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Abstract: In the present paper, we introduce a new class of meromorphicmultivalent functions on the punctured unit diskU∗ :=
{z∈ C : 0< |z|< 1}. We obtain some geometric properties like coefficient inequality, linear combination, extreme points, growth and
distortion theorems,δ - neighborhoods, partial sum, weighted mean, arithmetic mean and radii of starlikeness and convexity for the
function classBα ,ν

λ ,p(γ ,β ).
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1 Introduction and Definition

Let ∑p be the class of functions of the form:

f (z) =
1
zp +

∞

∑
k=1

akz
k−p (p∈ N := {1,2,3, · · ·}) (1)

which are analytic andp-valent in the punctured unit disk

U
∗ = {z∈ C : 0< |z|< 1}=U\ {0},

whereU= {z∈ C : |z|< 1} is the open unit disk.
Consider a subclassTp of functions of the form:

f (z) =
1
zp +

∞

∑
k=1

akz
k−p (ak ≥ 0). (2)

For functionsf ∈ Tp given by (2) andg∈ Tp given by

g(z) =
1
zp +

∞

∑
k=1

bkz
k−p (z∈ U

∗
,bk ≥ 0), (3)

we definef ∗g by

( f ∗g)(z) =
zp f (z)⋆ zpg(z)

zp

=
1
zp +

∞

∑
k=1

akbkz
k−p = (g∗ f )(z) (z∈ U

∗)

(4)

where ⋆ denote the usual Hadamard product (or
convolution) of analytic functions.

A function f of the form (2) is said to be in the class
∑∗

p(δ ) of meromorphicp-valently starlike functions of
orderδ in U∗ if and only if

ℜ
[

−
z f′(z)
f (z)

]

> δ (z∈ U
∗; 0≤ δ < p; p∈ N),

and is in the class of meromorphically convex of orderδ
denoted by∑k

p(δ ) if and only if

−ℜ
[

1+
z f′′(z)
f ′(z)

]

> δ (z∈ U
∗; 0≤ δ < p; p∈ N).

El-Ashwah [8] defined the linear operator as

I m
p (λ , l) f (z) =

1
zp +

∞

∑
k=1

(

l +λk
l

)m

akz
k−p

(λ ≥ 0, l > 0,m∈ N0 := N∪{0},z∈U
∗). (5)

By specializing the parametersλ , l and p, we obtain the
following operators studied earlier by various researchers.
For

• p= λ = 1, the operatorI m
1 (1, l) = I (m, l) has been

studied in [6,7];
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• λ = l = 1, the operatorI m
p (1,1) = Dm

p has been
studied in [5,10,12];

• p= l = λ = 1, the operatorI m
1 (1,1) = I m has been

studied in [13];

• p = l = 1, the operatorI m
1 (λ ,1) = Dm

λ has been
studied in [1].

Set

φm
p (λ , l ;z) =

1
zp +

∞

∑
k=1

(

l +λk
l

)m

zk−p
. (6)

Corresponding to the functionφm
p (λ , l ;z), let us define the

function φm,†
p,α (λ , l ;z), the generalized multiplicative

inverse ofφm
p (λ , l ;z) given by the relation

φm
p (λ , l ;z)∗φm,†

p,α (λ , l ;z) = 1
zp(1−z)α+p (α >−p;z∈ U∗).

Note that ifα =−p+1, thenφm,†
p,α (λ , l ;z) is the inverse of

φm
p (λ , l ;z) with respect to the Hadamard product∗. Using

this function we define the following family of transforms
I m

p,α(λ , l) defined by

I m
p,α(λ , l) f (z) = φm,†

p,α (λ , l ;z)∗ f (z)

=
1
zp +

∞

∑
k=1

(α + p)k

(1)k

(

l
l +λk

)m

akz
k−p

(α >−p, l > 0,λ ≥ 0,m∈ N0;z∈U
∗), (7)

where f ∈ Tp is in the form (2) and (β )n denotes the
Pochhammer symbol given by

(β )k =
Γ (β + k)

Γ (β )
=

{

1 (k= 0)
β (β +1)...(β + k−1) (k∈ N).

