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Abstract: We study some connections between lacunary strongχ2
Auv

−convergence with respect to amnsequence of moduli Musielak

and lacunaryχ2
Auv

− statistical convergence, whereA is a sequence of four dimensional matricesA(uv) =
(

am1···mr n1···ns
k1···kr ℓ1···ℓs

(uv)
)

of

complex numbers.
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1 Introduction

Throughoutw,χ andΛ denote the classes of all, gai and
analytic scalar valued single sequences, respectively.
We write w2 for the set of all complex sequences(xmn),
wherem,n∈ N, the set of positive integers. The notion of
single sequence spaces properties are investigated by [6,
7,8,17]. Then,w2 is a linear space under the coordinate
wise addition and scalar multiplication.

Some initial works on double sequence spaces is
found in Bromwich [4] and Robison [27]. Later on, they
were investigated by Hardy [15], Moricz [20], Moricz and
Rhoades [21], Basarir and Solankan [2], Tripathy
[30]-[39], W.H.Ruckle [28] Turkmenoglu [40], V.N.
Mishra et al. [44]-[49] and many others.

We procure the following sets of double sequences:

Mu (t) :=
{

(xmn) ∈ w2 : supm,n∈N |xmn|
tmn < ∞

}

,

Cp (t) :=
{

(xmn) ∈ w2 : p− limm,n→∞ |xmn− l |tmn = 1 f or some l∈ C
}

,

C0p(t) :=
{

(xmn) ∈ w2 : p− limm,n→∞ |xmn|
tmn = 1

}

,

Lu (t) :=
{

(xmn) ∈ w2 : ∑∞
m=1 ∑∞

n=1 |xmn|
tmn < ∞

}

,

Cbp(t) := Cp (t)
⋂

Mu(t) andC0bp(t) = C0p(t)
⋂

Mu (t);

wheret = (tmn) is the sequence of strictly positive reals
tmn for all m,n∈ N andp− limm,n→∞ denotes the limit in
the Pringsheim’s sense . In the casetmn = 1 for all
m,n ∈ N;Mu (t) ,Cp (t) ,C0p(t) ,Lu (t) ,Cbp(t) and
C0bp(t) reduce to the setsMu,Cp,C0p,Lu,Cbp andC0bp,
respectively. Now, we may summarize the knowledge
given in some document related to the double sequence
spaces. G ¨okhan and Colak [9,10] have proved thatMu (t)
and Cp (t) ,Cbp(t) are complete paranormed spaces of
double sequences and gave theα−,β−,γ− duals of the
spacesMu (t) and Cbp(t) . Quite recently, in her PhD
thesis, Zelter [43] has essentially studied both the theory
of topological double sequence spaces and the theory of
summability of double sequences. Mursaleen [23],
Mursaleen and Edely [22,24] and Tripathy [30] have
independently introduced the statistical convergence and
Cauchy for double sequences and given the relation
between statistical convergent and strongly Ces `aro
summable double sequences. Altay and Basar [1] have
defined the spacesBS ,BS (t) ,CS p,C S bp,CS r
and BV of double sequences consisting of all double
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series whose sequence of partial sums are in the spaces
Mu,Mu (t) ,Cp,Cbp,Cr and Lu, respectively, and also
examined some properties of those sequence spaces and
determined theα− duals of the spacesBS ,BV ,C S bp
and theβ (ϑ)− duals of the spacesCS bp andCS r of
double series. Basar and Sever [3] have introduced the
Banach spaceLq of double sequences corresponding to
the well-known spaceℓq of single sequences and
examined some properties of the spaceLq. Quite recently
Subramanian and Misra [29] have studied the space
χ2

M (p,q,u) of double sequences and gave some inclusion
relations.

The class of sequences which are strongly Ces `aro
summable with respect to a modulus was introduced by
Maddox [19] as an extension of the definition of strongly
Cesàro summable sequences. Connor [5] further extended
this definition to a definition of strongA− summability
with respect to a modulus whereA =

(

an,k
)

is a
nonnegative regular matrix and established some
connections between strongA− summability, strongA−
summability with respect to a modulus, andA− statistical
convergence. In [26] the notion of convergence of double
sequences was presented by A. Pringsheim. Also, in
[12]-[13], and [14] the four dimensional matrix
transformation(Ax)k,ℓ = ∑∞

m=1 ∑∞
n=1amn

kℓ xmn was studied
extensively by Robison and Hamilton.

We need the following inequality in the sequel of the
paper. Fora,b,≥ 0 and 0< p< 1, we have

(a+b)p ≤ ap+bp (1.1)

The double series∑∞
m,n=1xmn is called convergent if and

only if the double sequence(smn) is convergent, where
smn= ∑m,n

i, j=1xi j (m,n∈ N).

