i i )
that, if a metric spaceX is complete andT : X — X holds for all xy € X. Then T has a unique fixed point
satisfies x* € X and for each x X, the sequencé€T"(x)} ( called

d(Tx Ty) < kd(x.y) Picard sequence ) converges o x

. Nadler R3] replaced the range of a mapping with
for all x,y in X and for somek € (0,1). ThenT has a CB(X) and proved the multivalued version of Banach
unique fixed point. contraction principle using the Hausdorff metric.

Extensions of Banach contraction principle have been  |n 2000, Branciari 2] introduced the concept of
obtained either by generalizing the domain of the mappinggeneralized metric spaces. Since then, several fixed point
or by extending the contractive condition on the mappingsresults have been obtained in the setup of such spaces (see
('see [L]-[30]). [4],[5],[7]-[14)) and the references therein.

In metric fixed point theory, contractive conditions on In this paper, we obtain several fixed point results of
mappings play vital role in finding the solution of fixed cyclic (a, 3)- admissible mappings satisfying generalized
point problems. contractive conditions and hence unify the comparable

Rakotch P9 extended this principle replacing the results in the existing literature.
contraction factork in above inequality with some In the sequel, the letterS, andR will denote the set
function onX x X taking values in(0,1). of natural numbers, and the set of all real numbers,

Geraghty 16] introduced the class of mappings: respectively.

Consistent with 2] and [13], the following definitions
and results will be needed in the sequel.

S:{‘IJ: [Ov”)%[ovl):,l'_r}lotHZOWhe”e"eL_'jgw(tn)zl} Definition 1.[2] Let X be a nonempty set and

d: X x X —[0,). If forany xy € X and uv € X, each
and obtained an interesting extension of Banachof them different from x and vy, the following conditions
contraction principle as follows. hold:
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() d(x,y) =0ifand only ifx=y;

(i) d(x,y) =d (¥,%);

(i) d(x,y) < d(x u)+d(u,v)+d(vy).

The pair(X,d) is called a generalized metric space.

Definition 3.[1] Let X be a nonempty setamd 3 : X —
[0,00). A selfmapping T on X is called a cyclior,8)-
admissible mapping if for anyx X,

a (x) > limplies thatB (Tx) > 1,

Definition 2.Let (X,d) be a generalized metric space. (a) andf (x) > 1 implies thata (Tx) > 1.

A sequencégx,} in X is said to be convergent toeX if
d(X,,X) — 0 as n— . In this case, we say that
Xn — X as n— . (b) A sequencéx,} in X is said to
be Cauchy if dxpn,xm) —> 0 as nm — o.(c) (X,d) is

The aim of this paper is to extend Theorethand 3
using the concept of cyclitx, 3)-admissible mappings.

said to be complete if and only if every Cauchy sequence

in X converges to some pointin X

Lemma 1[5] Let (X,d) be a generalized metric space,

and {x,} a Cauchy sequence in X. If(&,x) — 0 as
n — o for some xe X. Then dx,,y) — d(X,y) as
n — oo for all y € X. In particular, {x,} does not
converge to y if £ x.

We set

O ={0:(0,0) — (1,00):

where
(©1) 6 is nondecreasing,
(©2) for each sequencigy} in (0, ), nM] 6(th) =1
if and only ifnlim tn=0", and
—>00
(©3) there existg € (0,1) and ¢ € (0,] such that
e(t)—1

6 satisfie91,©2 andO3},

lim =/.
t—ot tf
Example 113 Let i e {1,2,3}. Define
9' : (0700) — (1700) by
(1) 6u(t) =e,
(2) 62(t) = eﬁ,
(3) B3(t) =2— 2arctan(}), 0<y<1,t>0.
Theng € 6.

Recently, Jleli et al. I3] obtained the following
generalizations of the Banach contraction principle.

