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1 Introduction as Baskakov operators now a days. Mihesgirgpve an
important generalization of Baskakov operators depending

For f € C[0,1], Bernstein 1] defined the linear positive on aconstard > 0, independent on as

operators which are the classical example of linear

approximation as Ba(f;x) = g W (X) T (E), 3)
K=o
n k
Bn(10 = 5 (1) P (5 ). 1) where

ax n.a Xk
whereP, k(x) = X(1 - x)" X, x € [0,1] andn € N. In this h(X) = € Tx pk(k,’ ) T 4)
paper, Bernstein showed that these operators approximate '
uniformly on [0,1] to every continuous function < \aa _ 2 M (). ki
f € C[0,1]. But these operators are not suitable for such thatkgown’k(x) =1 andp(n.a) = éo (1 (m)ia™",
discontinuous functions. Later on, Kantorovict?] [ with (n)g = 1,(n)j = n(n+1)...(n+i —1). Wafi and
generalized the operatorsl)( to approximate the Khatoon p] defined a generalized Baskakov-Kantorovich
measurable functions (see Lorengf)[ Forn€ N and  operators orj0, ) as follows
f € Lp[0,1], 1 < p < «, the Kantorovich operators
Kn : Lp([0,1]) = Lp([0,1]) defined by

1

=
+

" VA0 =1 S W () / F(t)dt. )
n n+1 K=0 L(
Kn(fi%) = (N+1) 3 Priclx) / f(t)dt. ) i
k=0 Jo Several authors (see 7]f[11]) have studied the
n+

approximation properties for the operators defined3)y (
In 1957, Baskakov4] introduced a sequence of positive and 6) in different type of spaces. The Stancu operators
linear operators for continuous functions which is known [12] and its Kantorovich versionl1f] are respectively
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given by We can rewrite this equation as
n k+a Gt
BIP(£;0 = (n+B+1) T X1 —x)" (—> (6) u ® nt+a\ n
& n+p Wit = 0+p) S W0 | (555 Jarp
kta+1 n
n n+B+1 L
KEP(f;) = (n+B+1) § x(1-x"k / f(t)dt, (7) Cn Y WA (X / (nt+a)dt
k=0 k+a ; " k n+ g
n+B+1 %
wherea, 3 are any two non negative real numbers such k+l

that 0< a < B. If a = B = 0, the operatorsg} and (7) _ns W (x /n AL
reduce to operatorsl) and @) respectively. Recently, a kZO k(X 20
many authors have studied in this direction for instance B

([14], [15], [1€], [17], [18] & [19). In this article, we a \™
define generalized Baskakov-Kantorovich-Stancu type X (W) dt

opeators as follows _ _
kt+a+1 ! a m
-2,(7)(w7s) (55)
| tod ®) "\ /avs) (e

k+a

k+1
e X n ;Wnak / t'dt

whereW?, (x) is defined in ). Fora = B = 0, we get the
i a - asti.
306 (%)

operators ). In this paper, we study the universal
Korovkin type theorem, order of approximation using
Lemma 2.3Leta,x> 0. Then

Py

Six

TE (%) = (N+B) T Wi (X
k=0

Ditzian modulus of smoothness, Peeter's K-functional,
second modulus of continuity, Lipschitz class and
weighted Korovkin type theorem.

. T"“E(t'x) __n et a X 20+1
2 Basic results na (b nt B ntBlix 2ntp)
n(1+n) , 2n(l1+a) a? x2
Lemma 2.1[9] Let a, x> 0 andn= 1,2 3.... Then, we TOBt2x) = X X+
pave O g e B e
2an  x? 2a(l+a) x

V3(1;x) = 1, + +

(1) ax 1 (n+B)? (1+x)  (n+p)? 1+x
Vna(t,X):X+ (1—|—X)+%7 3a2++60+1

a2 ttNa 1 2 ¥ 3(n+B)
Vi (t5%) = X"+ 32 +— + m Proof. From Lemma 2.1 and recursive relation in Lemma