A sequencex = (xmn)is said to be double analytic if
supmn|xmn|

1/m+n < ∞. The vector space of all double
analytic sequences will be denoted byΛ2. A sequence
x = (xmn) is called double gai sequence if
((m+n)! |xmn|)

1/m+n → 0 asm,n → ∞. The double gai
sequences will be denoted by χ2. Let
φ = {all f inite sequences} .

Consider a double sequencex = (xi j ). The (m,n)th

section x[m,n] of the sequence is defined by
x[m,n] = ∑m,n

i, j=0xi j ℑi j for all m,n ∈ N ; whereℑi j denotes

the double sequence whose only non zero term is a1
(i+ j)!

in the(i, j)th place for eachi, j ∈ N.

An FK-space(or a metric space)X is said to have AK
property if (ℑmn) is a Schauder basis forX. Or
equivalentlyx[m,n] → x.

An FDK-space is a double sequence space endowed
with a complete metrizable; locally convex topology
under which the coordinate mappings

x= (xk)→ (xmn)(m,n∈ N) are also continuous.
Let M and Φ are mutually complementary modulus

functions. Then, we have:
(i) For all u,y≥ 0,

uy≤ M (u)+Φ (y) ,(Young′s inequality)[See[16]] (1.2)

(ii) For all u≥ 0,

uη (u) = M (u)+Φ (η (u)) . (1.3)

(iii) For all u≥ 0, and 0< λ < 1,

M (λu)≤ λM (u) (1.4)

Lindenstrauss and Tzafriri [18] used the idea of Orlicz
function to construct Orlicz sequence space

ℓM =
{

x∈ w : ∑∞
k=1M

(

|xk|
ρ

)

< ∞, f or someρ > 0
}

,

The spaceℓM with the norm

‖x‖= in f
{

ρ > 0 : ∑∞
k=1M

(

|xk|
ρ

)

≤ 1
}

,

becomes a Banach space which is called an Orlicz
sequence space. ForM (t) = t p(1≤ p< ∞) , the spaces
ℓM coincide with the classical sequence spaceℓp.

A sequencef = ( fmn) of modulus function is called a
Musielak-modulus function. A sequenceg = (gmn)
defined by

gmn(v) = sup{|v|u− ( fmn) (u) : u≥ 0} ,m,n= 1,2, · · ·

is called the complementary function of a
Musielak-modulus functionf . For a given Musielak
modulus function f , the Musielak-modulus sequence
spacet f is defined as follows

t f =
{

x∈ w2 : I f (|xmn|)
1/m+n → 0as m,n→ ∞

}

,

whereI f is a convex modular [see [25,42,11]] defined by

I f (x) = ∑∞
m=1 ∑∞

n=1 fmn(|xmn|)
1/m+n ,x= (xmn) ∈ t f .

We considert f equipped with the Luxemburg metric

d (x,y) =

supmn

{

in f

(

∑∞
m=1 ∑∞

n=1 fmn

(

|xmn|
1/m+n

mn

))

≤ 1

}

If X is a sequence space, we give the following
definitions:[see [41]]

(i)X
′
= the continuous dual ofX;

(ii)Xα =
{

a= (amn) : ∑ ∞
m,n=1 |amnxmn|< ∞, f or each x∈ X

}

;

(iii) Xβ =
{

a= (amn) : ∑ ∞
m,n=1amnxmn is convegent, f oreach x∈ X

}

;
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(iv)Xγ =
{

a= (amn) : supmn≥ 1
∣

∣

∣∑M,N
m,n=1 amnxmn

∣

∣

∣< ∞, f oreachx∈ X
}

;

(v)let X beanFK − space ⊃ φ ; then Xf =
{

f (ℑmn) : f ∈ X
′
}

;

(vi)Xδ =
{

a= (amn) : supmn|amnxmn|
1/m+n < ∞, f oreach x∈ X

}

;

Xα .Xβ ,Xγ are calledα − (orKöthe− Toeplitz)dual of
X,β − (or generalized−Köthe−Toeplitz)dual o f X,γ −
dual o f X, δ − dual o f X respectively.Xα is defined by
Gupta and Kamptan [16]. It is clear thatXα ⊂ Xβ and
Xα ⊂ Xγ , but Xβ ⊂ Xγ does not hold, since the sequence
of partial sums of a double convergent series need not to
be bounded.