Using the operatorI m
p,α(λ , l) we define the subclass ofTp

as follows:

Definition 1.1. A function f ∈ Tp given by (2) is said to
be in the classBα ,ν

λ ,p(γ,β ) if it satisfies the inequality

∣

∣

∣

∣

∣

zp+2
(

I m
p,α(λ , l) f (z)

)′′
+ zp+1

(

I m
p,α(λ , l) f (z)

)′
− p2

νzp+1(I m
p,α(λ , l) f (z))′ + γ(1+ν)p− p

∣

∣

∣

∣

∣

< β ,

(0≤ γ < 1,0< β ≤ 1,α >−p,0< ν ≤ 1,

p∈ N;z∈U). (8)

The object of the present paper is to obtain some basic
geometric properties of the function classBα ,ν

λ ,p(γ,β )
such as coefficient inequality, linear combination, extreme
points, growth and distortion theorems,δ -neighborhoods
and partial sums, arithmetic mean, weighted mean,
closure and radii of starlikeness and convexity.

2 Coefficient Inequality

In the following theorem, we obtain the necessary and
sufficient conditions for a functionf ∈ Tp to be in the
classBα ,ν

λ ,p(γ,β ).

Theorem 2.1. Let f ∈ Tp be given by (2). Then
f ∈ Bα ,ν

λ ,p(γ,β ) if and only if

∞

∑
k=1

(

l
l +λk

)m (α + p)k

(1)k
(k− p) [(k− p)+β ν]ak

≤ β p(1− γ)(1+ν)
(0≤ γ < 1,0< β ≤ 1,α >−p,0< ν ≤ 1, p∈ N).

(9)

The result is sharp for the function

f (z) = 1
zp +

β p(1−γ)(1+ν)

( l
l+λk)

m (α+p)k
(1)k

(k−p)[k−p+β ν]
zk−p (k≥ 1).

(10)
Proof. Assume that the inequality (9) holds true and let
|z|= 1. Then from (8) we have

∣

∣zp+2(I m
p,α (λ , l) f (z))′′+zp+1(I m

p,α (λ , l))′− p2
∣

∣

−β
∣

∣νzp+1(I m
p,α (λ , l) f (z))′+ γ(1+ν)p− p

∣

∣

=

∣

∣

∣

∣

∣

∞

∑
k=1

(

l
l +λk

)m (α + p)k

(1)k
(k− p)2akzk

∣

∣

∣

∣

∣

−β

∣

∣

∣

∣

∣

p(1− γ)(1+ν)−ν
∞

∑
k=1

(

l
l +λk

)m (α + p)k

(1)k
(k− p)akz

k

∣

∣

∣

∣

∣

≤
∞

∑
k=1

(

l
l +λk

)m (α + p)k

(1)k
(k− p)[(k− p)+βν]ak

−β p(1− γ)(1+ν)≤ 0,

by virtue of (9). Hence, by the principle of maximum
modulus,f ∈ Bα ,ν

λ ,p(γ,β ).
Conversely, letf ∈ Bα ,ν

λ ,p(γ,β ). Then

∣

∣

∣

∣

∣

zp+2(I m
p,α (λ , l) f (z))′′+zp+1(I m

p,α (λ , l) f (z))′− p2

νzp+1(I m
p,α (λ , l) f (z))′+ γ(1+ν)p− p

∣

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

∣

∑∞
k=1

(

l
l+λk

)m (α+p)k
(1)k

(k− p)2akzk

p(1− γ)(1+ν)−ν ∑∞
k=1

(

l
l+λk

)m (α+p)k
(1)k

(k− p)akzk

∣

∣

∣

∣

∣

∣

< β .

Sinceℜ(z)< |z| for all z, we have

ℜ







∑∞
k=1

(

l
l+λk

)m (α+p)k
(1)k

(k− p)2akzk

p(1− γ)(1+ν)−ν ∑∞
k=1

(

l
l+λk

)m (α+p)k
(1)k

(k− p)akzk







< β . (11)

We can choose the value ofz on the real axis so that
zp+2(I m

p,α(λ , l) f (z))′′ andzp+1(I m
p,α(λ , l) f (z))′ are real.

