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Abstract: In this paper, using generalized k-fractional integralrape (in terms of the Gauss hypergeometric function), viatsish
new results on generalized k-fractional integral inedigaliby considering the extended Chebyshev functional e o& synchronous
function and some other inequalities.
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1 Introduction

Recently many authors have studied on fractional integredjialities by using different fractional integral operat
such as Riemann-Liouville, Hadamard, Saigo and Erdelyddfpsee],2,3,4,5,6,7,8,9,10,11,12]. In [13] S. Kilinc and
H. Yildirim establish new generalized k-fractional intaginequalities involving Gauss hypergeometric functielated
to Chebyshev functional. Irb[14] authors gave the following fractional integral inequiekt using the Hadamard and
Riemann-Liouville fractional integral for extended Chshgv functional.

Theorem 1Let f and g be two synchronous function[@neo|, and 1, p,q : [0, ) — [0,). Then for allt> 0, a > 0, we
have

24DL T (1) [HDLE PORDLE (aTQ)(t) ++ DI a(nD (PTO) ()] +

24D3¢ P(OHDL DL (1Y) (t) >

HDLIT (1) [HDLf (PF)(ORDE (a9 (1) ++ D (af) (DL (pY) (V)] + )
[HDL (1) (OHDL (Ag)(t) ++ DI (D) (OuDLf (rg) (1) +

[HDLE (r)(OHDLE (PY)(H) +4 D1 (PR (VWDE (rg) (V)]

HDI,t p(t)
HD1{a(t)
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Theorem 2Let f and g be two synchronous function 0|, and 1 p,q: [0,0) — [0,c0). Then for allt> 0, a > 0, we
have:

HDp{r(t)x

[HDLFQ(UHDIf(pfg)( ) +24D1{ p(ODLL (afg) (1) +1 Di {q(t )HDIf’(pngt)}
+ [4D1PORDLfat) +1 D POMDLF )| DL (rfo)() 2

HDLET (1) [HDLE (PP(HDLE (ag) (1) +1 D1 F (@) (0wD1f (PY)(1)] +

HDE P(t) [4D1f (rF)(DnDLE(ag) (1) +1 D1f () (D (rg) (1) +

HDI{q(t) [H DL (rf)(t)u D1 f (pY)(t) +1 DL (PF)(D)H D;f(rg)(t)} .

)

The main objective of this paper is to establish some Chedhwsfpe inequalities and some other inequalities using
generalized k-fractional integral operator. The paper Ib@sn organized as follows. In Section 2, we define basic
definitions related to generalized k-fractional integnaé@tor. In section 3, we obtain Chebyshev type inequsalitsng
generalized k-fractional. In Section 4 , we prove some iadtjes for positive continuous functions.

2 Preliminaries

In this section, we recall the notation and preliminaried ahich will be used to obtain the main result.

Definition 1.Two function f and g are said to synchronous (asynchronou$, ], if

((f(u) = f(v)(g(u) —g(v))) = (=)0, 3)
for all u,v € [0, ).

Definition 2.[13,12] The function {x), for all x > O is said to be in the k[0, ), if

1
o P
L pk[0,e0) = {f Il 0w = (/O |f(x)|pxkdx) <wl<p<wk> o}. )

Definition 3.[13,15,12] Let f € L1[0,),. The generalized Riemann-Liouville fractional integrakif (x) of ordera, k >
Ois defined by
(k+1)t-@

|akf( ) r(a)

/OX(XK+1—tk+1)a_1tkf(t)dt. (5)

Definition 4.[13,12] Letk > 0, > 0, > —1 and ¢, € R. The generalized k-fractional integrqﬂ;‘f’#"*’ (in terms of
the Gauss hypergeometric function)of ordefor real-valued continuous functiontf) is defined by

(k+ 1)w+(p+1t(k+1)(—é—(p—2w)

t
Ité,l;(p7w7w[f(t)] _ /O O-(k+1)w(tk+l _ O.k+1)f—1><

r(&) (6)
FE+ 9+ 0 -giE1- (D))o (o)do.
where, the functioaF;(—) in the right-hand side of (6) is the Gaussian hypergeomtetmiction defined by
d n
2F1(a,b;c;t) n% On @)

and(a)n, is the Pochhammer symbol

(@)h=ala+1)..(a+n—-1)=
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Consider the function

(k—|— 1)w+<p+1t(k+1)(fff<072w) (ki)
F(t,o) = o
g @
(o)

