Appl. Math. Inf. Sci. Lett4, No. 3, 119-126 (2016) %N ==y 119

Applied Mathematics & Information Sciences Letters
An International Journal

http://dx.doi.org/10.18576/amisl/040304

Characterization of Some Lacunary Xﬁuv— Convergence
of Order a with p— Metric Defined by mn Sequence of
Moduli Musielak

Deepmala Rdi Lakshmi Narayan Mishra“ and N. Subramaniah

13QC and OR Unit, Indian Statistical Institute, 203 B. T. Rdéolkata, 700 108,, India
2 Department of Mathematics, National Institute of Techgg|&ilchar 788 010, District Cachar, Assam, India
3 Department of Mathematics, SASTRA University, Thanja6t® 401, India

Received: 28 Jan. 2016, Revised: 8 Mar. 2016, Accepted: 102046
Published online: 1 Sep. 2016

Abstract: We study some connections between lacunary stx,ﬁgvg—convergence with respect taransequence of moduli Musielak
2 P . . . . My ---My Ny =N
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1) = t t 1) = t 1);
Throughoutw, x andA denote the classes of all, gai and Gop(t) == Gp ()N Au(t) andConp(t) = Cop (1) N4 1);

analytic scalar valued single sequences, respectively. ~ Wheret = (tmn) is the sequence of strictly positive reals
We write w? for the set of all complex sequencegn,),  tmnforallmne N andp—limmn-. denotes the limit in
wherem,n € N, the set of positive integers. The notion of the Pringsheim’s sense . In the cagg = 1 for all
single sequence spaces properties are investigate, by [N € N;.Zy(t),6p(t),%op(t),Zu(t) , %bp(t) and
7,8,17). Then,w? is a linear space under the coordinate %onp(t) reduce to the sets?,, ¢, Gop, Zu, 6bp aNdGopp,
wise addition and scalar multiplication. respectively. Now, we may summarize the knowledge
Some initial works on double sequence spaces igiven in some document related to the double sequence
found in Bromwich ] and Robison 27]. Later on, they  spaces. Gkhan and Colakq, 10] have proved thatz, (t)
were investigated by Hardy §], Moricz [20], Moriczand ~ and ép(t),%bp(t) are complete paranormed spaces of
Rhoades 21], Basarir and Solankan 2], Tripathy  double sequences and gave the, 3—,y— duals of the
[30]-[39, W.H.Ruckle P8 Turkmenoglu g0, V.N.  spaces.,(t) and %p(t). Quite recently, in her PhD

Mishra et al. #4]-[49] and many others. thesis, Zelter43] has essentially studied both the theory
of topological double sequence spaces and the theory of
We procure the following sets of double sequences: summability of double sequences. Mursaleedd]
‘ Mursaleen and Edely2p,24] and Tripathy BQO] have
A(t) = {(an) € W 2 SUPmneN [Xmn| ™ < °°}7 independently introduced the statistical convergence and

) Cauchy for double sequences and given the relation
) Cp(t) = ¢ between statistical convergent and strongly &es’
{(xmn) € W2 : p—liMmn_e0 [Xmn— 1™ = 1 forsomele C}, symmable double sequences. Altay and Bashhave
) o defined the spaces’.”,%.7 (t),¢.p, ¢S vp,C s
Gop (1) 1= { (Xmn) € W p—liMmpseo [Xemn| ™ = 1}, and #7¥ of double sequences consisting of all double
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series whose sequence of partial sums are in the spaces= (xx) — (Xmn)(m,n € N) are also continuous.

My, My (L), Cp, Cop, 6 and £, respectively, and also

Let M and @ are mutually complementary modulus

examined some properties of those sequence spaces afuhctions. Then, we have:

determined ther— duals of the space®.”, #7, % % np
and theB (9) — duals of the spaceg.”,, and ¢ of
double series. Basar and Sev&t have introduced the

Banach spacez of double sequences corresponding to

the well-known spacelq of single sequences and
examined some properties of the spage Quite recently
Subramanian and Misra2§] have studied the space

X& (p,g,u) of double sequences and gave some inclusion

relations.
The class of sequences which are strongly aBes"

summable with respect to a modulus was introduced b

Maddox [L9] as an extension of the definition of strongly
Cesro summable sequences. Conrtgjrflirther extended
this definition to a definition of strong— summability
with respect to a modulus wherd = (ank) is a
nonnegative regular
connections between strog- summability, strongA—
summability with respect to a modulus, afid statistical
convergence. InJg] the notion of convergence of double

sequences was presented by A. Pringsheim. Also, in

[12)-[13], and [14] the four dimensional matrix
transformation(Ax), , = Y71 3 n-1 8 Xmn Was studied
extensively by Robison and Hamilton.