The notion of difference sequence spaces (for single
sequences) was introduced by Kizmaz as follows

Z(∆) = {x= (xk) ∈ w : (∆xk) ∈ Z}

for Z = c,c0 andℓ∞, where∆xk = xk− xk+1 for all k∈ N.
Herec,c0 andℓ∞ denote the classes of convergent,null and
bounded sclar valued single sequences respectively. The
difference sequence spacebvp of the classical spaceℓp is
introduced and studied in the case 1≤ p≤ ∞ by Başar and
Altay and in the case 0< p < 1 by Altay and Başar in
[1]. The spacesc(∆) ,c0 (∆) , ℓ∞ (∆) andbvp are Banach
spaces normed by

‖x‖= |x1|+ supk≥1 |∆xk| and

‖x‖bvp
= (∑∞

k=1 |xk|
p)1/p ,(1≤ p< ∞) .

Later on the notion was further investigated by many
others. We now introduce the following difference double
sequence spaces defined by

Z(∆) =
{

x= (xmn) ∈ w2 : (∆xmn) ∈ Z
}

where Z = Λ2,χ2 and
∆xmn = (xmn− xmn+1) − (xm+1n− xm+1n+1) =
xmn− xmn+1− xm+1n+ xm+1n+1 for all m,n∈ N.

2 Definition and Preliminaries

Let mn(≥ 2) be an integer. A function
x : (M×N)× (M×N)×·· ·× (M×N) .
(M×N)(m×n− f actors) → R(C) is called a real
complexmn− sequence, whereN,R and C denote the
sets of natural numbers and complex numbers
respectively. Letm1,m2, · · ·mr ,n1,n2, · · · ,ns ∈ N and X
be a real vector space of dimensionw, where
m1,m2, · · ·mr ,n1,n2, · · · ,ns ≤ w. A real valued function
dp(x11, . . . ,xm1,m2,···mr ,n1,n2,··· ,ns) =
‖(d1(x11,0), . . . ,dn(xm1,m2,···mr ,n1,n2,··· ,ns,0))‖p on X
satisfying the following four conditions:
(i) ‖(d1(x11,0), . . . ,dn(xm1,m2,···mr ,n1,n2,··· ,ns,0))‖p = 0 if
and and only if

d1(x11,0), . . . ,dm1,m2,···mr ,n1,n2,··· ,ns(xm1,m2,···mr ,n1,n2,··· ,ns,0)
are linearly dependent,
(ii) ‖(d1(x11,0), . . . ,dm1,m2,···mr ,n1,n2,··· ,ns(xm1,m2,···mr ,n1,n2,···,ns,0))‖p is invariant
under permutation,
(iii) ‖(αd1(x11,0), . . . ,dm1,m2,···mp,n1,n2,··· ,nq(xm1,m2,···mr ,n1,n2,··· ,ns,0))‖p =

|α |‖(d1(x11,0), . . . ,dn(xm1,m2,···mp,n1,n2,··· ,nq ,0))‖p,α ∈ R

(iv) dp
(

(x11,y11),(x12,y12) · · · (xm1,m2,···mr ,n1,n2,··· ,ns,ym1,m2,···mr ,n1,n2,··· ,ns)
)

=
(

dX(x11,x12, · · ·xm1,m2,···mr ,n1,n2,···,nq)
p+dY(y11,y12, · · ·ym1,m2,···mp,n1,n2,···,ns)

p
)1/p

f or1≤ p< ∞; (or)
(v) d

(

(x11,y11),(x12,y12), · · · (xm1,m2,···mr ,n1,n2,··· ,ns,ym1,m2,···mr ,n1,n2,···,ns)
)

:=
sup

{

dX(x11,x12, · · · xm1,m2,···mr ,n1,n2,··· ,ns),dY(y11,y12, · · ·ym1,m2,···mr ,n1,n2,··· ,ns)
}

,

for x11,x12, · · ·xm1,m2,···mr ,n1,n2,··· ,ns ∈
X,y11,y12, · · ·ym1,m2,···mr ,n1,n2,··· ,ns ∈ Y is called the p−
product metric of the Cartesian product of
m1,m2, · · ·mr ,n1,n2, · · · ,ns metric spaces is thep− norm
of the m × n-vector of the norms of the
m1,m2, · · ·mr ,n1,n2, · · · ,ns subspaces.