Let z−→ 1− through real values. Therefore, from (11),
we obtain

∑∞
k=1

(

l
l+λ k

)m
(α+p)k
(1)k

(k− p)2ak

p(1− γ)(1+ν)−ν ∑∞
k=1

(

l
l+λ k

)m (α+p)k
(1)k

(k− p)ak

< β ,
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which implies that

∞

∑
k=1

(

l
l +λk

)m (α + p)k

(1)k
(k− p)[k− p+β ν]ak

≤ β p(1− γ)(1+ν),

which proves the inequality (9).
Sharpness follows if we take

f (z) =
1
zp +

β p(1− γ)(1+ν)
(

l
l+λ k

)m (α+p)k
(1)k

(k− p)[k− p+β ν]
zk−p

(k≥ 1).

The proof of Theorem 2.1 is thus completed.�

As an application of Theorem 2.1, we obtain the
following:

Corollary 2.2. Let f ∈ Bα ,ν
λ ,p(γ,β ). Then

ak ≤
β p(1− γ)(1+ν)

(

l
l+λ k

)m
(α+p)k
(1)k

(k− p)[k− p+β ν]

(0≤ γ < 1, 0< β ≤ 1, α >−p, 0< ν ≤ 1, p∈ N).

3 Linear combination

Let the functions f ,g ∈ Tp be given by (2) and (3)
respectively. For 0≤ t ≤ 1, define the functionh(z) by

h(z) =(1− t) f (z)+ tg(z)

=
1
zp +

∞

∑
k=1

[(1− t)ak+ tbk]z
k−p

=
1
zp +

∞

∑
k=1

ckz
k−p

, (12)

where for simplicity, we write

ck = (1− t)ak+ tbk. (13)

Clearlyck ≥ 0.

Theorem 3.1.The classBα ,ν
λ ,p(γ,β ) is closed under convex

linear combination.

Proof. To prove the classBα ,ν
λ ,p(γ,β ) is convex, i.e. to

show for f ,g ∈ Bα ,ν
λ ,p(γ,β ) =⇒ h ∈ Bα ,ν

λ ,p(γ,β ), where
h(z) is defined as (12) whose coefficient is given by (13).
Since f ,g∈ Bα ,ν

λ ,p(γ,β ), hence by application of Theorem
2.1 we have

∞

∑
k=1

(

l
l +λk

)m (α + p)k

(1)k
(k− p)[(k− p)+β ν]ak

≤ β p(1− γ)(1+ν) (14)

and

∞

∑
k=1

(

l
l +λk

)m (α + p)k

(1)k
(k− p)[(k− p)+β ν]bk

≤ β p(1− γ)(1+ν). (15)

To showh ∈ Bα ,ν
λ ,p(γ,β ), by virtue of Theorem 2.1 it is

sufficient to show that

∞

∑
k=1

(

l
l +λk

)m (α + p)k

(1)k
(k− p)[(k− p)+β ν]ck

≤ β p(1− γ)(1+ν). (16)

Now making use of (14) and (15) in (16) give

∞

∑
k=1

(

l
l +λk

)m (α + p)k

(1)k
(k− p)[(k− p)+β ν]ck

= (1− t)
∞

∑
k=1

(

l
l +λk

)m (α + p)k

(1)k
(k− p)[(k− p)+β ν]ak

+t
∞

∑
k=1

(

l
l +λk

)m (α + p)k

(1)k
(k− p)[(k− p)+β ν]bk

≤ (1− t)[β p(1− γ)(1+ν)]+ tβ p(1− γ)(1+ν)
= β p(1− γ)(1+ν)

Hence the result follows.�

4 Extreme Points

The determination of the extreme points of a family of
multivalent function enable us to solve many extremal
problems.

Theorem 4.1. Let f−p(z) = z−p and

fk−p(z) =
1
zp

+
β p(1− γ)(1+ν)

(

l
l+λk

)m (α+p)k
(1)k

(k− p)[k− p+βν]
zk−p (k≥ 1).

Then f ∈ Bα ,ν
λ ,p(γ,β ) if and only if it can be expressed in

the form

f (z) =
∞

∑
k=0

dk fk−p(z), (17)

where

dk ≥ 0 and
∞

∑
k=0

dk = 1.