(i) For allu,y > 0,
uy <M (u)+ @(y),(Youngsinequality[Seélf]] (1.2)

(i) Forallu>0,

un (u) =M () + @(n (u)). 1.3)
)}iii) Forallu>0,and 0< A <1,
M (Au) < AM (u) 1.4)

Lindenstrauss and TzafririLB] used the idea of Orlicz
function to construct Orlicz sequence space

matrix and established some

v = {xew: Sk M (%) < oo, forsomep > O},
The spacé)y with the norm
HW:"ﬁ{p>O{@4MO%)§1}

becomes a Banach space which is called an Orlicz
sequence space. FM (t) =tP(1< p< o), the spaces

We need the following inequality in the sequel of the 4, coincide with the classical sequence spége

paper. Fola,b,> 0 and 0< p < 1, we have

(a+b)P <aP+bP (1.2)

The double serie§y, 1 Xmn is called convergent if and

only if the double sequencésyn) is convergent, where
Smn= Y| |21%j (MneEN).

A sequencex = (Xmp)is said to be double analytic if

supnnlxmnIl/er” < oo, The vector space of all double
analytic sequences will be denoted By¥. A sequence

X = (Xmn) is called double gai sequence if
((M+n)! )Y ™" — 0 asm,n — w. The double gai
sequences will be denoted by x? Let

¢@={all finite sequences

Consider a double sequence= (xj). The (m,n)"
section X™V of the sequence is defined by
xXmn — 5 M1 ox; Oy for all m.n € N; wherelJ;j denotes
the double sequence whose only non zero termd'%gf

in the i, j )" place for each, j € N.
An FK-space(or a metric spacé)s said to have AK

property if (Own) is a Schauder basis foX. Or
equivalentlyx™" — x.

An FDK-space is a double sequence space endowe

with a complete metrizable; locally convex topology
under which the coordinate mappings

A sequence = (fmn) of modulus function is called a
Musielak-modulus function. A sequencg = (Qmn)
defined by

gmn (V) =sup{|vlu— (fmn) (u) :u>0}, mn=1,2,---

is called the complementary function of
Musielak-modulus functionf. For a given Musielak
modulus function f, the Musielak-modulus sequence
space;s is defined as follows

a

t; = {xe W2 1t (X)) Y™ — 0asmn — oo},
wherel¢ is a convex modular [se@5p,42,11]] defined by

It (X) = Yme1Yne1 fmn(|xmn|)1/m+naxz (Xmn) € tt.

We considet; equipped with the Luxemburg metric
d(xy) =

) o © ‘an‘l/ern
supmnq inf { o1 et fon | " <1

If X is a sequence space, we give the following
definitions:[see41]]

(i) X'= the continuous dual of;
(i) X
{az (@mn) © ¥ mn—1 [@mXmn| < o, foreachxe X};

8ii) XB =
a=(amn):y °n°1!n:lamnxmnis convegentforeach xe X} ;
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(|v)XV
= (amn) : SUfn > 1’2mn 1 @mnXmn| < o, foreachxe X}

(V)let X beanFK —
{f(Dmn) : f ex/};
(vi)X®

a= (&mn) : SUfPnn|a@mnXmn|

space O @, thenX

Ymin o foreach xe X};

X% XB XY are calleda — (orKéthe— Toeplitadual of

X, B — (orgeneralized- Kéthe— Toeplitz dualofX y—
dualof X 0 — dualofX respectivelX? is defined by
Gupta and Kamptanif]. It is clear thatX® ¢ X# and
X% < XY, but XP ¢ XY does not hold, since the sequence

of partlal sums of a double convergent series need not tQ

be bounded.