A trivial example of p product metric of
m1,m2, · · ·mr ,n1,n2, · · · ,ns metric space is thep norm
space isX = R equipped with the following Euclidean
metric in the product space is thep norm:

‖(d1(x11,0), . . .,dn(xm1,m2,···mr ,n1,n2,···,ns,0))‖E =

sup
(

|det(dm1,m2,···mr ,n1,n2,···,ns

(

xm1,m2,···mr ,n1,n2,···,ns

)

)|
)

=

sup





















∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

d11
(

x11,0
)

d12
(

x12,0
)

... d1n

(

x1,n1,n2,···,ns,0
)

d21
(

x21,0
)

d22
(

x22,0
)

... d2n

(

x2,n1,n2,···,ns,0
)

.

.

.

dm1n1
(

xm1n1,0
)

dm2n2
(

xm2n2,0
)

... dm1,m2,···mr ,n1,n2,···,ns

(

xm1,m2,···mr ,n1,n2,···,ns,0
)

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣





















where xi = (xi1, · · ·xi,n1,n2,··· ,ns) ∈ Rn for each
i = 1,2, · · ·m1,m2 · · ·mr .
If every Cauchy sequence inX converges to someL ∈ X,
then X is said to be complete with respect to thep−
metric. Any completep− metric space is said to bep−
Banach metric space.

By a lacunary sequenceθ = (mrns) , wherem0n0 = 0,
we shall mean an increasing sequence of non-negative
integers withhrs = mrns− mr−1ns−1 → ∞ as r,s → ∞.
The intervals determined byθ will be denoted by
Irs = (mr−1ns−1,mrns] .

Let F = ( fmn) be amn− sequence of moduli musielak
such that limu→0+supmnfmn(u) = 0. Throughout this
paperχ2

Auv
− convergence ofp− metric ofmn− sequence

of musielak modulus function determinated byF will be
denoted byfmn∈ F for everym,n∈ N.

The purpose of this paper is to introduce and study a
concept of lacunary strongχ2

Auv
− convergence ofp−

metric with respect to amn− sequence of moduli
musielak. We now introduce the generalizations of
lacunary stronglyχ2

Auv
− convergence ofp− metric with

respect amn− sequence of musielak modulus function
and investigate some inclusion relations.

Let A denote a sequence of the matrices

Auv =
(

am1···mr n1···ns
k1···kr ℓ1···ℓs

(uv)
)

of complex numbers. We write

for any sequencex= (xmn) ,yi j (uv) = Auv
i j (x) =

∑∞
m1···mr ∑∞

n1···ns

(

a
m1···mr n1···ns
k1···kr ℓ1···ℓs

(uv)

)

(

(

m1 · · ·mr +n1 · · ·ns
)

!
∣

∣

∣xm1···mr n1···ns

∣

∣

∣

)1/m1···mr+n1···ns if
it exits for each i and uv. We
Auv(x) =

(

Auv
i j (x)

)

i j
,Ax= (Auv(x))uv.
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2.1 Definition

Let F =
(

f i j
m1···mr n1···ns

)

be a mn− sequence of moduli

musielak, A denote the sequence of four dimensional
infinte matrices of complex numbers andX be locally
convex Hausdorff topological linear space whose
topology is determined by a set of continuous semi norms
η and
(

X,
∥

∥

(

d(x11,0) ,d(x12,0) , · · · ,d
(

xm1,m2,···mr−1n1,n2,···ns−1 ,0
))∥

∥

p

)

be a p−metric space,q = (qi j ) be double analytic
sequence of strictly positive real numbers. Byw2 (p−X)
we denote the space of all sequences defined over
(

X,
∥

∥

(

d(x11,0) ,d(x12,0) , · · · ,d
(

xm1,m2,···mr−1n1,n2,···ns−1 ,0
))∥

∥

p

)

.

In the present paper we define the following sequence
spaces:

[

χ2qη
Af Nα

θ
,
∥

∥

∥

(

d
(

x11
)

,d
(

x12
)

, · · · ,d
(

xm1,m2,···mr−1n1,n2,···ns−1

))∥

∥

∥

p

]

=

limrs

{[

fi j

(

∥

∥

∥Nα
θ (x) , ,

(

d
(

x11,0
)

,d
(

x12,0
)

, · · · ,d
(

xm1,m2,···mr−1n1,n2,···ns−1 ,0
))∥

∥

∥

p

)]qi j
= 0

}

,

whereNα
θ (x) =

1
hα
rs

∑i∈Irs ∑ j∈Irs

(

η
(

Auv
i j

(

(

(

m1 · · ·mr +n1 · · ·ns
)

!
∣

∣

∣xm1···mr n1···ns

∣

∣

∣

)1/m1···mr+n1···ns
)))

,

uniformly in uv

[

Λ2qη
Af Nα

θ
,
∥

∥

∥

(

d
(

x11,0
)

,d
(

x12,0
)

, · · · ,d
(

xm1,m2,···mr−1n1,n2,···ns−1 ,0
))∥

∥

∥

p

]

=

suprs

{[

fuv

(

∥

∥

∥
Nα

θ (x) ,
(

d
(

x11,0
)

,d
(

x12,0
)

, · · · ,d
(

xm1,m2,···mr−1n1,n2,···ns−1 ,0
))∥

∥

∥

p

)]qi j
< ∞

}

wheree=















1 1 ...1
1 1 ...1
.
.
.
1 1 ...1















.