Proof. Suppose that

f (z) =
∞

∑
k=0

dk fk−p(z)

where

dk ≥ 0 and
∞

∑
k=1

dk = 1.
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Then

f (z) = d0 f−p(z)+
∞

∑
k=1

dk fk−p(z)

= d0z−p+
∞

∑
k=1

dk

[

1
zp+

β p(1− γ)(1+ν)
(

l
l+λk

)m (α+p)k

(1)k
(k− p)[k− p+βν]

zk−p





=
∞

∑
k=0

dk

zp +
∞

∑
k=1

β p(1− γ)(1+ν)
(

l
l+λk

)m (α+p)k

(1)k
(k− p)[k− p+βν]

dkzk−p

=
1
zp +

∞

∑
k=1

ekzk−p
, (18)

where, for convenience we take

ek =
β p(1− γ)(1+ν)dk

(

l
l+λ k

)m (α+p)k
(1)k

(k− p)[k− p+β ν]
.

By Theorem 2.1,f ∈ Bα ,ν
λ ,p(γ,β ) if and only if

∞

∑
k=1

(

l
l+λ k

)m (α+p)k
(1)k

(k− p)[k− p+β ν]

β p(1− γ)(1+ν)
ek ≤ 1,

for f given by (18).
Now

∞

∑
k=1

(

l
l+λ k

)m
(α+p)k
(1)k

(k− p)[k− p+β ν]

β p(1− γ)(1+ν)
ek

=
∞

∑
k=1

(

l
l+λ k

)m
(α+p)k
(1)k

(k− p)[k− p+β ν]

β p(1− γ)(1+ν)
β p(1− γ)(1+ν)

(

l
l+λ k

)m
(α+p)k
(1)k

(k− p)[k− p+β ν]
dk

=
∞

∑
k=1

dk =
∞

∑
k=0

dk−d0

= 1−d0 ≤ 1.

Conversely, assume thatf ∈ Bα ,ν
λ ,p(γ,β ). Then we show

that f can be expressed in the form of (17).
Since f ∈ Bα ,ν

λ ,p(γ,β ), hence by Corollary 2.2 we have

ak ≤
β p(1− γ)(1+ν)

(

l
l+λ k

)m (α+p)k
(1)k

(k− p)[k− p+β ν]
.

Take

dk =

(

l
l+λ k

)m (α+p)k
(1)k

(k− p)[k− p+β ν]

β p(1− γ)(1+ν)
ak (k≥ 1)

and

d0 = 1−
∞

∑
k=1

dk,

then

f (z) =
1
zp +

∞

∑
k=1

akz
k−p

=
1
zp +

∞

∑
k=1

β p(1− γ)(1+ν)
(

l
l+λ k

)m
(α+p)k
(1)k

(k− p)[k− p+β ν]
dkz

k−p

=
1
zp +

∞

∑
k=1

[ fk−p(z)− z−p]dk

=
1
zp

(

1−
∞

∑
k=1

dk

)

+
∞

∑
k=1

dk fk−p(z)

=
d0

zp +
∞

∑
k=1

dk fk−p(z)

=
∞

∑
k=0

dk fk−p(z).

Thus, the proof of Theorem 4.1 is completed.

5 Growth and distortion theorems

By making use of Theorem 2.1, we first prove the
following growth theorem for the function in the class
Bα ,ν

λ ,p(γ,β ).

Theorem 5.1.If f (z) ∈ Bα ,ν
λ ,p(γ,β ), then for 0< |z| < 1

we have

1
|z|p

−
β p(1− γ)(1+ν)

(

l
l+λ

)m
(α + p)(1− p)[1− p+βν]

|z|1−p ≤ | f (z)|

≤
1
|z|p

+
β p(1− γ)(1+ν)

(

l
l+λ

)m
(α + p)(1− p)[1− p+β ν]

|z|1−p
.

(19)

The result is sharp for the function

f (z) =
1
zp +

β p(1− γ)(1+ν)
(

l
l+λ

)m
(α + p)(1− p)[(1− p)+β ν]

z1−p
.

(20)

Proof. Since f (z) = 1
zp +∑∞

k=1akzk−p, we have

| f (z)| =

∣

∣

∣

∣

∣

1
zp +

∞

∑
k=1

akz
k−p

∣

∣

∣

∣

∣

≤
1
|z|p

+
∞

∑
k=1

ak|z|
k−p (ak ≥ 0)

≤
1
|z|p

+ |z|1−p
∞

∑
k=1

ak. (21)

By Theorem 2.1, we have

∞

∑
k=1

ak ≤
β p(1− γ)(1+ν)

(

l
l+λ

)m
(α + p)(1− p)[1− p+β ν]

.
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Thus from (21), we obtain

| f (z)| ≤
1
|z|p

+
β p(1− γ)(1+ν)

(

l
l+λ

)m
(α + p)(1− p)[1− p+β ν]

|z|1−p
.