d1(X11,0), .., Ay mp.--me g g, s (X -y g - s, 0)
are linearly dependent,

(i) (02 (X11,0), - Oy v 1y 195 (X .1 g i1
under permutation,

(iii) [|(ardy(x11,0), . , Oy mp..-mp g g . (Xemy 1y g s> 0)) | p =

lat][[(dy (X21,0) ., G (Xig 1y g 9.g: O)) [ @ € R

(iv) dp ((XllaY1l)= (x12,¥12) - (XmlAmzAmmrAnl.nzw.nsaleAmz.»»»n‘rAnl.nzw.ns)) =

(dx (Xa1,X12, -+ Ximy.mg.-y g g, ) P + Gy (Y11, Va2, - )p)l/p
forl < p < oo; (or)

(V) d (a2, Y11), (X22,¥12), -+
sup{dx (X1, X12, -
for

Xayllay127 o

0))|lp is invariant

Yiny mg.Mp.ng . s

(X, M.y NN Yy M.y g g, s ) ) =
XmlAmZ.»»»n‘rAnl.nzAm.ns)-,dY(Yll-,le-, o le.nh.»»»n‘r.nlnz.mns)} ,

X11,X12; * * * Xy ,mp,--my ,ng N+ Ng S
Yy mp,-me,ngno,-ns € Y IS called the p—
product metric of the Cartesian product
My, Mp,---My, Ny, Ny, -+, Ng Metric spaces is thp— norm
of the m x n-vector of the norms of the
My, Mp,--- My, N3, Ny, - -+, Ng SUbSpaces.

A trivial example of p product metric of
My, Mp,---My, N3, N2, --- . Ng Metric space is thg norm
pace isX = R equipped with the following Euclidean
metric in the product space is tipenorm:

of

The notion of difference sequence spaces (for single

sequences) was introduced by Kizmaz as follows
Z(A)={x=(x) ew: (Ax) € Z}

for Z = c,cp andle.,, whereAxy = xx — xx.1 forall k € N.
Herec, ¢y and/., denote the classes of convergent,null and

[I(d1(x11,0)..-.dn(xmy my,--my.ng Ny, ns. 0))llg =
SUP<\det(dm1,m2,---rrt,nl,nz,---,ns (Xml»mz»“‘”‘=”1=”2»"'»nS>>‘) =
d11(x12,0) d12(x12.0) Exl.nl.nz,---,ns«og
21 (%21.0) 22 (%22:0) X2,y N0

din
don

bounded sclar valued single sequences respectively. The’

difference sequence spalog, of the classical spac, is
introduced and studied in the cas& P < « by Basar and
Altay and in the case & p < 1 by Altay and Basar in
[1]. The spaces(A),co(A),4»(A) andbv, are Banach
spaces normed by
|IX]| = [X1| + Sup=1|Ax| and
(31 ad®) P (1< p< o),

Later on the notion was further investigated by many
others. We now introduce the following difference double
sequence spaces defined by

A) = {Xx= (Xmn) €W?: (AXmn) € Z}

Xy, =

where z = N2, x? and
AXmn = (Xmn—Xmny1) — (Xmein—Xmeing1) =
Xmn— Xmnt1 — Xm+1n + Xmr1ne1 forallmn e N.

2 Definition and Preliminaries

Let mn(>2) be an integer. A function
X:(MXN)x (MxN)x---x(MxN).

(M xN)(mxn— factorg — R(C) is called a real
complexmn— sequence, wher®l,R and C denote the
sets of natural numbers and complex numbers
respectively. Letmy,mp,---my,ny,Np,---,ng € N and X

be a real vector space of dimensiow, where
My, My, ---My, Ny, Np,--- ,Ns < W. A real valued function

dp(Xa1, - - -, Xy mp,-my g, )

dmin1 (%min1:0) dmen2 (Xmn2:0) - dmy.mp.--my ng.np.--ns (Xml-,mz-,---"t»n1»nz-,----,ns»0)

where X = (X1, - Xin,n,-ns) € R" for each
i:]_’z’...ml’mz...rn(.
If every Cauchy sequence K converges to somke € X,
then X is said to be complete with respect to tpe
metric. Any completep— metric space is said to bg—
Banach metric space.