3 Main Results

3.1 Proposition
[

χ2qη
Af Nα

θ
,
∥

∥

∥

(

d(x11,0) ,d(x12,0) , · · · ,d
(

xm1,m2,···mr−1n1,n2,···ns−1 ,0
))∥

∥

∥

p

]

and
[

Λ 2qη
Af Nα

θ
,
∥

∥

∥

(

d(x11,0) ,d(x12,0) , · · · ,d
(

xm1,m2,···mr−1n1,n2,···ns−1 ,0
))

∥

∥

∥

p

]

are

linear spaces.
Proof: It is routine verification. Therefore the proof is
omitted.

The inclusion relation between
[

χ2qη
Af Nα

θ
,
∥

∥

∥

(

d(x11,0) ,d(x12,0) , · · · ,d
(

xm1,m2,···mr−1n1,n2,···ns−1 ,0
))∥

∥

∥

p

]

and
[

Λ 2qη
Af Nα

θ
,
∥

∥

∥

(

d(x11,0) ,d(x12,0) , · · · ,d
(

xm1,m2,···mr−1n1,n2,···ns−1 ,0
))

∥

∥

∥

p

]

.

3.2 Theorem

Let A be amn− sequence the four dimensional infinite

matricesAuv =
(

am1···mr n1···ns
k1···kr ℓ1···ℓs

(uv)
)

of complex numbers

andF =
(

f i j
mn

)

be amn− sequence of moduli musielak.

If x= (xmn) lacunary strongAuv− convergent of orerα to
zero thenx = (xmn) lacunary strongAuv− convergent of
orderα to zero with respect tomn− sequence of moduli
musielak, (i.e)
[

χ2qη
ANα

θ
,
∥

∥

(

d(x11,0) ,d(x12,0) , · · · ,d
(

xm1,m2,···mr−1n1,n2,···ns−1,0
))∥

∥

p

]

⊂
[

χ2qη
A fNα

θ
,
∥

∥

(

d(x11,0) ,d(x12,0) , · · · ,d
(

xm1,m2,···mr−1n1,n2,···ns−1 ,0
))∥

∥

p

]

Proof: Let F =
(

f i j
mn

)

be a mn− sequence of moduli

musielak and put sup fi jmn(1) = T. Letx = (xmn) ∈
[

χ2qη
ANα

θ
,
∥

∥

(

d(x11,0) ,d(x12,0) , · · · ,d
(

xm1,m2,···mr−1n1,n2,···ns−1,0
))∥

∥

p

]

andε > 0. We choose 0< δ < 1 such thatf i j
mn(u) < ε for

everyu with 0≤ u≤ δ (i, j ∈ N) . We can write
[

χ2qη
A fNα

θ
,
∥

∥

(

d(x11,0) ,d(x12,0) , · · · ,d
(

xm1,m2,···mr−1n1,n2,···ns−1 ,0
))∥

∥

p

]

=

[

χ2qη
A fNα

θ
,
∥

∥

(

d(x11,0) ,d(x12,0) , · · · ,d
(

xm1,m2,···mr−1n1,n2,···ns−1 ,0
))∥

∥

p

]

+

[

χ2qη
A fNα

θ
,
∥

∥

(

d(x11,0) ,d(x12,0) , · · · ,d
(

xm1,m2,···mr−1n1,n2,···ns−1 ,0
))∥

∥

p

]

where the first part is over≤ δ and second part is over
> δ . By definition of Musielak modulusf i j

mn for everyi j ,
we have
[

χ2qη
Af Nα

θ
,
∥

∥

∥

(

d(x11,0) ,d(x12,0) , · · · ,d
(

xm1,m2,···mr−1n1,n2,···ns−1 ,0
))

∥

∥

∥

p

]

≤ εH2 +

(

2Tδ−1
)H2

[

χ2qη
Af Nα

θ
,
∥

∥

∥

(

d(x11,0) ,d(x12,0) , · · · ,d
(

xm1,m2,···mr−1n1,n2,···ns−1 ,0
))∥

∥

∥

p

]

.