(22)
Similarly, we have

| f (z)| ≥
1
|z|p

−
∞

∑
k=1

ak|z|
k−p

≥
1
|z|p

−|z|1−p
∞

∑
k=1

ak

≥
1
|z|p

−
β p(1− γ)(1+ν)

(

l
l+λ

)m
(α + p)(1− p)[1− p+βν]

|z|1−p
. (23)

The result (19) follows from (22) and (23). This complete
the proof of Theorem 5.1 .

The distortion estimates for the functions in the class
Bα ,ν

λ ,p(γ,β ) is given in the following theorem.

Theorem 5.2.If f ∈ Bα ,ν
λ ,p(γ,β ), then for 0< |z| < 1, we

have

p
|z|p+1 −

β p(1− γ)(1+ν)
(

l
l+λ

)m
(α + p)[1− p+β ν]

|z|−p ≤ | f ′(z)|

≤
p

|z|p+1 +
β p(1− γ)(1+ν)

(

l
l+λ

)m
(α + p)[1− p+β ν]

|z|−p
.

(24)

The results is sharp for the functionf (z) given by (20).

Proof. Since

f (z) =
1
zp +

∞

∑
k=1

akz
k−p (ak ≥ 0),

we have

f ′(z) =
−p
zp+1 +

∞

∑
k=1

(k− p)akz
k−p−1

.

Hence

| f ′(z)| ≤
p

|z|p+1 +
∞

∑
k=1

(k− p)ak|z|
k−p−1

≤
p

|z|p+1 + |z|−p
∞

∑
k=1

(1− p)ak (25)

Since f ∈ Bα ,ν
λ ,p(γ,β ), it follows from Theorem 2.1 and

(25) that

| f ′(z)| ≤
p

|z|p+1 +
β p(1− γ)(1+ν)

(

l
l+λ

)m
(α + p)[1− p+β ν]

|z|−p
.

(26)

Similarly,

| f ′(z)| ≥
p

|z|p+1 −
∞

∑
k=1

(k− p)ak|z|
k−p−1

≥
p

|z|p+1 −|z|−p
∞

∑
k=1

(1− p)ak

≥
p

|z|p+1 −
β p(1− γ)(1+ν)

(

l
l+λ

)m
(α + p)[1− p+β ν]

|z|−p
.(27)

The result (24) follows from (26) and (27). Thus, the proof
of Theorem 5.2 is completed.

6 Neighborhoods and Partial Sums

Goodman [9], Ruscheweyh [11] and more recently Altinas
and Owa [2](also, see [3,4]) have investigated the familiar
concept of neighborhoods of analytic functions. Here we
begin by introducing theδ -neighborhood of a functionf ∈
Tp of the form (2).

Definition 6.1. Let 0< β ≤ 1, 0< ν ≤ 1, 0≤ γ < 1,
p∈N andδ ≥ 0. We defineδ -neighborhood of a function
f ∈ Tp of the form (2) and denoted byNδ ( f ) as

Nδ ( f ) = g∈ Tp : g(z) = z−p+
∞

∑
k=1

bkz
k−p and

∞

∑
k=1

(

l
l+λ k

)m (α+p)k
(1)k

(k− p)[k− p+β ν]

β p(1− γ)(1+ν)
|ak−bk| ≤ δ

(28)

Making use of the Definition 6.1 we now prove the
following result.

