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Abstract: An economic interpretation of the Caputo derivatives of -mirger orders is proposed. The suggested economic
interpretation of the fractional derivatives is based oreaggalization of average and marginal values of econonuicators. We
formulate an economic interpretation by using the concépghe T-indicator that allows us to describe economic preesswith
memory. The standard average and marginal values of indiea¢ special cases of the proposed T-indicator, when thex @8 equal

to zero and one, respectively. The fractional derivativesiaterpreted as economic characteristics (indicatbi) dre intermediate
between the standard average and marginal values of indicat
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1 Introduction

The theory of derivatives of non-integer ordefsZ, 3,4,5] has been formulated by famous mathematicians such as
Riemann, Liouville, Sonine, Letnikov, Grinwald, Marcldauweyl, Riesz, Caputo and others. Fractional-order
derivatives have a wide application in physics and mecisasioce it allow us to describe systems, media and fields that
are characterized by non-locality and memory of power-kgpet Recently the fractional derivatives and integrals are
used to describe financial process6p[[L0, economic processes with nonlocalityl]-[13] and economic processes
with memory fL4]-[18]. There are different interpretations of the fractionatigives and integralsl]-[34] such as
probabilistic interpretations2P]-[ 24], informatic interpretation25], geometric interpretation®f]-[28] and [29-[30],
physical interpretation®2P]-[ 30] and [31]-[34]. In Section 2, we consider an economic interpretation efdRrivatives

of integer and fractional orders. In Section 3, a short aasioh is given.

2 Economic Meaning of Derivatives

Before proceed to consider an economic meaning of dereati¥ noninteger order, we will discuss some aspects of the
economic interpretation of the standard derivative of tiet &rder.

The economic meaning of the derivative of the first order & thdescribes an intensity of changes of an economic
indicator regarding the investigated factor by assumiag ¢ither factors remain unchanged. First-order derivatitee
function of a indicator defines the marginal value of thisidéatbr. The marginal values shows a growth of the
corresponding indicator per unit increase of the detemmgifidctor. This is analogous to the physical meaning of speed
(The physical meaning of speed is the path length travelexdupit of time). In economic theory, the main marginal
values of indicators are marginal product, marginal yiilibarginal cost, marginal revenue, marginal propensiisatce
and consume, marginal tax rate, marginal demand and sorassoth

In the study of economic processes is usually performed loulzdion of the marginal and average values of indicators
that are considered as functions of the determining factasus give the standard definition of average and marginal
values of indicators. Leét = Y(X) be a single-valued function, which describes the deperedeihan economic indicator
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Y by a factorX. Average valueAYx of the indicatorY is defined as the ratio of the indicator functign=Y(X) to the
corresponding value of factet as

Y(X)
- (1)

If we have a single-valued and differentiable function-= Y (X), which describes the dependence of an economic
indicatorY on a factorY, the marginal valueMYx of this indicator is defined as the first derivative of the fiimc
Y =Y(X) by the factorX in the form

AYy =

dY (X)
—ax (2)

It is well-known that the average and marginal values aretidal (MYx = AYx) if the dependenc¥ = Y (X) is directly
proportional { (X) = C- X).

The most important condition of the applicability of eqoat(2), which defines the marginal value of indicator, is the
assumption that the indicat®¥rcan be represented as a single-valued function of factém general, this assumption is
not valid [35,36], and the dependence %fon X is not the unique, that is a single valMenay correspond to a number of
different values of.

Let us give an example of multivalued dependency of an indicaon a factorX, using results of our article3p).
We can consider the indicator and the factor as functionisrett that are given by the equations

MYy :=

X(t) = 0.001-t>—0.2-t+ 70, ©)

Y(t) =0.01-t>—3-t+ 1400 (4)

The dependence of this indicatoon the factoiX is represented by Figure 1.
Let us give a second example of multivalued dependency afidinatorY on a factorX, using results of our article
[36]. We can consider the indicator and the factor as functidtisne t that are given by the equations

X(t)=82-10°t*-15.-10°.t>+54-10 %% - 0.58-t+ 70, (5)

Y(t)=75-105.1*-35.102.t3+0.51-t2— 24-t+170Q (6)

The dependence of this indicatoon the factoiX is represented by Figure 2.