Theorem 2[13] Let (X,d) be a complete generalized
metric space and T X — X. If there existd € © and
k € (0,1) such that for any y € X

d(Tx Ty) # 0implies thatd (d (Tx, Ty)) < (6 (d (x,y))k.
Then T has a unique fixed point.

Theorem 3[14] Let (X,d) be a complete generalized
metric space and T X — X. If there existd € © and
k € (0,1) such that for any y € X

d(Tx Ty) #0implies thatf (d (Tx Ty)) < (x,y)¥,

O(M

where

M (va) =

and@ is continuous. Then T has a unique fixed point.

max{d (x,y),d (x, Tx),d(y, Ty)}

2 Main Results

We start with the following result.

Theorem 4Let (X,d) be a complete generalized metric
spacea,f3: X — [0,00) and T: X — X cyclic(a, B)-
admissible mapping. Suppose that there eX@sts© and

k € (0,1) such that for any for x/ € X with d(Tx, Ty) # O,
we have

a (x)B(y) 6 (d(TxTy)) <[6(RxY)),
where
R(x,y) = max{d(x,y),d(x, Tx),d(y, Ty), %‘(w}

and@ is continuous. If there existg ¥ X such thatr (xo),
B (%), B(Tx) > 1, and one of the following conditions
holds:

(i) T is continuous,

(i) if {xn} is a sequence iX such thatx; — x as
n—s o andf (x,) > 1forallneN, thenf (x) > 1.
ThenT has a fixed point. Furthermore,df(x), 3 (x) > 1
for every fixed poink € X, thenT has a unique fixed point.

ProofLet Xo be a given point inX such thata (Xo),
B (%), B(Tx) > 1. Define a sequencéx,} in X by
Xn = TX.—1 = T"%g for all n € N. If there exists some
no € N for which TNoxy = T™*1x,, thenTMox, is a fixed
point of T and hence the result follows. Assume that
d (T"%o, T"*1x0) > 0 for everyn € N. SinceT is cyclic
(a,B)-admissible mapping,

a (Xp) > 1implies that8 (Tx) = B (x1) > 1 and

B (Xo) > 1implies thata (Txp) = o (x1) > 1.

Continuing this way, we havea (T"x) > 1 and
B (T"%) > 1 foralln € N and hence

a (T" %) B(T"%) > 1 and (2.1)

a (T" 'xo) B (T" %) > 1
hold for alln € N. By given assumption, we have
6 (d (T, T™x0))
< o (T x0) B (T"%0) 6 (d (T"x0, T x0) )

2.2)
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d(T" %0, T"™0) . d (T" %0, TT" *x0) ,
d(T"%0, TT"0),
d(T" 2, TT"1x9 ) d(T"%0, T T"x0)
1+d(T1x,T"x)

06 | max

IN

i d (T %0, T"%) . d (T"%0, T %), 1 \ 1€
6 <max{

d(Tn’lxo,TnXo)d(Tnxo,TrHlxo)

1+d(Tn1x0,Txo) }> _

= [0 (max{d (T" x0, T"0) ,d (T"x0, T"x0) })]*
(2.3)

If for somen € N,

d (T %, T"%0) | _ 4 (rny i
max{d(T"xO,T”+1xO) =d(T.T"50).

then we have

8 (d (T, T™x0)) < [6/(d (T, T™ o))"

and hence
In [6 (d (T"x0, T™ %) )] < kIn[6 (d(T"x0, T™1xp))]
a contradictionTherefore
max{d (T" o, T"o) ,d (T"%0, T"x0) } = d (T" %0, T"%o)
for all n € N. From (2.3), we have
0 (d (T, T™xg)) < [0 (d (T™ %0, T™0)))]“ foralln e N.
Now
1< 68(d (T, T"h0)) < [0(d(T" %0, T%)) |

< [0(d(1" 307" )]

< ... < [6(d(x0,Tx0))]
On taking limit asn — oo, we get

(2.4)