22l 5 2.2, we prove Lemma 2.3.
T 5 ax_ Lemma 2.4Let i(t) = (t —x)",i = 1,2,3,.... Then, we
n(1+x)  n(1+x) have
Lemma 2.2For alla> 0, x € [0,0) and 0< a < B, we  ToaP ($(t);x) = 1,
have the following recursive relation betweﬁfgﬁ(tm;x), T8 (gd(t): x) = n i a X 2a+1
m=0,1,2,...andVi(t';x),i=0,1,2,... wheref(t) =t'is na XA n+pB n+B1+x 2(n+p)’
the test function as i N T (U200 n+ B2 n— (20+1)BX a2
m — ’ =

T =5 (m) ( A ) ( a ) vaig. M+B7 T ntp?  n+BR

’ S \i/\n+B/ \n+p y X2 2 ¥ a(2+2a)
Proof. From equation&), we have (142 (n+P)?(1+x)  (n+p)?

cart X 3a%+6a+1

op ° ntp 1+x 3(n+B)2

Ta™ (f1x) = (n+B)kZOW” K(x) f(t)dt. Proof. By using the linearity property and Lemma 2.3, we
B ha can easily prove Lemma 2.4.
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3 Rate of convergence

LetE = {f :X € [0,00), ffr’)?z is convergent ag — oo}, and

modulus of continuity off € C[0, ) is defined by
w(f;6) = 100 = f(YI,

sup
X,Y€([0,0),[x-y| <6

whereC[0,«) denotes the space of uniformly continuous
functions on0, ). For anyd > 0 andx € [0, ), we know

that

|f<x>—f<y>|sw<f:6>< +1>.
Theorem 3.1For f € C[0,0)E, we have
lim TP (%) = £(x),

XYl
5

(9)

uniformly in [0, ).
Proof. Using Lemma 2.3, we find

P TAB () g D
rll_r;rlcha (tx) =X, i=0,1,2,

uniformly in [0,0). Applying universal Korovkin-type
property (vi) of Theorem 4.1.4 in2[], we get the
required result.

Theorem 3.2If f € C[0,)NE, then, we have

Tl (£, = ()] < 200(f; 87F),

whered = /ToP (w2(t);x).

Proof. Using (9), we have

TEB(EX)— 1] < (0+B) T Wi
k=0

kt+a+1
n+pB

[£(t) - f(x[dt

(10)

(n+B)
5

T (f:%) = F(0)] < {1+

kt+a+1

%Wrik(x)
K=
n+B

/|t_x|dt}w(f;5gf). (11)

kta
n+B

Applying the Cauchy-Schwarz inequality, we have

kta+1 kt+a+1
n+B 1 n+B 1/2
/ |t —x|dt < < / |t—x|2dt> :
A Vvn+pB o
n+p n+B

this implies that

kt+a+1
n+B

hd 1
> Wik / it — x|dt <
k= kta

n+B

B

kta+1
n+B

1/2
/ |t—x|2dt> 12
kia
n+pB

X

VR

using (L2) in (11), we get

naép (g2

1+—T’ 5 U }w(f;é,ﬁ{éﬁ).

ITn‘TéB(f:X)—f(X)IS{

Now, we prove the following Theorem for the first
order differentiable functions as

Theorem 3.3If f/(x) has continuous derivative oV, o)
andwy (f';9) is the modulus of continuity of’(x), then,
for0< a < B andx e [0,b],b < o, we have

ITEE(F%) — F(X)] < o ((n+B) 1)/ TadP (w2(t);%)

x{1+\/_(n+B) n‘,’fwxz(t):x)}.