From graphs presented in Figure 1 and Figure 2, it is cleathleasalue ofX may correspond to more than one value
of Y in many cases.

If the dependence of the indicatéron the factoiX is not single-valued function, we cannot use formulgsafd @)
to calculate the average and marginal values of indicatowe¥er, it is possible to avoid this problem of the economic
analysis. For this purpose it is sufficient to use the fadt titraindicator and factor can practically always be conside
as the single-valued functions of time. Therefore to cogrsidle average and marginal values of economic indicators it
is necessary to use parametrical dependence of an indi¢ainra factorX in the form of the single-valued functions
Y =Y(t) andX = X(t), where the parameteis time. As a result the average and marginal values of inalisdort = T
can be defined by the equations

AY(T) = . @)

_[dY(t)/dt dY(T)/dT
MY (T) := (dX(t)/dt)t:T ~dX(T)/dT’

where we assum¥(T) # 0 anddX(T)/dT # 0.

If the dependence &f(t) onX(t) can be represented as a single-valued differentiableiitm¥ét= Y (X), by excluding
the time parametdr, then expression®) and @) are equivalent owing to the chain rule. Note that or thigppse it is
sufficient that the functioXX = X(t) be reversible. In this case, equatiotisgnd @) will also be equivalent.

In the differential calculus, the variabYeas function of argumerX is called the given parametrically if both of these
variables are functions of a third variable t. In our case,ttfird variable is time&. We emphasize that formul8)(is a
standard definition of the parametric derivative of firstarid the functionX = X(t) has an inverse in a neighborhood of
t = T and the functionX = X(t) andY =Y (t) have the first derivatives. Moreover, equati@n¢an be considered as a
generalization of the parametric derivative of the indicat= Y (t) by the factoiX = X(t) attimet =T, if dX(T)/dT #0.

As a result, equations’) and @) can be used for parametric dependences given by equa8png@) and/or 6), (6).
Expressionsk) and @) cannot be used for these dependencies.

(8)
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Fig. 1: The dependence of on X, which are defined by equation8) (and @) for t € [0,200. The valueX(t) is plotted along the
X-axis, and the valu¥ (t) is plotted along the Y-axis.

As a result, we can state that the economic interpretatigheotierivative of the first order fof on X is associated
with marginal indicator §). Equation 8) allows us to interpret the first derivative as a growth oficatbryY per unit
increase of the factops at a given time point=T.

It should be noted that one of the main sources and causesefa®n of violation of single-valued property of
the indicator functiory (X) is the presence of memory in economic proces8&p]. Economic agents may remember
previous notable changes of the indicatdr) and the factoX(t). The memory gives that at repeated similar changes the
agents can react on these changes in a different way thash fitedlore. As a result, the indicator will be different for the
similar values of the factor. This leads to the fact that th@e value of the factor corresponds to a number of different
values of the indicator, which is described as a many-vaiuectionY = Y (X).

Memory of economic agents leads to the fact that the margidalator at the timé = T can depend on any changes
of Y(t) andX(t) on a finite time interval0, T ), preceding the considered moment T. Average and marginal values of
indicator, which are defined by equationd @nd @), depend only on the given time= T and its infinitesimal
neighborhood. Therefore, we can say that the standard titfiioif these values of indicator, given by formul&} &nd
(8), are applicable only on the condition that all economicragdave full amnesia. Obviously, this approach cannot
always be used in the economic analysis. Mathematically, approach caused by the use of derivatives of integer
orders.

In modern mathematics it is known concept of derivativeg@nidifferentiation) of non-integer orders, 2,3,4,5].