By a lacunary sequende= (myns), wherempng = 0,
we shall mean an increasing sequence of non-negative
integers withh,s = mng—my_1ng 1 — o asr,s — oo,
The intervals determined by will be denoted by
Irs = (Mr—1Ns_1,MeNg].

LetF = (fmn) be amn— sequence of moduli musielak
such thatlimu%msupnnfmn( ) = 0. Throughout this
paperx — convergence op— metric of mn— sequence
of mu3|erak modulus function determinated Bywill be
denoted byfm, € F for everym,n € N.

The purpose of this paper is to introduce and study a
concept of lacunary strongﬁuv— convergence ofp—
metric with respect to amn— sequence of moduli
musielak. We now introduce the generalizations of
lacunary stronglw(Au — convergence op— metric with
respect amn— sequence of musielak modulus function
Sand investigate some inclusion relations.

Let A denote a sequence of the matrices

azll kr:}fflesns( v)) of complex numbers. We write

for any SequenCe: xm.yj w - Ae -

||(d1(x11,o),...,dn(Xm11m27...m7n1’n27...Yns,o))”p on X mngens m g -ne)! [xm e 1/’m1...m+n1...nsif
satisfying the following four conditions: Iztml "'Xnelxﬁs(akl w{%féi( ) ((e;cnr; v i )| 1{;}& <)) . We
(l) H(dl(xll,o), cee ,dn(Xmlvnh’...m’nl"nz!...’ns,0))Hp = 0 |f uv uv uv )
and and only i A () = (A9 A= ()
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2.1 Definition If Xx= (Xmn) lacunary strongh\,,— convergent of orea to
zero thenx = (xmp) lacunary strongd,— convergent of
Let F = frirj;lmmnlmns be amn- sequence of moduli ordera to zero with respect tonn— sequence of moduli

musielak, A denote the sequence of four dimensional musielak, (i.€)

infinte matrices of complex numbers add be locally [XAN“’H(d (x11.0),d (x12,0), - vd(Xlwm-w-mfml-,nz-:--nsfl>0))Hp]

convex Hausdorff topological linear space whosef
topology is determined by a set of continuous semi norms[XAme [(d(x11,0),d(x12,0), -+ d (X my.--my_snu.np.--e 1,0)) Hp]
n and Proof: Let F = ( Hn) be amn- sequence of moduli

(X7||(d(x1170)7.d(xlz’o)7m7d(Xml"mz’"m’lnl"nz'"“ns’l7O))”p). musielak and putsupfin(1) = T. Letx = (xm) €
be a p—metric space,q = (qgij) be double analytic [ 2an

sequence of strictly positive real numbers. BY(p— X) Xang: || (d(x01,0),d(x12,0).,--- . d (Xml,mz,~~~m71_h1-,nz-:~nsf17O)) ||p]
we denote the space of all sequences defined over ande > 0. We choose &< & < 1 such thatfidn (u) < € for

(X, 1(d (x12,0),d (X12,0) -+ ,d (Xeny 1y a1 120)) Hp)' evgzryu with0<u<d(i,j € N). We can write

In the present paper we define the following sequence{XA?'lwvH(d (x11,0),d(x12,0).,--- 7d(Xml-mz,"mflnl-,nz-wnsfl70))Hp} =
spaces:

Xi“:”l‘g7"<d (Xll)=d(X12)=""d(Xml»mz»‘”'“r—l”l»”zf“”s—l))Hp} = |:XAfNa7 H Xll> 5 X12> 0) X ’d (Xm17%y,,,m71n17n27...n571,O)) H p] +

imre ! 1 G _
“mrs{ t” <HNg a <d (Xn»O)»d(X1270)w.7dGml;mz:mmriln:l7n2>mn$71»0))Hpﬂ 70} ' [Xic;’lla’ H Xll> ’ X12> 0) [ >d (Xml-,mz~"'m71n1.n2.---ns—1>0)) H p]
whereNg (x) = ’ o .
W}gzie.rszje|rs( (}N%V(((mlmmnlmns)!'WmnlmnsDl/ml...mnl.,ns)))A where the f|rst part is oyeg d and sec:ﬂnd part is .c-)ver
uniformly in uv > 0. By definition of Musielak modulugmn, for everyij,

we have

Xﬁ?La (d(xu,o),d(xlz,o),--- ,d(xmm,..mfflnl,nz_,..nﬂ,o))Hp] <ehey

n X x12,0).+++,d (Xmy,mp, - Noyee_ 15 =
{/\AfN“ H( 11.0).d (x12.0) d( MM, My 11,2, Ns -1 O))Hp} (2T5 ) {Xﬁ?ﬁ‘g (d (x11,0),d(x12,0),--- ,d (Xml="‘2="'mr—1”1=”2>”‘”s—1’0)) Hp] .