Proof. It is known that

f(x1) = f(x2) = (xa —x2) f'(&),
= (x2—%2) f'(x)

+0a—x)[F'(&) = F'(x)], (13)

for x1,%2 € [0,b] andx; < & < x,. Also, we have (se€d],
Theorem 1.6.2, pp. 21)

(=) [F(&) = ' (x)]| < x1— X2l (A + D)an(8), (14)

whereA = A (X1, X2; 0). Next, we find

Tl (£ — F(0)] =

(n+B) éow:tk<x>

kt+a+1
n+B

f(t) — f(x)dt‘. (15)
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Using (13) and (14), we get 4 Direct Estimates
|Tncféﬁ(f;x) —fX)| < [(n+P) Z)Wrik(x) Ditzian-Totik Modulus of smoothnes27] is defined as:
2 (f. 2
w,(f;0) = sup | A f(x) |,
s ¢/\( ) o<hgp§H ho0o T OO |l
x| (x—t)f (Xt = sup sup | f(x—h¢?(x)) - 2f(x)
0<h<d A
g <h< x+h¢A €[0,00)
" + Fx+he* (9,
+w(0)(n+B) : . .
Kol where¢2(x) =X(x+1). And, Peetre’s K-functionalfl] is
o nip given by
xS W) / (A + 1)t —x/dt . .
k=0 Kia Kpr (F,0%) = inf{ |f —dllcioe) + O°19°AG [|cjo,) )
np ¢ ¢}
< w0 04 p) 2 e " 9.9’ € AGoc. (16)
S n X
N kZo nk The K-functional is equivalent to the modulus of
gl smoothness, i.e.,
ntB
-1 2 2
~ / It —x|dt+ (n+ B) z C K¢A(f6)<a),\(f 5)<CK¢,\(f6)C>0 a7)
ke First result based on Ditziaz-Totik modulus of smoothness
krasl was given by DitzianZ2] for the Bernstein polynomials
ntp as:
X H/a |t—x|)\(x,t;5)dt} Bn(f;x) — f(X)| <Cw A (f, n‘?d)( M),
B
Here, we give the similar result for the operaTéth.
< wl(éf){(nw >
ktatd Theorem 4.1Let f € C[0,). Then, we have
_ a 1
x / [t =xdt+(n+B) ZWnk TEE (£ — £(9] < Cwl (f.(1+B) 2o (),
kt+a
B
S for large value ofn,where 0< A < 1, ¢?(x) = x(x+ 1).
n+p Proof. Using (L6) and (L7), we have
x / ( )2dt} 1
e I f—gllcpem < Awpy (f.(N+B)"Z9(x)1 "),  (18)

B a,p 2.
< 001(5n)< nd (WX (n+B8)" ¢(0* 2020’ llciow)

. n‘,’aﬁ(wf;x>> < BawZ, (f.(n+B) 29 (x)* ). (19)
&
= (&) T (W)

Choosinggn = gy« for fixedxandA such that

ITaef (£33) — £ (0] < [T (F —gnix) — (f — gn) (¥)]

T‘LE 2’
« {Hiwa éwx ! } + T8 (Gni%) — Gn(X)|:
o <2[[ f=0nllcow)
Takingd? = (n+B)~L, we get + TP (Gni %) — an(9)].

From (18), we get

} TRl (£ = F(9] < 2802, (F,(n+B) 26 (™)
' + TP (9019 — gn()]. (20)

ITEE(f:x) — F(%)] < wu((n+B) Y P (W2(t);%)
y {1+\/(n+ﬁ)

(@© 2016 NSP
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Now, the last term can be calculated by using Taylor'swherecw;(f;d) is the second order modulus of continuity
formula is defined as

TP (Gn(t) — gn(X);X)| wo(f,V8)= sup sup |f(x+2h)—2f(x+h)+ f(x)].
0<h§\/SXE[0,°°)

X
T (/(X_ u)gn(u)du; X) ‘ Theorem 4.2Let f € C3[0,). Then for allx € [0, ) there
t exist a constar@ > 0 such that