(= DG R(E + ot @ - &1 (D))
_ ¢ E+o+ w)n(_n)nt(k+1)(—¢’—<p—2w—w)O.(k+1)w(tk+1 _ gMHL)ELN g 1)@t

nZO [(&+n)n!

o—(k+1)w(tk+l _ ak+l)ffl(k+ 1)w+¢+l (8)
N I+ @+ 2w)r (§)
0(k+1)w(tk+1 _ Uk+1)¢' (k+ 1)w+(p+1(5 + @+ w)(—n)

tit1(& + o+ 2w+ 1) (E+1)
gkrhoktl _ ght1) &l (k4 1)@ PHL(E 4 @+ w)(§ + w+1)(—n)(—n+1) N
tht1(& + @+ 2w+ 1) (& +2)2!

+

Itis clear that~ (t, o) is positive because for att € (0,t) , (t > 0) since each term of the (8) is positive.

3 Fractional Integral Inequalities for Extended ChebyshevFunctional

Here, we establish some Chebyshev type fractional intéggglialities by using the generalized k-fractional ingg@in
terms of the Gauss hypergeometric function) operator.

Lemma 1Let f and g be two synchronous function[Brw[, and xy : [0,c) — [0, ) be two nonnegative functions. Then
forallk>0,t >0, >maX{0,—¢p—w}, o<1, w> -1, ¢—1< Y <0, we have,

PP OXOIEEY Oy Eg) () + 152 YOI (x g (t) >

OO OIET o O H1EP N OIET (xa ). ©
Proof: Sincef andg are synchronous 0, «[ for all o > 0, p > 0, we have
(f(o)—f(p))(g(0) —a(p)) = 0. (10)
From (10),
f(o)g(o) + f(p)alp) = f(a)g(p) + f(p)9(0). (11)

Now, multiplying (11) byo*x(0)F(t,0), o € (0,t), t > 0. Then the integrate resulting identity with respecttérom 0
tot, we get

15PYC(xtg) 1) + F()a(P)IEE Y (M)
gV () + F()IEEY L (xg) (1),

Y

(12)

Now, multiplying (12) byp*y(p)F (t,p), p € (0,t),t > 0, whereF (t, p) defined in view of (8). Then the integrate resulting
identity with respect t@ from 0 tot and using definition (4), we have

ISV YOIEEY L (xEg) () + 158V (y g OIEE P (0 (1)

(13)
> 1522 (yg) OGSV (x ) ) + 152V D OIES Y (xg) 1),

This complete the proof of (9)
Further we have the following main theorem.
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Theorem 3Let f and g be two synchronous function {@[, and r p,q: [0,) — [0,e0). Then for all k> 0, t > 0,
E>max0,—p—w} o<l w>-1 ¢— 1< <0,we have,

25840 [FPYpOIGE Y afg O + 15 CanI Y p ot +
thé,ll(p’w’wp(t)'tfk(p’w’wQ(t)'til(p’w’w(rfg)(t) 2
YO PN OIEPY @O 15V @ 015 (pa) (0] + (14)
KPR [EPH D OGP @9 0 + 15 @D O o) 0] +
8V Ca) [EPYCIDOIEEYC (pg) ) + 15PN OGP 9 )]

Proof: To prove above theorem, puttiég= p, y = g, and using lemma 1, we get

1Y PSP @fg) ) + 152 Ca Y C(pfo)(t) >,
152 OOV (ag) ) +152 @1 (pg) (1).

Now, multiplying both side by (15Ifi;"”‘”7‘*’r(t), we have

(15)

V) JESHPOIEEY At g 0 + 158 CaniiP Y pTo )] =,
Yo [ESH NG g + 15 @01 (pg) 1))

puttingx =r,y = g, and using lemma 1, we get

(16)

YOOI afg) (1) + 150V oSV i) (t) >,
ISP (a9 )+ @12 rg) 1),

multiplying both side by (17D[fl’<¢’w’wp(t), we have

17)

YR [EPHCr oGP Catg 0+ 15E Y CanI Y Crig)n)| =
Y Op) 150t )(t)l&“”“*“’(qut) +IEEY NI g ).

With the same arguments as before, we can write

(18)

58V Ca) EPYr IR (p g 0 + 1P ROIES g 0] =
&Yt [I&“’*“”*‘*’(rf><t>l5£”7‘”7‘*’<pg><t> SAGCHIGING((SIGIR

Adding the inequalities (16), (18) and (19), we get requiredjuality (14).
Here, we give the lemma which is useful to prove our seconah messult.