Therefore x = (xmn) ∈
[

χ2qη
A fNα

θ
,
∥

∥

(

d(x11,0) ,d(x12,0) , · · · ,d
(

xm1,m2,···mr−1n1,n2,···ns−1 ,0
))∥

∥

p

]

.

3.3 Theorem

Let A be amn− sequence of the four dimensional infinite

matricesAuv =
(

am1···mr n1···ns
k1···kr ℓ1···ℓs

(uv)
)

of complex numbers,

q = (qi j ) be a mn− sequence of positive real numbers

with 0< in f qi j = H1 ≤ supqi j = H2 > ∞ andF =
(

f i j
mn

)

be a mn− sequence of moduli Musielak. If

limu,v→∞in fi j
fi j (uv)

uv > 0, then
[

χ2qη
A fNα

θ
,
∥

∥

(

d(x11,0) ,d(x12,0) , · · · ,d
(

xm1,m2,···mr−1n1,n2,···ns−1 ,0
))∥

∥

p

]

=
[

χ2qη
ANα

θ
,
∥

∥

(

d(x11,0) ,d(x12,0) , · · · ,d
(

xm1,m2,···mr−1n1,n2,···ns−1,0
))∥

∥

p

]

.

Proof: If limu,v→∞in fi j
fi j (uv)

uv > 0, then there exists a
numberβ > 0 such thatfi j (uv) ≥ βu for all u ≥ 0 and
i, j ∈ N. Let x= (xm1 · · ·mrn1 · · ·ns) ∈
[

χ2qη
A fNα

θ
,
∥

∥

(

d(x11,0) ,d(x12,0) , · · · ,d
(

xm1,m2,···mr−1n1,n2,···ns−1 ,0
))∥

∥

p

]

.

Clearly
[

χ2qη
A fNα

θ
,
∥

∥

(

d(x11,0) ,d(x12,0) , · · · ,d
(

xm1,m2,···mr−1n1,n2,···ns−1 ,0
))∥

∥

p

]

≥

β
[

χ2qη
ANα

θ
,
∥

∥

(

d(x11,0) ,d(x12,0) , · · · ,d
(

xm1,m2,···mr−1n1,n2,···ns−1 ,0
))∥

∥

p

]

.

Therefore
x = (xm1 · · ·mrn1 · · ·ns) ∈
[

χ2qη
ANα

θ
,
∥

∥

(

d(x11,0) ,d(x12,0) , · · · ,d
(

xm1,m2,···mr−1n1,n2,···ns−1,0
))∥

∥

p

]

.

By using Theorem 3.2, the proof is complete.
We now give an example to show that

[

χ2qη
Af Nα

θ
,
∥

∥

∥

(

d(x11,0) ,d(x12,0) , · · · ,d
(

xm1,m2,···mr−1n1,n2,···ns−1 ,0
))

∥

∥

∥

p

]

6=
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[

χ2qη
ANα

θ
,
∥

∥

∥

(

d(x11,0) ,d(x12,0) , · · · ,d
(

xm1,m2,···mr−1n1,n2,···ns−1 ,0
))∥

∥

∥

p

]

in the

case whenβ = 0. ConsiderA = I , unit matrix, η (x) =
((m1 · · ·mr +n1 · · ·ns)! |xm1···mr n1···ns|)

1/m1···mr+n1···ns ,

qi j = 1 for every i, j ∈ N and f i j
mn(x) =

|xm1···mr n1···ns|
1/((m1···mr+n1···ns)(i+1)( j+1))

((m1···mr+n1···ns)!)
1/m1···mr+n1···ns

(i, j ≥ 1,x> 0) in the

caseβ > 0. Now we definexi j = hα
rs if i, j = mrns for

somer,s≥ 1 andxi j = 0 otherwise. Then we have,
[

χ2qη
Af Nα

θ
,
∥

∥

∥

(

d(x11,0) ,d(x12,0) , · · · ,d
(

xm1,m2,···mr−1n1,n2,···ns−1 ,0
))∥

∥

∥

p

]

→ 1 as

r,s→ ∞

and so x =
(

xm1···mr n1···ns

)

/∈
[

χ2qη
ANα

θ
,
∥

∥

∥

(

d(x11,0) ,d(x12,0) , · · · ,d
(

xm1,m2,···mr−1n1,n2,···ns−1 ,0
))∥

∥

∥

p

]

The inclusion Relation between
[

χ2qη
Af Nα

θ
,
∥

∥

∥

(

d(x11,0) ,d(x12,0) , · · · ,d
(

xm1,m2,···mr−1n1,n2,···ns−1 ,0
))∥

∥

∥

p

]

and
[

χ2η
ASα

θ
,
∥

∥

∥

(

d(x11,0) ,d(x12,0) , · · · ,d
(

xm1,m2,···mr−1n1,n2,···ns−1 ,0
))∥

∥

∥

p

]

.