sups{ fuv(HNg %, (d (xllAO).d(xlz_o),.._d(xml_mg_,..mril,-,l_nzx..nsilAO))Hp)}qu <m} Therefore X — (Xmn)
11...1 20n
11..1 [XAng” [[(d (x11,0),d (x12,0),- -, d (Xmy,mp,-m 104,05 150)) | D] '
wheree =
3.3 Theorem
11..1 Let A be amn— sequence of the four dimensional infinite
- _ my---My Np N,
matricesAY = (akll_,_krgl_l,_gss(uv)) of complex numbers,
3 Main Results d = (gij) be amn— sequence of positive real numbers
. with 0 < infgjj = Hy < supgj = Hz > o andF = ( fain
3.1 Proposition be a mn— sequence of moduli Musielak. If
2an limyy-sein fij - (”V) > 0, then
g (0309 s oncn | e 0.l o,
X a, X117 ) X127 [ Xmy, yeMy_1Ng, N2, Ng_1 5 =
[/\:?Zg’ (40x41,0),d (x12,0)..- ,d(xml.mg.,,,m,flnl.nz,..nsfl,o))Hp]are AN MMy ---My—1 M, N, =M1 P
linear spaces. [XANG“’H d(x11,0),d (¥12,0),-- -, d (Xmymp,-m_1ny.n,0 1,0)) | ]
Ertnoi(t)tfédlt is routine verification. Therefore the proof is pyof | limyyeinf; LEV) > 0, then there exists a
: numberf > 0 such thatfj; (uv) > Bu for all u > 0 and
i,j €N. Letx:(xm1 ‘MmN ---Ng) €
: . . )
. The inclusion relation between [XA%M H (x11,0),d (X12,0), - ,d (Xmy,mp,-my_1np.np,-ne 1,0)) Hp] .
[)(AfNa (d(Xu-,O)yd(Xlz-,o)-ﬁ"vd(Xm1-,mz»---mr71”1»nz="-"sﬁ1’0))Hp and Clearly
2
[Aﬁ?ﬂg’ (d (x11,0),d(x12,0) -+ "d(Xml="‘2='""‘r—1”1=”2"“”s—1"O))Hp]‘ [XA?,KI% H (%11,0),d(X12,0),--- ,d (Xml,n12,»»»m,lnl.,nz.,wns&70)) HP] =
[Xi?\]’l]h H Xll7 7 X1270) ) 7d (th,ngum,lnl,nz,mnsﬁl70)) H p:| .
Therefore
3.2 Theorem X — (X, -+~ YN+~ g) c

. . o 201
Let A be amn- sequence the four dimensional infinite [XAN9“7H(d (x11,0),d(x12,0) -+ ,d(an,mz-»‘mflnl-,nz-,mnsﬁu0))Hp] :
i uv _ -Myng---ng By using Theorem 3.2, the proof is complete.
matricesA" = (ak1 elyls (uv)) of complex numbers We now give an example to show that

andF = ( r'rjm) be amn— sequence of moduli musielak. [sz (d(xn.,o>,d(xu,o>,m,d(xmm,..m,,lnm_..,HH,o))Hp] #

AFNG
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{xﬁﬁ,’é (d011,0),d (x12,0) -+ ,d(xml:mz_,__mflnl_ynz,..nsfl,o))HP] in the
case wherB = 0. ConsiderA = |, unit matrix, n (x) =
aij 1 for every i,j € N and fin(x)
|Xm |1/((m1~~~mr+n1~~~ns)(i+1)(j+1))