H n n+1 o
nlmme(d (T™0, T %)) =1,

and hence
lim d (T"x, T"xo) = 0.
n—-yco

As 0 € O, there exist € (0,1) and/ € (0, ] such that

6 (d (T, T"x0)) — 1
[d (TnXo,TnHXo)]r

If ¢ < oo thenseB=

=0 (2.5)

n—-; o0
£ > 0. There existsi € N such that

6 (d (T, T"x0)) — 1

— /| <Bforalln>n
[d (T %0, TMxg)] = =10,

which implies that

6 (d (T, T"x0)) — 1
d (T”XO,T”HXO)]r >t(-B=B

for all n > ng. Thus

n|d (T”x(),T”“x()ﬂr <An[6(d (T, T %)) — 1],

forall n> ng, whereA= é. Suppose that= . LetB >0
be an arbitrary positive number. By (2.5), there exmts
N such that

6 (d (T, T X)) —

> B forall n> ng.
[d (T, TM )" = =10

That is,
n[d (T, T™%0)]" < An[6 (d (T"x0, T x0)) — 1],

for all n > ng, whereA = é. Thus in all cases, there exist
A > 0 andng € N such that

n[d (T, T™%0)]" < An[6 (d (T"x0, T"x0)) — 1],
for all n > ng. By (2.4),
n[d (T, 7" x0)]" < An([6(d(x0, Tx0)) " - 1).

(2.6)
for all n > ng. On taking limit asn — o, we obtain that

lim n[d(T"%, T™x0)]" =0.
n—o
Thus, there exists; € N such that

1
— foralln>n;y. (2.7)

nr

d (TnX(),TnJrlX()) <

Now, we claim thatT has a periodic point. Assume on
contrary that for alh,m e N with n#m, T"xg # T™X
Now

( (™0.7"50))
1x0) -|—n+1 ) < <-|-nXo7Tn+2Xo))
(T I, -|-n+1XO) d(Tn %o, TTnleO)7

-|—n+1X0 -|--|-n+1xo) ,
Tn 1X0 TT™ 1X0)d(-|—n+1x0 TTn+1XO)

6 | max

IN

Trd(Tm Ly, T Ixg)

-|-n lxo Tn+lxo) 7d (Tnflxofrnxo) ,
Tn+lxo Tn+2xo) ,
Tn 1Xo TN )d(T'HlXo Tn+zxo)
1+d(TM Ixo, TN Ixg)

= |6 | max

Tn 1Xo Tn+1 ) d(Tn_j‘Xo,TnXo)
d(Tn+1 ,Tn+2X0)

e )

Sincef is nondecreasing, we obtain from (2.8) that

T”HXO)) 7 }

(d (Tn 1 k
(d(m l><o T0))

6 (d (T, T"?x0)) < [max{ 98( d (T, T"*2x0))

(2.9)
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Let| be the set of all those € N such that the following foralln> h.
holds: Case 2: Ifm > 2 is even, therm = 2L for someL > 2.

0 (d (T 2x0, T 2x0)) , 8 (d (T 2x0, T™x0) ), From (2.7) and (2.11), we have
Up = max 0 (d (Tn+lxo T+ XO))
. - ) d (TnXo,TnerXo) <d (TnXO,Tn+2X0) +d (Tn+2X0,Tn+3X0)
=0 (d (T X0, T Xo)) b d (T2 L, T2
If |I| <o, then thereN € N such that for alh > N, 1 1 1
<=+ T+ t——
max] & (d(T"50.T10)) .8 (d (T 0, T)) T (n+2) (n+2L—1)
G(d (Tn+1Xo,Tn+ XO)) § o q
= max{8 (d (T 16, T"%)) 8 (d (T, T %)) . <27
It follows from (2.9)2that for all n > h. Thus , for alln > h, and m € N,
n n+ 0 00
1<6(d(T™, ")) ) d(TM%, T M) < 3 il As s 1 is convergent
n-1 n i=njr i=nirt
< [max{ ee(gd(gnﬂ Xo,_l:l'n+X20))),) H (indeed% > 1), {T"x} is a Cauchy sequence. By
X0, X0 completeness ofX, there existsz € X such that

for all n > N. On taking limit asn — o in the above T"x; — zasn — . If T is continuous, then
inequality and by
z= lim T = lim T (T"x) :T( lim T”xo) =Tz
n—-soo n—;o