Theorem 6.2. Let the functionf given by (2) be in the
classBα ,ν

λ ,p(γ,β ). If f satisfies the following condition:

( f (z)+ εz−p)(1+ ε)−1 ∈ Bα ,ν
λ ,p(γ ,β ) (ε ∈ C, |ε|< δ ,δ > 0),

(29)
then

Nδ ( f ) ⊂ Bα ,ν
λ ,p(γ,β ). (30)

Proof It is clearly seen from (8) that a function
f ∈ Bα ,ν

λ ,p(γ,β ) if and only if for any complex numberσ
with |σ |= 1,

zp+2(I m
p,α (λ , l) f (z))′′+zp+1(I m

p,α (λ , l) f (z))′− p2

β [νzp+1(I m
p,α(λ , l) f (z))′+ γ(1+ν)p− p]

6= σ (z∈ U), (31)

which is equivalent to

( f ∗h)(z)
z−p 6= 0 (z∈U) (32)
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where, for convenience

h(z) = z−p+
∞

∑
k=1

(

l
l+λk

)m (α+p)k

(1)k
(k− p)[k− p−σβν]

σβ p(1− γ)(1+ν)
zk−p

= z−p+
∞

∑
k=1

ekzk−p
. (33)

It is easy to find from (33) that

|ek|=

∣

∣

∣

∣

∣

∣

(

l
l+λ k

)m
(α+p)k
(1)k

(k− p)[k− p−σβ ν]

σβ p(1− γ)(1+ν)

∣

∣

∣

∣

∣

∣

≤

(

l
l+λ k

)m (α+p)k
(1)k

(k− p)[k− p+β ν]

β p(1− γ)(1+ν)
(k≥ 1, p∈ N).

Since( f (z)+ εz−p)(1+ ε)−1 ∈ Bα ,ν
λ ,p(γ,β ),

by virtue of (32), we get

1
z−p

(

f (z)+ εz−p

1+ ε
∗h(z)

)

6= 0. (34)

Assume that
∣

∣

∣

∣

( f ∗h)(z)
z−p

∣

∣

∣

∣

< δ .

Then by (34) we get
∣

∣

∣

∣

1
1+ ε

( f ∗h)(z)
z−p +

ε
1+ ε

∣

∣

∣

∣

≥
|ε|

|1+ ε|
−

1
|1+ ε|

∣

∣

∣

∣

( f ∗h)(z)
z−p

∣

∣

∣

∣

>
|ε|−δ
|1+ ε|

≥ 0.

This is a contradiction as|ε|< δ . Therefore
∣

∣

∣

∣

( f ∗h)(z)
z−p

∣

∣

∣

∣

≥ δ . (35)

Now, let

g(z) = z−p+
∞

∑
k=1

bkz
k−p ∈ Nδ ( f ),

so that
∣

∣

∣

∣

[ f (z)−g(z)]∗h(z)
z−p

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

∞

∑
k=1

(ak−bk)ekz
k

∣

∣

∣

∣

∣

≤
∞

∑
k=1

|ak−bk| |ek||z|
k

≤
∞

∑
k=1

∣

∣

∣

∣

∣

∣

(

l
l+λ k

)m
(α+p)k
(1)k

(k− p)[k− p+β ν]

β p(1− γ)(1+ν)

∣

∣

∣

∣

∣

∣

|ak−bk| ≤ δ (z∈ U,δ > 0).

Therefore, for any complex numberσ such that|σ | = 1,
we have

(g∗h)(z)
z−p 6= 0,

which impliesg∈ Bα ,ν
λ ,p(γ,β ). SoNδ ( f )⊂ Bα ,ν

λ ,p(γ,β ).
Next we prove

Theorem 6.3. Let f ∈ Tp be given by (2) and define the
partial sumss1(z) andsq(z) as

s1(z) = z−p

and

sq(z) = z−p+
q−1

∑
k=1

akz
k−p (q> 1).

Suppose that
∞

∑
k=1

ckak ≤ 1

where

ck =

(

l
l+λ k

)m
(α+p)k
(1)k

(k− p)[k− p+β ν]

β p(1− γ)(1+ν)
. (36)

Then

(i) f ∈ Bα ,ν
λ ,p(γ,β ), (37)

(ii) ℜ
{

f (z)
sq(z)

}

> 1−
1
cq
, (38)

and

(iii ) Re

{

sq(z)

f (z)

}

> 1−
cq

1+ cq
(z∈ U,q> 1). (39)

Proof. It follows from (32) that

z−p ∈ Bα ,ν
λ ,p(γ,β ).

Thus, from Theorem 6.2 and hypothesis (36) of Theorem
6.3 we have

N1(z
−p)⊂ Bα ,ν

λ ,p(γ,β ),

which shows thatf ∈ Bα ,ν
λ ,p(γ,β ).