This concept is used in the natural sciences to describetitegses with memory. Recently, non-integer order dérast
have been used to describe the financial procegsés[9,10] and the economic processes with memory ati15, 16,
17,18]. There are various types of derivatives of non-integeeosdin this article, we will consider the Caputo fractional
derivative. One of the distinguishing features of this Ve is that its action on the constant function gives z&ie
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Fig. 2. The dependence &f on X, which are defined by equationS) (and @) for t € [0,24(. The valueX(t) is plotted along the
X-axis, and the valu¥ (t) is plotted along the Y-axis.

use of the Caputo derivative in the economic analysis presiaero value of marginal indicator of non-integer order for
the function of the corresponding indicator. There areli@ftded and right-handed Caputo derivatives. We will atersi
only the left-sided derivatives, since the economic pree@tsimeT depends only on state changes of this process in the
past, that is, fot < T, and the right-sided Caputo derivative is determined bygrdting the values df> T. Left-sided
Caputo derivative of ordexr > 0 is defined by the formula

wen .1 T fW(t)dt
50710 = gy | e ©)

wherer (2) is the gamma function, anl > 0, n:= [a] + 1, andf("(t) is standard derivative of integer ordeof the
functionf(t) attime t. For integer values of = n € N, the Caputo derivative coincides [2, p. 92] with standanivdéves
of ordern, i.e.

d"f(T
sopf(t):= LI,

Using the left-hand Caputo derivative, we can define a gdinatian of the concepts of marginal and average values of
indicator, which allows us to take into account the effe¢tmemory in the economic process. Let the economic indicator
Y =Y(t) and determining factorX(t) be functions of tim& € [0;T]. Then economic T-indicator at tinte= T, which
characterizes the economic process with memory, will benddfby the equation

SDYf(t) := f(T). (10)

Cpn
MYy (a,T) := %, (11)
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wheregD% is the left-sided Caputo derivative of order> 0, which is defined by expressiof)( The parametesr > 0
characterizes the degree of attenuation of the memory @heghanges of the indicator and factor on the intej®af].

It should be noted that the timiecan also be considered as an face t) for economic indicators. In this case, the
T-indicator (L1) can be written in the form

MYr(a,T):=I(2—a)Te15DRY (1), (12)

where we us§D$t =T1 %/ (2—a) [3].

Average value of indicator7] takes into account only the values of the indicator andofaat times O and’. The
marginal value of indicator8) takes into account the changes of the indicator and factan infinitesimal neighborhood
of the time point = T. The proposed economic indicatdrdj allows us to describe the dependence of economic processes
from all state changes on a finite time inter{f@IT]. This concept takes into account the dependence of the stono
indicator at timeT, not only the values of (t) andX(t) at this time { = T). Equation (1) takes into account all changes
of the indicatorY (t) and the factoX(t) on the finite time interva)o, T].

Let us consider particular cases of the T-indicald)) of ordera for the assumption of the existence an single-valued
functionY =Y (X). If a =0, the T-indicator 11) defines the standard average value of the indicator

_X ):AYX(T). (13)

Fora =1, the T-indicator {1) defines the standard marginal value of the indicator

Cpl
MYy (1,T) := ggg(g% = g;g%g; =MYy(T), (14)

which is defined by derivative of the first order for the indaray = Y (X) by a factorX. From these equations we can
see that the average indicat@) and the marginal indicatoB) are special cases of the proposed T-indicatdy 6f the
ordera > 0. The indicator {1) generalizes the notion of the average and marginal inalisdty including these concepts
as special cases. In addition, T-indicatbi)(allows us to consider not only the average and marginalacheristics of
economic processes, but also new characteristics thahtmeniediate between the average and marginal values. The
proposed T-indicator includes the whole spectrum of therinediate values of the indicator from the average and
marginal values.

Note that formula11) can be applied to dependenciésn X, which are given by equation8)( (4) and/or 6), (6).
It is sufficient to apply the formulas, which allow us to cdite the Caputo derivatives of order> 0 of the power

functions,
rg+1) _
Cnhaif B-a
DAt = \P ) T , >n—1a>n-1t>0), 15
0=T rB+1-a) (8 ! Y
gD%tk:07 (k:O,l,...,n—l), (16)

wheren—1<a <n.

3 Conclusion

As a result, it can be concluded that the economic interfioetaf derivative of non-integer order > 0 directly related
with the concept of T-indicatorll). The fractional derivatives can be interpreted as thedieator of ordera, i.e. as a
growth of economic indicator per unit increase of the factot at timet = T in the economic process with memory of
power type.
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