Jim 04 (T, T b)) = 1. A
we obtain that Now if condition (i) holds, thenB (z) > 1. Without any
. N ne2 loss of generality, we can assume thdkg # z for some
lim & (d(T"0, T"x0)) = 1. large enougn. 1f d (z, T 2) > 0, then by given assumption,
i we have
If [I] =, we can find a subsequen{a,} of {u,} such
that for a large enough, we have 6 (d(T" %, T2))
an= 0 (d (T" %, T™1xp)) < a(T"%)B(2).0 (d(T" %, T2))
k
By (2.9), we get that d(T"%0,2), d (T, T"1xo) ,
y(2.9) g . < [6 <max{ 42T d(T"(xo,T"on)d(z,Tz))
1< 6(d (T, T"2x0)) < [6(d (T" %0, T 1x5))] (272, =T
2 n n n n+1 k
< [0 %0,1%0)] <. <[6(0p0 T3] = [0 (max] AT A DTRO) )
for largen. Taking limit asn — o in the above inequality, ’
we obtain that On taking limit asn — o in the above inequality, we
lim 6 (d (T, ")) =1 210) "
nLnoo ( ( XO’ XO)) — ( . )

0(d(zT2)<[0(d(zT2)<6(d(zT2),
and hencenJ}m:i (T”xo,T”+2xo) = 0 in both cases.

Following arguments similar to those given above, there@ contradiction. Henceis a periodic point off’ of period
existsn, € N such that d (say). Ifq>1andd(z T2 > 0, then we have

1 6(d(zT2) = 60(d(TI%ZT42)

d (T, T"2x) < — foralln> ny. (2.11)
nr < a(T%'2) B(T%).6 (d (T2 T4 z))
Puth = max{ng,n1}. We consider the following cases: < ka
Case 1: Ifm > 2 is odd, therm = 2L + 1 for someL > 1. <[0dET" <6(d(zT2),
From (2.7), we have a contradiction. Thus the set of fixed pointsTofis non-

empty. To prove uniqueness: Suppose thate X are two

d(T" Tn+m <d(t -|-n+1 d -|-n+1 Tn+2 > |
(T, %) < ( X0, XO) * ( X0, XO) fixed points ofT such thatd (z,u) = d(TzTu) > 0. By

N <T“+2'-x0,T”+2'-+1xo) given hypothesisy (z) > 1 andf (u) > 1. Now
D S S 6(d(zu) =6(d(TzTu)) <a(z)B(u).0(d(TzTu)
n (n+1)7 (n+2L)7 < [6(d(zu)k<6(d(zu),
<y il gives a contradiction. Hence the result follows.

Il
=]
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Example et X = {0,1,2,3,4}. Defined : X x X — R Theorem 6Let (X,d) be a complete generalized metric
by space, and TX — X. Ifthere exist® € © and ke (0,1)
such that for any x/ € X with d(Tx Ty) # 0, we have