(19)

Lemma 2Let f and g be two synchronous function [@e[. and xy : [0,00[— [0,c[. Then for all k> 0,t >0, & >
max0,—¢p— w},y>max0,-d—v} 9,0 <1l v,w>-1 9p—1<yP<0,0—1<<0,we have,

ST OXOIE IO + 1 YOI (xTg) (1) >

(20)
SO O 9 0+ 150 DO xg) ).
Proof: Now multiplying both side of (12) by
K+1 U+0+14 (k+1)(=0—-y—2v)
( ) p(k+1)Uy(p)
r(y) (21)
R R ST VAR FUTR B Lo L

t
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which remains positive in view of the condition stated in feen2,p € (0,t), t > 0, we obtain
(k—I— 1)u+6+lt(k+1)(767y72U)
I (y)
(41— PR Ry (y 46+ 0, -5y 1 - (B pEP Y Oixg) 1)
(k+ 1)u+6+1t(k+1)( o—y-2v)
I (y)
(L Pk YL R (y 4 S0, oyl — (p)k“)pklti;"“”"*’x(t) >

(k+1)v

p y(p)

k+1)v

p y(p)f(p)g(p)

(22)
(k+1)u+6+1t(k+1)( o—y-2v) (k1o
) p y(p)g(p)
(L P Ry 80, -Gyl (DR ER e e )
(k+ 1)u+6+1t(k+1)(—5—)’—2“) (k+1)u
f
) p y(p)f(p)
(L oYL R (y+ 64U, -y 1 — (p)k+1)Pk|£;;(p7w’w(X9)(t),
then integrating (22) over (0,t), we obtain
15O xEQ (D12 Vy(1) + 15200 01 (ytg) (1) (23)

O, 0., O, 0.,
> 158V O yg) + 152V xg) (OO,

this ends the proof of inequality (20).

Theorem 4Let f and g be two synchronous function [@neo|[, and r,p,q: [0,0) — [0,). Then for all k>0, t > 0,
& >max0,—p— w},y>max0,—-0—v} p,0<lv,w>-1¢0—-1<P<0 d—1< <0, wehave

15 Yr (t)
(8 CaoIo (pfg) O + 2P0 (afg) ) + 1O aIEP Y (pta) 1)
+ 158 PO e + 15O POV o) |15 o)) =,
V2o [EPY N ON (@9 ) + 150 @hHO15Y“(pa 0] +
542 LD @90+ @ >lf P¥2g) )] +
YA [ESYED O (g 0 + 15 (DS o)1)

Proof: To prove above theorem, puttig= p, y = g, and using Lemma 2 we get

1LY P12 (@fg) (1) + 12 aIge Y C(pfa)t) >
léﬂ”*“’(nf)(t)l{fv“’(qg)(t)+I{f"“(qf)(t)lié"*”’ (PY)(t).

Now, multiplying both side by (25If|’(("""’“’r(t), we have

(24)

(25)

B Cr®) YO (@fa) O+ 1 Canii Cp o] =,
EEYer [EEeH O (a9 ) + sz*‘“(qf)(t)liﬁ”*”**’(pg)(t)} :
puttingx =r, y = g, and using lemma 2, we get
PP 014 (@fg) () + 110 AP P rfg) (t) >,
P40 @@ @ + 110 @b 158 ) 1),

(26)

(27)
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multiplying both side by (27bt‘f|’(¢""’“’p(t), we have

EP ) [ELY O @to O + 1P a1 Y g z}

’ (28)
YR IEPPCrD OR S (a9 0 + 15 @h OGP 0 )]
With the same argument as before, we obtain
49 IEEY O (pTo 0 + 1 pOIGEY g )] > 09

8V Ca) [EPCrHOIE (g 0 + 15 (P HOIESH  (rg) (1)

Adding the inequalities (26), (28) and (29), we follows thequality (24).
Remarkf f,g,r,p and gsatisfies the following condition,

1.The function f and g is asynchronous[0reo).
2.The function r,p,q are negative o).
3.Two of the function r,p,q are positive and the third is ri@geon [0, «).

then the inequality 14 and 24 are reversed.