1TV (i,j >1,x>0) in the

((my---my+ng---ns)!) o
casef3 > 0. Now we definex;; = hf if i,j = mns for
somer,s > 1 andx;j = 0 otherwise. Then we have,

l/ml M +nq--Ng

{xj‘gﬁ‘,, (d (%11,0),d (%42,0) -~ .d (xml,n\z,...,Wflnl,nz,...nsfl,o)) Hp] Slas
r,s— o
and o) X = (X -myny-ns) ¢
{X:?\% ) (d (x11,0),d (X12,0),--- ,d (Xml.mg.»»»m,,lnl.nzwns,lso)) ‘ p]

The inclusion Relation between
{xj‘;ﬁ‘u (d(xu,O) .d(%12,0),---.d (Xmlmz-,--mflnl-,nz---nsfl»0)) Hp] and

[XA% |(d0a1,0), d(xu,O)_,...,d(xml7n]27___,nrflnl,n2,...ns71,o))Hp].

In this section we introduce natural relationship
between lacunanp"V— statistical convergence of order
and lacunary strond\"V— convergence of ordesr with
respect tann— sequence of moduli Musielak.

3.4 Definition

Let 6 be a lacunarymn— sequence. Then ann—
sequencexX = (Xm..mny.-ns) IS Said to be lacunary
statistically convergent of order to a number zero if for
every € > 0,limrsehs® [Kg (€)] = 0, where [Kg (€)|
denotes the number of elements irg(e)
{i,j € lrs ((My- My 4 N1+ N)! Xy oy o 7o|)1/’"1”'”””1"'nS > e} The
set of all lacunary statistical convergent of orderof
mn-— sequences is denoted By.

Let AW = aﬂll_jjl'(r:‘,g:}_'é':s( )) be an four dimensional

infinite matrix of complex numbers. Then an-
sequenceX = (Xmy..mn;--ns) 1S Said to be lacunarnp—
statistically convergent of order to a number zero if for
every € > 0,limisooh?|KAg(g)] = 0, where
|KAg (€)|denotes the number of elements in
KAg (€)

{i,j Elrst (MM 411! Xy oryg g — O] ) /™ 1L > g}.The
set of all lacunanA— statistical convergent of order of
mn-— sequences is denoted By (A)

3.5 Definition

Let A be amn— sequence of the four dimensional infinite
matricesAY = (aﬂ%j&f}_’é;"s(uv)) of complex numbers
and letq = (qij) be amn- sequence of positive real
numbers with O< infgjj = Hy < supg; = Hy < «. Then
amn— sequence = (Xm..mny.-ng) IS said to be lacunary
AW— statistically convergent of order to a number zero

if for every & > 0,lims_ehis? [KAgp (
|KAg,
KAg, (€) =
{i,j € lrst ((My-- My 4N+ N)! Xy -ms — O]) } The
set of all lacunaryA, — statistical convergent of order

of mn— sequences is denoted BY (A, ).

The following theorems give the relations between
lacunary A"— statistical convergence of order and
lacunary strongA"Y— convergence of ordeir with
respect to ann— sequence of moduli Musielak.

g)| = 0, where
(£)| denotes the number of elements in

1/my ---my +nq --Ng > e

3.6 Theorem

Let F = (fjj) be amn- sequence of moduli Musielak.
Thzen

[XA(}'7N37 || (d (x11,0),d (X12,0) -+, d (Xmy,my.-m_snp.nz,n6.1:0) ) | p] <
[Xi% [|(d(x11,0 X1270)7"'7d(th,rm.,---mflnl,nz,wnsfl>0))Hp]
if and only if I|m|,_>oo fij (u) >0,(u>0).

Proof: Lete > 0 andx = (Xmy...mng--ng) €

[Xi(mm H X117 X1270) oo ,d (er,mz.,~~mf1n1,nz,~'nsﬁ170)) H p] .
If 1imij e fij (U) > 0, (u> 0), then there exists a numbdr> 0

such thatfjj (¢) >dforu> € andi,j € N. Let

[Xf\(}n,\jm || (d (x11,0),d (x12,0) -+, d (Xmy,my.-m_snp.nz,-n6.1:0) ) | p] 2
h-.2dH 1KAgp (& ). It follows that

d(x11,0),d (x12,0), - ,d (Xmy,mp,--m_sny.np-ns1,0) ) Hp] :
Conversely, suppose thdimij_,. fijj (u) > 0 does not
hold, then there is a numbet > 0 such that
limij_»fij (t) = 0. We can select a lacunarynn—
sequenced = (my---myny---Ng) such thatfjj (t) < 27
foranyi > mg---my,j > ng---ns. Let A= 1, unit matrix,
define thamn— sequence by putting