< 1G0T ((E = %);%)] +

_k ¥
<78 (ol [0 Wlakwauix) T~ 100 | < Can(y Y )
K
" +w<f:Tn‘?é’3(wx:X>>,
<1199 llcioe) —zrror Tnd (t=%)%%)
V92 (x)
where
<169 lico) 2A1 n+2p2 n—p 2a? X
Ny WEC) =\ e T T B e BT
X(x+1) (n+B)Taa ((t —x)%%)
n-+p X(X+1) +a(3+4a) X Jr70{2+4or+2
< 107 g PRUNE) (n+B72 T+x " 3(n+p)
cpo 22
ap 2¢ ®) Proof. First, we define the auxiliary operators
(N+B)Tha” ((t—=x)%x) .
X XOCE D) : TAB(F;x) = TEP (%) + () — f(/\gf (x)),
< (169} llcioee) 9 M () (n+B) where
: . 2a+1
(n-+ B)Tad (L= %% AZP :( B ) a__x
x Xn(;+1) - na (%) n+p X+n+Bl+x+2(n+B)+X
We find that
For the large value af, we get -l“-naﬁ(l;x) 1,
(n+B)Twid ((t —x)%X) -
- < a7E - —
X(14%) st (21) TPt =0,
From (20) and @1), we have TP (;x)| < 3||f]|. (23)
ITn‘f’éB(gn(t) gn(X);%)| < Bw ¢A (f ,(n+B)’%¢(x)1’A). Letg € C3[0,). By the Taylor's theorem
(22)
Using 1) and @2), we get g(t) =g(x) + (t—x)g'(x) + /(t —v)g’(v)dv. (24)
TP (F(1) = f(0:%)] < Mo} (f, (n+B)1/2¢(X)lA>v Now, using 24) and the auxiliary operatorg8®) is given
whereM = max2A, B). TP (99 —9(x) = g O TP (t—x %)
t
A8 ( [t-vg' wavx)
Let Cg[0,) denote the space of real valued 4
continuous and bounded functiorison [0,%) endowed t
with the norm||f|| = sup |f(x)|. Then, for anyd > O, _ / dvx)
0<x< 0
Peeter’s K-functional is defined as X
t
Ko(f,8) =inf{|f —g|+8||g"| : g€ C3[0,)},
2(1,8) = inf{||f —g|l +3]lg"|| : g € C3[0.)} — 188 ( [t-vg'waux)
whereC3[0,) = {g € Cg[0,») : ¢',g" € Cg[0,)}. By X
Devore and Lorentz §3], p.177, Theorem 2.4], there 28E (%

exits an absolute constadt> 0 such that
Ka(f;3) < Can(f;V3),

(© 2016 NSP
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Therefore
t
TeP(gx - 9l < [T ([ t-vg'vaux)
e (X)X
+ / (/\,ffgf (X) —v) g’(v)dv|
Since '

t

Jt—vgwav

X

<(t- "l

X% g

and
X

then from (25), (26) and (27), we have

g()dv

TP (g% —g(x)| < {Tn‘f'éﬁ((t—x)z;x)

2
¢ et i

= {Tn‘f'éﬁ((t —X)% )

2
+ <Tn‘,’a’ﬁ(wx:X)> }Ig”ll

=L g

Next

Tl (F3%) = £00] < TP (F =g+ |(f — g) (x|
+ [T (g% — g(0)|
+ [FASL () = F ()]

using (28), we have

TP (£:0 = (0] < 4] f —gll+ VLl
+ w(f;Tn‘f’éB(wx;x)).