d(x,x) =0, forallx e X,
d(1,2) =d(2,1) =3, 6(d(TxTy)) < [6(Rx,Y),
d(2,3) =d(3,2)=d(1,3)=d(3,1) =1, and
d(x,y) = [x—y]l, otherwise. where
Note that(X,dl) is a complete generalized metric space, R(x,y) = max{d(x,y),d(x, TX),d(y,Ty), W}
but not a metric space. Indeed, 1+d(x,y)
3=d(1,2)>d(1,3)+d(3,2) =1+1=2. and@ is continuous. Then T has a unique fixed point.
LetT : X —s X be defined by ProofThe result follows by settingr (x) = B (x) = 1 for
' all x e X in Theoremd.
T(x)= { % i x Eif{?(’i’i’ 3} The following corollary is a fixed point result irLf].
) Corollary 1.[14] Let (X,d) be a complete generalized
Define metric space, and TX —s X. If there exist® € @ and
; k € (0,1) such that for any for any ,y € X with
1 if xe {0,1,2,3},
a(x)=pB(x = { 0 {otherwis}e. d(TxTy) # 0, we have
k
Also defined : (0,m) —s (1,0) by 8(t) — evt. Clearly, B(d(TxTy)) < [6(MEY)I",
6 € © andT is a cyclic(a, B)-admissible mapping. Now 4
if {x»}is a sequence iX such thak, — xasn — o and
B (Xn) > 1. ThenB (X) >1. Forxe {0, 1, 27 3} andy: 4, M(X,y) _ maX{d(X,y),d(X,TX),d(y,Ty)}

we have

a (B0 .6@(TX.T(1) =axpw.6(d(50))
Theorem 7Let (X,d) be a complete generalized metric

k
< [BRx 1), spacea, 3 : X —» [0,00) and T: X — X cyclic(a,B)-
for all k € (0,1). Thus, all the conditions of Theorefrare ~ @dmissible mapping . Suppose that there eXsts© and

satisfied. Moreovek = 2 is a fixed point ofT . EE (0,1) suchthatforany € X with d(Tx Ty) # 0, we
ave

and @ is continuous. The n T has a unique fixed point.

Following are some corollaries of Theorem

a (x) B (y)6(d(TxTy) < [6(d(xy)),
Theorem 5Let (X,d) be a complete metric space,
a,B : X — [0,0) and T : X — X cyclic where6 is continuous. If there existsgx X such that
(a,B)-admissible mapping. Suppose that there existsd (Xo), B (%), B(Tx) > 1, and one of the following
6 € © and ke (0,1) such that for any ® € X with  conditions holds:
d(TxTy) # 0, we have o )
(i) T is continuous,
k (it) if {xn} is a sequence iX such thatx, — x as
aBY)OMETxTY) < [6RXYI, n— o andB (x,) > 1 foralln e N, thenf (x) > 1.

where ThenT has a fixed point. Furthermore,df(x), B (x) > 1

for every fixed poink € X, thenT has a unique fixed point.
d(x, TX)d(y, Ty)
1+d—(X,y)} Theorem 8Let (X,d) be a complete metric space,

a,B : X — [0,0) and T : X — X cyclic

R(x,y) =max{d(xy),d(x, Tx),d(y, Ty),

and@ is continuous. If there existg x X such thatr (x), (o, 3)-admissible mapping . Suppose that there exists
B (%), B(Tx) > 1, and one of the following conditions 6 € © and ke (0,1) such that for any » € X with
holds: d(TxTy) # 0, we have

(4.1) T is continuous, a(X)B(y)6(d(TxTy) < [6(d(xy)]¥,

(4.2) if {xn} is a sequence iX such thatx, — x as
n—s o andf (xn) > 1forallne N, thenf (x) > 1. where 6 is continuous. If there existgx X such that

ThenT has a fixed point. Furthermore,df(x), B (x) > 1 a(xo), B (%), B(Tx) > 1, and one of the following
for every fixed poink € X, thenT has a unique fixed point. conditions holds:
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(i) T is continuous,

(it) if {xn} is a sequence iX such that; — x as
n—s o andf (x,) > 1forallne N, thenf (x) > 1.
ThenT has a fixed point. Furthermore,daf(x), 3 (x) > 1
for every fixed poink € X, thenT has a unique fixed point.