In this section we introduce natural relationship
between lacunaryAuv− statistical convergence of orderα
and lacunary strongAuv− convergence of orderα with
respect tomn− sequence of moduli Musielak.

3.4 Definition

Let θ be a lacunarymn− sequence. Then amn−
sequencex = (xm1···mr n1···ns) is said to be lacunary
statistically convergent of orderα to a number zero if for
every ε > 0, limrs→∞h−α

rs |Kθ (ε)| = 0, where |Kθ (ε)|
denotes the number of elements inKθ (ε) =
{

i, j ∈ Irs :
(

(m1 · · ·mr +n1 · · ·ns)!
∣

∣xm1···mr n1···ns −0
∣

∣

)1/m1···mr+n1···ns ≥ ε
}

.The
set of all lacunary statistical convergent of orderα of
mn− sequences is denoted bySα

θ .

Let Auv =
(

am1···mr n1···ns
k1···kr ℓ1···ℓs

(uv)
)

be an four dimensional

infinite matrix of complex numbers. Then amn−
sequencex = (xm1···mr n1···ns) is said to be lacunaryA−
statistically convergent of orderα to a number zero if for
every ε > 0, limrs→∞h−α

rs |KAθ (ε)| = 0, where
|KAθ (ε)|denotes the number of elements in
KAθ (ε) =
{

i, j ∈ Irs :
(

(m1 · · ·mr +n1 · · ·ns)!
∣

∣xm1···mr n1···ns −0
∣

∣

)1/m1···mr+n1···ns ≥ ε
}

.The
set of all lacunaryA− statistical convergent of orderα of
mn− sequences is denoted bySα

θ (A) .

3.5 Definition

Let A be amn− sequence of the four dimensional infinite

matricesAuv =
(

am1···mr n1···ns
k1···kr ℓ1···ℓs

(uv)
)

of complex numbers

and let q = (qi j ) be a mn− sequence of positive real
numbers with 0< in f qi j = H1 ≤ supqi j = H2 < ∞. Then
a mn− sequencex= (xm1···mr n1···ns) is said to be lacunary
Auv− statistically convergent of orderα to a number zero

if for every ε > 0, limrs→∞h−α
rs

∣

∣KAθη (ε)
∣

∣ = 0, where
∣

∣KAθη (ε)
∣

∣ denotes the number of elements in
KAθ η (ε) =
{

i, j ∈ Irs :
(

(m1 · · ·mr +n1 · · ·ns)!
∣

∣xm1···mr n1···ns −0
∣

∣

)1/m1···mr+n1···ns ≥ ε
}

. The
set of all lacunaryAη− statistical convergent of orderα
of mn− sequences is denoted bySα

θ (A,η) .
The following theorems give the relations between

lacunary Auv− statistical convergence of orderα and
lacunary strongAuv− convergence of orderα with
respect to amn− sequence of moduli Musielak.

3.6 Theorem

Let F = ( fi j ) be amn− sequence of moduli Musielak.
Then
[

χ2qη
A fNα

θ
,
∥

∥

(

d(x11,0) ,d(x12,0) , · · · ,d
(

xm1,m2,···mr−1n1,n2,···ns−1 ,0
))∥

∥

p

]

⊆

[

χ2η
ASα

θ
,
∥

∥

(

d(x11,0) ,d(x12,0) , · · · ,d
(

xm1,m2,···mr−1n1,n2,···ns−1,0
))∥

∥

p

]

if and only if limi j→∞ fi j (u)> 0,(u> 0) .
Proof: Let ε > 0 andx= (xm1···mr n1···ns) ∈
[

χ2qη
A fNα

θ
,
∥

∥

(

d(x11,0) ,d(x12,0) , · · · ,d
(

xm1,m2,···mr−1n1,n2,···ns−1 ,0
))∥

∥

p

]

.

If limi j→∞ fi j (u) > 0,(u> 0) , then there exists a numberd > 0
such thatfi j (ε)> d for u> ε andi, j ∈ N. Let
[

χ2qη
A fNα

θ
,
∥

∥

(

d(x11,0) ,d(x12,0) , · · · ,d
(

xm1,m2,···mr−1n1,n2,···ns−1 ,0
))∥

∥

p

]

≥

h−α
rs dH1KAθη (ε) . It follows that
[

χ2η
A fSα

θ
,
∥

∥

(

d(x11,0) ,d(x12,0) , · · · ,d
(

xm1,m2,···mr−1n1,n2,···ns−1 ,0
))∥

∥

p

]

.

