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Abstract: In this paper, we study thek−th upper record values from modified Makeham distribution and derive some simple recurrence
relations satisfied by single and product moments. These relations are deduced for moments of record values. Further, conditional
expectation and recurrence relation for single moments areused to characterize this distribution.
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1 Introduction

A random variableX is said to have a modified Makeham distribution if its probability density function(pd f ) is of the form

f (x) =
β

α

( x

α

)

β−1

exp
(( x

α

)β)
exp

(

1−exp
( x

α

)β)

x ≥ 0, α, β > 0 (1)

and the distribution function (d f ) is of the form

F̄(x) = exp
(

1−exp
( x

α

)β)
, x ≥ 0, α, β > 0, (2)

whereF̄(x) = 1−F(x).
It is easily observed that

f (x) =
β

α

( x

α

)

β−1

[1+(−lnF̄(x))]F̄(x). (3)

The relation in (3) will be used to derive some simple recurrence relations for the moments ofk−th upper record values from the
modified Makeham distribution.
This distribution has been widely used to describe human mortality and to fit actuarial data. For more details on this distribution one
can find in Kosznik-Biernacka ([11,12,13]).
Let {Xn, n ≥ 1} be a sequence of independent and identically distributed(iid) random variables withd f F(x) andpd f f (x). The j− th

order statistics ofX1,X2, . . . ,Xn is denoted byX j:n. For a fixedk ≥ 1 we define the sequence{U (k)
n , n ≥ 1} of k−th upper record times

of {Xn, n ≥ 1} as follows:

U (k)
1 = 1

U (k)
n+1 = min{ j >U (k)

n : X j: j+k−1 > X
U (k)

n :U (k)
n +k−1

}.

For k = 1 andn = 1,2, . . . , we write U (1)
n = Un. Then{Un,n ≥ 1} is the sequence of record times of{Xn, n ≥ 1}. The sequence

{Y (k)
n , n ≥ 1}, whereY (k)

n = X
U (k)

n
is called the sequence ofk−th upper record values of{Xn, n ≥ 1}. For convenience, we shall also
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takeY (k)
0 = 0. Note that fork = 1 we haveY (1)

n = XUn ,n ≥ 1, which are the record values of{Xn, n ≥ 1} (Ahsanullah [1]).

Then thepd f of Y (k)
n and the jointpd f of Y (k)

m andY (k)
n are as follows:

f
Y (k)

n
(x) =

kn

Γ (n)
[−lnF̄(x)]n−1 [F̄(x)]k−1 f (x), n ≥ 1, (4)

f
Y (k)

m ,Y (k)
n
(x,y) =

kn

Γ nΓ (n−m)
[−lnF̄(x)]m−1

f (x)

F̄(x)

×[lnF̄(x)− lnF̄(y)]n−m−1[F̄(y)]k−1 f (y), x < y, 1≤ m < n, n ≥ 2. (5)

(Dziubdziela and Kopociński [3], Grudzień [4].
The various developments on record values and related topics are extensively studied in the literature. See for example, Grudzień and
Szynal [5], Pawlas and Szynal ([14,15]), Raqab and Ahsanullah [16], Khan and Zia [10], Khan et al. [9], Ahsanullah and Nevzorov [2]
and Khan and Khan [8] among others.

2 Relations for single moments

Theorem 2.1. Fix a positive integerk ≥ 1, for n ≥ 1, n ≥ k and j = 0,1, ...,

E(Y (k)
n )

j
=

β

αβ ( j+β )
{nE(Y (k)

n+1)
j+β

− (n−k)E(Y (k)
n )

j+β
−kE(Y (k)

n−1)
j+β

}. (6)

Proof. Forn ≥ 1 and j = 0,1, ..., we have from (3) and (4)

E(Y (k)
n )

j
=

βkn

αβ Γ n

∫ ∞

0
x j+β−1[−lnF̄(x)]n−1[F̄(x)]kdx

+
βkn

αβ Γ n

∫ ∞

0
x j+β−1[−lnF̄(x)]n[F̄(x)]kdx.

Integrating by parts, takingx j+β−1 as the part to be integrated and rest of the integrand for differentiation and then simplifying the
resulting expression, we obtain the result given in Theorem2.1.
Corollary 2.1. The recurrence relation for single moments of upper record values from the modified Makeham distribution has the
form

E(X j
Un
) =

β

αβ ( j+β )
{nE(X j+β

Un+1
)− (n−1)E(X j+β

Un
)−E(X j+β

Un−1
)}. (7)