Example 3.et X = [0,1] andd : X x X — R given by
d(x,y) =|x—y|forallx,y e X. LetT : X — X be defined

by
1 if xe[0,1
T(X):{cz) ilf)>(<:[1. b
Suppose that
_ 1 if x € [0,1)
a(x)—B(x)—{ 0 otherwise °

DefineB : (0,00) — (1,00) by O (t) = evie, Clearly,6 €
O andT is a cyclic (o, 3)-admissible mapping. Now if
{xn} is a sequence iX such that, — x asn — c and
B (%) > 1. ThenB(x) > 1. Forx € [0,1), y = 1, we have

a(x)B(1).60 (d (%,O))

< [6(d(x,1))]€ wherek € (0,1).

a(x)B(1).6(d(T(x),T (1))

Thus, all the conditionslof Theorem(or TheorenB) are
satisfied. Moreovel = > is a fixed point ofT . Note that

the result in L3] can not applied ta . Indeed, forx = %,
y=1, we have

(o)) (o) -3
— el ¢ le\/;]

o(o(39))]"
forallke (0,1).

Seta (x) = B(x) = 1 for all x € X in Theorem? to
obtain the following result.

Corollary 2.[13] Let (X,d) be a complete generalized
metric space and T X — X. Suppose that there exists
6 € © and ke (0,1) such that for any » € X with

d(x,y) # 0, we haved (d (Tx Ty)) < [6(d (x,y))]¥. Then
T has a unique fixed point.

3 Some cyclic contractions via cyclic
(a, B)-admissible mapping

Kirk et al. [6] introduced the concept of cyclic mappings R(x,y) = max{d (%,y),d (% Tx),d(y, Ty), d0eTxd(y.Ty)

and cyclic contractions as follows:

Definition 4.[6] A mapping T: AUB — AUB is called
(a) cyclicif T(A) € B and T(B) C A (b) cyclic contraction
if there exists ke (0,1) such that ¢Tx Ty) < kd(x,y) for

allx € A and ye B.

Note that a Banach-contraction mapping is continuous
while a cyclic contraction need not be continuous. This
signifies the role of cyclic mappings in metric fixed point
theory ([L7]-[28]).

In this section, we apply Theoredto prove fixed
point results involving a cyclic mapping in the setup of
generalized metric spaces.

Theorem 9Let A and B be two closed subsets of a
complete generalized metric spacé, d) such that A0B
#0and T: AUB — AUB a cyclic mapping. If for all

x € A and ye B, we have

6(d(TxTy)) < [6 (RO Y)),

where

ROcY) =max{d(xy),d (xTX),d(yTy), L5

3

6 € © is continuous and k (0,1). Then T has a unique
fixed point in A0B.

ProofDefinea, 3 : X — [0,) by

a(x):{é: if xe A {

otherwise 2MdB (X) =
Forx € Aandy € B, we have

a () B(y).0(d(TxTy) < [6(R(xy),

1, if xeB
0, otherwise’

where

ROGY) = max{d (), d ( Tx),d (y,Ty), S5D000mn |
Also note thatT is a cyclic (a, 8)-admissible mapping.
As ANB # 0, there existgg € ANB such thatr (xg) > 1,
B(X) >1andfB(Txy) > 1. Let {x,} be a sequence in
X such thatx, — x asn — o and 3 (x,) > 1 for all

n e N. Thusx, € B for all n € N and hence € B which
implies B (x) > 1. Thus, all the conditions of Theore#h
are satisfied. S® has a unique fixed poizt(say) InAUB.

If ze A, thenz=Tze B. Similarly, if ze B, thenz=Tze
A. Thereforez € ANB.

Corollary 3.Let A and B be two closed subsets of a
complete metric spacéX,d) such that A0B # 0 and

T : AUB — AUB a cyclic mapping. If for all x¢ A and

y € B, we have

6(d(TxTy)) < [6(R(xY)),

where

1+d(xy)

3

Let A andB be nonempty subsets of a metric spacef € O is continuous and k (0,1). Then T has a unique

(X.,d).

fixed point in A0B.
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