Conversely, suppose thatlimi j→∞ fi j (u) > 0 does not
hold, then there is a numbert > 0 such that
limi j→∞ fi j (t) = 0. We can select a lacunarymn−
sequenceθ = (m1 · · ·mrn1 · · ·ns) such thatfi j (t) < 2−rs

for any i > m1 · · ·mr , j > n1 · · ·ns. Let A = I , unit matrix,
define themn− sequencex by putting
xi j = t if m1,m2, · · ·mr−1n1,n2, · · ·ns−1 < i, j <
m1,m2,···mr n1,n2,···ns+m1,m2,···mr−1n1,n2,···ns−1

2 and xi j = 0 if
m1,m2,···mr n1,n2,···ns+m1,m2,···mr−1n1,n2,···ns−1

2 ≤ i, j ≤
m1,m2, · · ·mrn1,n2, · · ·ns. We have x = (xm1···mr n1···ns) ∈
[

χ2qη
A fNα

θ
,
∥

∥

(

d(x11,0) ,d(x12,0) , · · · ,d
(

xm1,m2,···mr−1n1,n2,···ns−1 ,0
))∥

∥

p

]

but x /∈
[

χ2η
ASα

θ
,
∥

∥

(

d(x11,0) ,d(x12,0) , · · · ,d
(

xm1,m2,···mr−1n1,n2,···ns−1,0
))∥

∥

p

]

.

3.7 Theorem

Let F = ( fi j ) be amn− sequence of moduli Musielak.
Then
[

χ2qη
A fNα

θ
,
∥

∥

(

d(x11,0) ,d(x12,0) , · · · ,d
(

xm1,m2,···mr−1n1,n2,···ns−1 ,0
))∥

∥

p

]

⊇

[

χ2η
ASα

θ
,
∥

∥

(

d(x11,0) ,d(x12,0) , · · · ,d
(

xm1,m2,···mr−1n1,n2,···ns−1,0
))∥

∥

p

]

if and only if supusupi j fi j (u)< ∞.
Proof: Let x ∈
[

χ2η
ASα

θ
,
∥

∥

(

d(x11,0) ,d(x12,0) , · · · ,d
(

xm1,m2,···mr−1n1,n2,···ns−1,0
))∥

∥

p

]

.

Suppose thath(u) = supi j fi j (u) andh= supuh(u) . Since
fi j (u)≤ h for all i, j andu> 0, we have for allu,v,
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[

χ2η
ASα

θ
,
∥

∥

∥

(

d(x11,0) ,d(x12,0) , · · · ,d
(

xm1,m2,···mr−1n1,n2,···ns−1 ,0
))∥

∥

∥

p

]

≤

hH2h−α
rs |KAθ η (ε)|+ |h(ε)|H2 . It follows from ε → 0 that

x∈

[

χ2qη
Af Nα

θ
,
∥

∥

∥

(

d(x11,0) ,d(x12,0) , · · · ,d
(

xm1,m2,···mr−1n1,n2,···ns−1 ,0
))∥

∥

∥

p

]

.

Conversely, suppose thatsupusupi j fi j (u) = ∞. Then we
have
0 < u11 < · · · < ur−1s−1 < urs < · · · , such that
fmr ns (urs)≥ hα

rs for r,s≥ 1. Let A= I , unit matrix, define
the mn− sequence x by putting xi j = urs if
i, j = m1m2 · · ·mrn1n2 · · ·ns for some r,s = 1,2, · · · and
xi j = 0 otherwise. Then we havex ∈
[

χ2η
ASα

θ
,
∥

∥

∥

(

d(x11,0) ,d(x12,0) , · · · ,d
(

xm1,m2,···mr−1n1,n2,···ns−1 ,0
))

∥

∥

∥

p

]

but

x /∈

[

χ2qη
Af Nα

θ
,
∥

∥

∥

(

d(x11,0) ,d(x12,0) , · · · ,d
(

xm1,m2,···mr−1n1,n2,···ns−1 ,0
))∥

∥

∥

p

]

.

4 Conclusion

We study characterization of certain lacunary strong
χ2

Auv
−convergence with respect to amn sequence of

moduli Musielak and lacunary χ2
Auv

− statistical
convergence, whereA is a sequence of four dimensional

matricesA(uv) =
(

am1···mr n1···ns
k1···kr ℓ1···ℓs

(uv)
)

and also inclusion

results are discuss about in above sequence spaces.
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