3 Relations for product moments

Theorem 3.1. For m ≥ 1, m ≥ k andi, j = 0,1,2, ...,

E[(Y (k)
m )i(Y (k)

m+1)
j] =

βk

αβ (i+β )
{E[(Y (k)

m )i+ j+β ]−E[(Y (k)
m−1)

i+β (Y (k)
m ) j}

+
mβ

αβ (i+β )
{E[(Y (k)

m+1)
i+ j+β ]−E[(Y (k)

m )i+β (Y (k)
m+1)

j}. (8)

and for 1≤ m ≤ n−2 andi, j = 0,1,2, ...,

E[(Y (k)
m )i(Y (k)

n ) j] =
βk

αβ (i+β )
{E[(Y (k)

m )i+β (Y (k)
n−1)

j]−E[(Y (k)
m−1)

i+β (Y (k)
n−1)

j}

+
mβ

αβ (i+β )
{E[(Y (k)

m+1)
i+β (Y (k)

n ) j]−E[(Y (k)
m )i+β (Y (k)

n ) j}. (9)
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Proof. From (5) for 1≤ m ≤ n−1 andi, j = 0,1,2, ...,

E[(Y (k)
m )i(Y (k)

n ) j] =
kn

Γ nΓ (n−m)

∫ ∞

0
y j f (y)I(y)dy, (10)

where

I(y) =
∫ y

0
xi[−lnF̄(x)]m−1

[−lnF̄(y)+ lnF̄(x)]n−m−1
f (x)

F̄(x)
dx.

IntegratingI(y) by parts and using (3), we obtain

I(y) =
β (n−m−1)

αβ (i+β )

∫ y

0
xi+β [−lnF̄(x)]m−1[−lnF̄(y)+ lnF̄(x)]n−m−2

f (x)

F̄(x)
dx

−
β (m−1)

αβ (i+β )

∫ y

0
xi+β [−lnF̄(x)]m−2[−lnF̄(y)+ lnF̄(x)]n−m−1

f (x)

F̄(x)
dx

+
β (n−m−1)

αβ (i+β )

∫ y

0
xi+β [−lnF̄(x)]m[−lnF̄(y)+ lnF̄(x)]n−m−2

f (x)

F̄(x)
dx

−
mβ

αβ (i+β )

∫ y

0
xi+β [−lnF̄(x)]m−1[−lnF̄(y)+ lnF̄(x)]n−m−1

f (x)

F̄(x)
dx.

Substituting this expression into (10) and simplifying, itleads to (9). Proceeding in a similar manner for the casen = m + 1 , the
recurrence relation given in (8) can easily be established.
One can also note that Theorem 2.1 can be deduced from Theorem3.1 by puttingj = 0.
Corollary 3.1. The recurrence relation for single moments of upper record values from the modified Makeham distribution has the
form

E(X i
Um

X j
Un
) =

β

αβ (i+β )
{E(X i+β

Um
X j

Un−1
)−E(X i+β

Um−1
X j

Un−1
)}+

mβ

αβ (i+β )
{E(X i+β

Um+1
X j

Un
)−E(X i+β

Um
X j

Un
)} (11)

4 Characterizations

Theorem 4.1. Fix a positive integerk ≥ 1 and letj be a non-negative integer. A necessary and sufficient condition for a random variable
X to be distributed withpd f given by (1) is that

E(Y (k)
n )

j
=

β

αβ ( j+β )
{nE(Y (k)

n+1)
j+β

− (n−k)E(Y (k)
n )

j+β
−kE(Y (k)

n−1)
j+β

} (12)

for n = 1,2, ..., n ≥ k.
Proof. The necessary part follows from (6). On the other hand if the recurrence relation (12) is satisfied, then on rearranging the terms
in (12) and using (4), we have

kn

Γ n

∫ ∞

0
x j[−lnF̄(x)]n−1[F̄(x)]k−1 f (x)dx =

βkn+1

αβ ( j+β )Γ n

∫ ∞

0
x j+β [−lnF̄(x)]n−1[F̄(x)]k−1 f (x)dx

−
βkn

αβ ( j+β )Γ (n−1)

∫ ∞

0
x j+β [−lnF̄(x)]n−2[F̄(x)]k−1 f (x)dx

+
nβkn+1

αβ ( j+β )Γ (n+1)

∫ ∞

0
x j+β [−lnF̄(x)]n[F̄(x)]k−1 f (x)dx

−
nβkn

αβ ( j+β )Γ n

∫ ∞

0
x j+β [−lnF̄(x)]n−1[F̄(x)]k−1 f (x)dx (13)

c© 2016 NSP
Natural Sciences Publishing Cor.

www.naturalspublishing.com/Journals.asp


498 M. A. Khan, R. U. Khan: Generalized upper record values...

Integrating the first and third integral on the right hand side in (13) by parts, we get

kn

Γ n

∫ ∞

0
x j[−lnF̄(x)]n−1[F̄(x)]k−1 f (x)dx =

βkn

αβ Γ n

∫ ∞

0
x j+β−1[−lnF̄(x)]n−1[F̄(x)]kdx

+
βkn

αβ Γ n

∫ ∞

0
x j+β−1[−lnF̄(x)]n[F̄(x)]k f (x)dx

which reduces to
kn

Γ n

∫ ∞

0
x j[−lnF̄(x)]n−1[F̄(x)]k−1

{

f (x)−
β

αβ
xβ−1[1+(−lnF̄(x))]F̄(x)

}

= 0 (14)

Applying now a generalization of the M ¨untz-Sz ´asz Theorem (see for example Hwang and Lin [7]) to (14), we find that

f (x) =
β

α

( x

α

)

β−1

[1+(−lnF̄(x))]F̄(x)

which proves that

F̄(x) = exp
(

1−exp
( x

α

)β)
, x ≥ 0, α, β > 0.