Xj =t if  my,mpemegngmp,ng g < 0j <
mlamz-,"'mrnl-,nZa"'nsJFn;lamZa'""\'—1”1-,”2-,"'”5—1 and Xij = 0 if

My, M, My Ny, N, Ns+My,Mp,--My_1N7,N2,-Ns 1 < i,j <

2
mng, Ny, --

My, My, -« ‘ns. We have x = (Xmy-.mn.-ns) €
(X2 110 (01,00, (642,0) -+ (X -y e 5-0))
but X

¢
|

0)|p].

[XA% “ Xll7 ) d (X127O) P 7d (Xm1,n'12.,~~~m,1n1,n2,»~nsﬁ17 )

3.7 Theorem

Let F = (fjj) be amn- sequence of moduli Musielak.
Thzen
[XA(}HNM || (d(x11,0),d (x12,0) -+, d (Xmy,my.-m_snp.nz,-n6.1:0) ) | p] 2

[XA$ H X117 ) ,d (X127O) ;ee,d (th,rm-,---mflnl,nz,»»»nsfl>0)) H p]
if and only if supsup; fjj (u) < .

Proof: Let X

[XA% H (x11,0),d(X12,0),--- ,d (Xmi’n'lz-,“‘mf1n1,nz,'"nsﬁ170)) Hp] :
Suppose that (u) = sup; fij (u) andh = suph(u). Since

fij (u) < hforalli, j andu > 0, we have for all,v,
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[xf\z%,,H(d(xll,o),d<x12,0),... vd(Xml="‘2='"’"r—1”1=”2>“‘ns—1"O))Hp:| < [7] G.Goes and S.Goes. Sequences of bounded variation and
hH2h.9 [KAg, ()] + | (e)] 2. It follows from & — O that igguences of Fourier coefficientigath. Z, 118 (1970), 93-
X< [Xmg’ (d<X“’0)’d(X12’°>“” "d(er”@"""r—1”1="2>"'”s—1"O))Hp}' [8] A.Esi, Lacunary strong\q— convergence sequence spaces
Conversely, suppose thatp,sup; fij (u) = . Then we defined by a sequence of modwiwait J. Sci.,, Vol. 40(1)
have (2013), 57-65.
0 < ug < -+ < U_1s1 < Us < ---, such that [9] A.Gdkhan and R.Colak, The double sequence spe@(ap)
fmens (Urs) > h& forr,s > 1. Let A= |, unit matrix, define andc® (p), Appl. Math. Comput157(2) (2004), 491-501.
the mn- sequence x by putting x; = us if  [10] ﬁég?f)h?znogg)d ?-4%0;65‘; Double sequence spatesbid.,
i,j = mmp---mnin,---ng for somer,s=1,2,--- and ) -1o3. _
)q-J ) otherwises. Then we havee [11] M.Gupta and S.Pradhan, On Certain Type of Modular
JZH Sequence spacéurk J. Math, 32, (2008), 293-303.
[XA%’H (4061.0).0042.0) .-+ .d (g - _yng mpong 1.0) ) Hp] but [12] H.J.Hamilton, Transformations of multiple sequendske
210600 80550, @ nre- e 0)) | Math. J, 2, (1936), 29-60.
x¢ [X“Ne ( 001,0),d(2,0), (X LA e ))HP [13] H. J. Hamilton , A Generalization of multiple sequences
transformationPuke Math. J.4, (1938), 343-358.

! [14] H. J. Hamilton , Preservation of partial Limits in Mydte

4 Conclusion sequence transformatiorBuke Math. J. 4, (1939), 293-
297.
We study characterization of certain lacunary strong[is] G.H.Hardy, On the convergence of certain multiple eri
xﬁuv—convergence with respect to @mn sequence of Proc. Camb. Phil. Sog19(1917), 86-95.
moduli Musielak and Iacunaryx,fu — statistical ~ [16] P.K.Kamthan and M.Gupta, Sequence spaces and series,
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