By the definition of Peetre’s K-functional

TP (F%) — F(X)] < Can(F31/yif (%)
+ o Fi TP (W) )
Now, we use the Lipschitz type space
[t—x }
t+x72 )’

wherex;t € (0,), M is a constantand & a <1,
to prove the following theorem:

Lip, = {f € Cl0,00) : [F(t) — F(X)| <M

2
< (Ar?aﬁ( ) - ) Ig” 1,

Theorem 4.3Let f € Lipy, (o) andx € (0,). Then, we

TIP(F:ix) — (x| < mwna
[Taa” (f5%) (X)\<(n+ﬁ)k;) k()

(27)

IN

%\zwz

" Tn‘féB((t—x)Z;x

X
a,p
M (An ()

X

1

1= We have

(28)

kt+a+1

<m+ﬁy/"”|mw—

2
<<§ymu(n+m/

k+a+1

k+a
n+B

Sincef € Lipy,(a), we obtain
T (£:%) = F(%)
kta+1

n+B
kta
n+B

<M(m+ﬁ>§mmwo
k=0

M
x5

M
— (TnaéB (It
X2

a,B
M(A )

kta+1

(n+B) ;Wnak / ”*B
n+

[5

<

—x[;%)¢

)

<
X

< M(n+p) ﬁwmx)

n+ B) Z)Wnak

]

Thus, the assertion hold for = 1. Now, we will prove for
€ (0,1). From the Holder inequality witlp = =

") -

t—x

have
a,p %
a.Brfy) _ < n (X)
(25) |Tn,a (f,X) f(X)| — M X 9
whereAT P (x) = TP ((t— %)% %).
Proof Let a =1 andx € (0,). Then, forf € Lip{;(1),
(26)  we have

Ckra+l
n+pB

kg
n+p

Jkra+l
n+pB

k+a
np

Ckta+l
n+pB

T (|t =)

)

TOB(f;x) — f(x)| = mwr;'*
Taia” (Fix) = £(x)] (ké K(X)

f(x)|dt>

1
a

f(x) |dt>

a
dg
t+X
a
|t—x|dt>

(@© 2016 NSP
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5 Weighted approximation

Which implies that|| T (t2x) — x2||, — 0 asn — .
Hence, proof is completed.

Here we investigate the weighted approximation theorem

on positive semi axéf),«)). We recall the weighted
spaces of the functions2§l], [25]) as follows
Bp[0,0) = {f(x) : [f(X)| < M¢p(x),p(x) is weight
function,M¢ is a constant depending drandx € [0, )},
Cy[0,) is the space of continuous function B[O, )
with the norm|| f(x)[[, = sup ‘;E—g‘ and

xe[0,00)

fo

lim 3

am_ ot = K, whereK is a constant
X|—00

Ch={feCp:
depending orf }.
Theorem 5.1Let Tn‘f’ép be the sequence of linear positive
operators defined by (8). Then fore CK,

i aBfy) _

Iim [ TP (%) — F(x)]|p = 0.

Proof To prove the theorem, it is sufficient to show that

i aB gy x|l — P
MQOHT“@ (thx) =X p =0, for i=0,1,2

Itis obvioustha%li}mHTn‘f’éﬁ(l;x) —1||p = 0. Now,from the
Lemma 2.3, we have

‘ (Tn‘féﬁ (t;x) — x‘

14+x2

T (¢5%) x| = sup

x€[0,00)
B ) X

< S

- <n—|—B Xe[gop(J)l—FXZ

a X
+ Su
N+ B e oy (LX) (102

20 +1 sup
2(N+B) xefo.e) (1+X)2

—0

I Tn‘”*B(t;x)—pr as n— oo.

Also, we can write
Ta,ﬁ t2 2
I TP (t%%) =P = sup M
’ x[0,00) 14X
n(1—2B)+ B2 X2
ST nep? Lo Te
xe[0,0)
n(2+2a) su X
(N B2 s 1+
a2 X2

T B Son T2 )

N 2an sup X2
N+ B oy LX) (L +D)
a(2+2a) X
(4B yoom (T+X)(L+%)

+ 302—1—1 sup .
3(N+P)? xejoe) (1+X3)
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