Remark 4.1. If k = 1 we obtain the following characterization of the modified Makeham distribution

E(X j
Un
) =

β

αβ ( j+β )
{nE(X j+β

Un+1
)− (n−1)E(X j+β

Un
)−E(X j+β

Un−1
)}, n = 1,2, ... .

Corollary 4.1. Under the assumptions of Theorem 4.1 withj = 0 the following relation

E(Y (k)
n+1)

β
=
(n−k

n

)

E(Y (k)
n )

β
+

k

n
E(Y (k)

n−1)
β
+

αβ

n
, n = 1,2, ...

characterize the modified Makeham distribution.
Theorem 4.2. Let X be a non-negative random variable having an absolutely continuousd f F(x) with F(0) = 0 and 0≤ F(x)≤ 1 for
all x > 0 , then

E[ξ (Y (k)
n ) | (Y (k)

l ) = x] = exp(1−e(x/α)β
)
( k

k+1

)n−l
, n ≥ k, l = m, m+1 (15)

if and only if

F̄(x) = exp
(

1−exp
( x

α

)β)
, x ≥ 0, α, β > 0,

where
ξ (y) = exp(1−e(y/α)β

).

Proof. We have from (4) and (5)

E[ξ (Y (k)
n ) | (Y (k)

m ) = x] =
kn−m

Γ (n−m)

∫ ∞

x
exp(1−e(y/α)β

)

×[lnF̄(x)− lnF̄(y)]n−m−1
( F̄(y)

F̄(x)

)k−1 f (y)

F̄(x)
dy. (16)

By setting

u =
F̄(y)

F̄(x)
=

exp(1−e(y/α)β
)

exp(1−e(x/α)β
)

from (2) in (16), we have

E[ξ (Y (k)
n ) | (Y (k)

m ) = x] =
kn−m

Γ (n−m)
exp(1−e(x/α)β

)
∫ 1

0
uk(−lnu)n−m−1du. (17)
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We have Gradshteyn and Ryzhik [6]
∫ 1

0
(−lnx)µ−1xν−1dx =

Γ µ

νµ
, µ > 0, ν > 0. (18)

On using (18) in (17), we have the result given in (15).
To prove sufficient part, we have

kn−m

Γ (n−m)

∫ ∞

x
exp(1−e(y/α)β

)[lnF̄(x)− lnF̄(y)]n−m−1[F̄(y)]k−1 f (y)dy = [F̄(x)]kgn|m(x), (19)

where

gn|m(x) = exp(1−e(x/α)β
)
( k

k+1

)n−m
.

Differentiating (19) both the sides with respect tox , we get

−
kn−m f (x)

F̄(x)Γ (n−m−1)

∫ ∞

x
exp(1−e(y/α)β

)[lnF̄(x)− lnF̄(y)]n−m−2

×[F̄(y)]k−1 f (y)dy = g′n|m(x)[F̄(x)]k −k gn|m(x)[F̄(x)]k−1 f (x)

or

−k gn|m+1(x)[F̄(x)]k−1 f (x) = g′n|m(x)[F̄(x)]k −k gn|m(x)[F̄(x)]k−1 f (x).

Therefore,

f (x)

F̄(x)
=−

g′n|m(x)

k[gn|m+1(x)−gn|m(x)]
=

βxβ−1e(x|α)β

αβ
, (20)

where

g′n|m(x) =−
βxβ−1e(x|α)β

αβ
exp(1−e(x/α)β

)
( k

k+1

)n−m

gn|m+1(x)−gn|m(x) =
1

k
exp(1−e(x/α)β

)
( k

k+1

)n−m
.

Now integrating both the sides in (20) with respect tox between(0,y) , the sufficiency part is proved.
Remark 4.2. If k = 1, we get the following characterization of upper record values for modified Makeham distribution

E[ξ (XUn) | (XUl ) = x] = exp(1−e(x/α)β
)
(1

2

)n−l
, l = m, m+1.

5 Conclusion

In this study some recurrence relations for single and product moments ofk−th record values from the modified Makeham distribution
have been established and some particular cases are also discussed. Further, conditional expectation and recurrence relation for single
moments ofk−th record values have been utilized to obtain the characterizing results of the modified Makeham distribution.
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