4 Other Fractional Integral Inequalities

In this section, we proved some fractional integral ineifjieslfor positive and continuous functions which as folsow
Theorem 5Suppose that f, g and h be three positive and continuousifunsobn|0, |, such that

(f(0) = f(p))(9(0) —9(0))(h(o) +h(p)) > 0; 0,p € (O,) t >0, (30)

and x be a nonnegative function ). Then for all k> 0,t > 0, { > max0,—¢— w},y>max0,-d—- v} ¢,0 < 1,
v,w>-1,0-1<yP<0,6-1< <0, we have,

ST COOOR (xFgh) 1) + IEE o) 01 (xfg) ),
FIGEP RGO ) (0) + 158 g O (0 1),

> 1GOOI g (O + 155 g 15 (x ) @), oy
+1EPY 2 (xgh) ()1 OO0 + LSO )1 {*k‘““ (xg)(1).
Proof: Sincef, g andh be three positive and continuous functions @[ by (30), we can write
f(a)g(a)h(a) + f(p)a(p)h(p) + f(o)g(a)h(p) + f(p)a(p)h(a), (32)

> f(o)g(p)h(o) + f(a)a(p)h(p) + f(p)g(o)h(o) + f(p)g(o)h(p).

Now, multiplying both side of (32) bg¥x(0)F(t,0), o € (0,t), t > 0. Then the integrating resulting identity with respect
to o from 0 tot, we obtain by definition (4)

58P (xtgh) () + T (p)a(P)(E)IEE Y “x(t) + g(Dh(E)IE Y (x ) (1),
+H(P)gENGEYC(xh) (1) > g(p)IEGP P (x TR (1) + g(p)h(p)IGE ¥ (xF) (1), (33)
+ I xgh)(t) + F(p)h(P)IGP ¥ (xg) (1)
Now multiplying both side of (33) by
(k+ 1)u+5+1t(k+1)(—6—y—2u) (ki)
H) P X(p), 34

(tk+1_pk+l)y—1 ><2F1(V+ 5+U,—Z;V,1— (?)k+1)pk'
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which remains positive in view of the condition stated in @team 5,p € (0,t), t > 0 and integrating resulting identity
with respectivep from O tot, we obtain

Y (g O + 11040 (xFgh) 0158 ¥ “x(0).
+|V5Z“(xh)(t) E@ww(ng)(t) Vv575*“(xfg)(t)li‘p’w’w(Xh)(t),
> ly,a,z v (t)ltéklp YO () () + | yaz Y (xgh) (t)1; 15 (p,w,w(xf)(t),
o y5 CO ) IEP Y (xgh) (1) + t(ff Y(xfh) (t)ltﬁ;“”””“’(xg> ().

(35)

which implies the proof mequallty 31.
Here, we give another inequality which is as follows.

Theorem 6Let f, g and h be three positive and continuous functionfOon|, which satisfying the condition (30) and
x and y be two nonnegative functions [@ne). Then for all k> 0, t > 0, £ > max0,—¢— w},y > max0,-d— v}
P,0<lu,w>-1p—1<yPY<0,d—-1< <0, we have,

G200 (yEgh) (1) + 158 C(xh) (010 (v Fg) (1),
HIEEP A ORI O + 158 (g Oy,
> 1EEPC )OI (ygh (1) + 158 (xg) (O (y Fh (1),
PP (xgh O (v () +15EY (xR 012 (yg) 1)

(36)

Proof: Multiplying both side of (32) byo*x(0)F (t,0), o € (0,t),t > 0, whereF (t, ) defined by (8). Then the integrating
resulting identity with respect to from 0 tot, we obtain by definition (4)

158 (xtgh) () + F(p)g(p)N(E)IEE Y Ox(t) +g(Th(P)IEE Y (x ) (1),
+H(P)IGPP ) (1) > g(p)IHEYC(xTh) (1) + g(p)h(p)IEE Y O x ) (D), (37)
+ (I xgh) (1) + F(p)h(P)IEP P (xg) (1)

Now multiplying both side of (37) by
(k—|— 1)u+6+1t(k+1)(—6—y—2u)

(k+1)v
v p y(p), 9)

(1= Lo Ry 540, ~Csyi1— (2) ok

which remains positive in view of the condition stated in @team 6,p € (0,t), t > 0 and integrating resulting identity
with respectivep from 0 tot, we obtain

LSV 1Y) + 150 (v Fgh 158 Ox(t)

HICY M O (xg ) (1) + 170 (yFg) O15 2P (xh) 1)
> 1240 (y@ OIEP PR ) + 1104 (yah (D152 P2 (x ) (1)
ISy H O (xgh) ) + 1150 (y 1522 (xg) 1),

(39)

which implies the proof inequality 36.

5 Conclusion

Finally, we conclude this paper by remarking that we esshbli some new Chebyshev type fractional integral
inequalities for extended Chebyshev functional. Also, his tpaper we established some fractional inequalities for
positive and continuous functions. Note that, these dstadd results give some contribution to theory of fractlona
calculus and inequalities.
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