(ii) Under the hypothesis in part (ii) of Theorem 6.3, we
can see from (36) that

ck+1 > ck > 1 (k= 1,2,3, · · ·).

Therefore, we have

q−1

∑
k=1

ak+ cq

∞

∑
k=q

ak ≤
∞

∑
k=1

ckak ≤ 1. (40)

By setting

G1(z) = cq

[

f (z)
sq(z)

−

(

1−
1
cq

)]

=
cq ∑∞

k=qakzk

1+∑q−1
k=1 akzk

+1,
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and applying (40) we find that

∣

∣

∣

∣

G1(z)−1
G1(z)+1

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

cq ∑∞
k=qakzk

2+2∑q−1
k=1 akzk+ cq∑∞

k=qakzk

∣

∣

∣

∣

∣

≤
cq ∑∞

k=qak

2−2∑q−1
k=1 ak− cq∑∞

k=qak

≤ 1,

which impliesℜ{G1(z)} > 0. Thus, we obtain

ℜ
{

f (z)
Sq(z)

}

> 1−
1
cq
,

which proof (ii)
Similarly, to prove (39), set

G2(z) =(1+ cq)

(

sq(z)
f (z)

−
cq

1+ cq

)

=(1+ cq)
sq(z)

f (z)
− cq

=1−
(1+ cq)∑∞

k=q akzk

1+∑∞
k=1akzk .

By virtue of (40), we can deduce that
∣

∣

∣

∣

G2(z)−1
G2(z)+1

∣

∣

∣

∣

=

∣

∣

∣

∣

(1+cq)∑∞
k=q akzk

2+2∑∞
k=1 akzk−(1+cq)∑∞

k=q akzk

∣

∣

∣

∣

≤
(1+cq)∑∞

k=q ak

2−2∑∞
k=1ak−(1+cq)∑∞

k=qak

≤ 1,

which gives the assertion (39) of Theorem 6.3 . Thus, the
proof of Theorem 6.3 is completed.

7 Arithmetic Mean

Theorem 7.1. Let f1(z), f2(z), · · · fl (z) defined by

fi(z)=
1
zp +

∞

∑
k=1

ak,iz
k−p (ak,i ≥0, i =1,2,3, ..., l , k≥1)

(41)
be in the classBα ,ν

λ ,p(γ,β ). Then the arithmetic mean of
fi(z) (i = 1,2,3, ..., l) defined by

φ(z) =
1
l

l

∑
i=1

fi(z) (42)

is also in the classBα ,ν
λ ,p(γ,β ).

Proof. Using (41) in (42), we have

φ(z) =
1
l

l

∑
i=1

[

1
zp +

∞

∑
k=1

ak,iz
k−p

]

=
1
zp +

∞

∑
k=1

(

1
l

l

∑
i=1

ak,i

)

zk−p
. (43)

Since fi(z) ∈ Bα ,ν
λ ,p(γ,β ) for every i = 1,2,3, ..., l , so by

using Theorem 2.1, we prove that

∑∞
k=1

(

l
l+λ k

)m
(α+p)k
(1)k

(k− p)[k− p+β ν]
(1

l ∑l
i=1ak,i

)

= 1
l ∑l

i=1

[

∑∞
k=1

(

l
l+λ k

)m (α+p)k
(1)k

(k− p)[k− p+β ν]ak,i

]

≤ 1
l ∑l

i=1 β p(1− γ)(1+ν)
= β p(1− γ)(1+ν).

This ends the proof of Theorem 7.1.�

8 Weighted Mean

Definition 8.1 Let f (z), g(z) ∈ Tp. The weighted mean
h j(z) of f (z) andg(z) is given by

h j(z) =
1
2
[(1− j) f (z)+ (1+ j)g(z)] (0< j < 1). (44)

In the following theorem, we will show the weighted
mean for the classBα ,ν

λ ,p(γ,β ).

Theorem 8.2. If f (z) andg(z) are in the classBα ,ν
λ ,p(γ,β ),

then the weighted meanh j(z) of f (z) andg(z) defined as
(44) is also inBα ,ν

λ ,p(γ,β ).
Proof. By Definition 8.1, we have

hj (z) =
1
2

[

(1− j)

(

1
zp

+
∞

∑
k=1

akzk−p

)

+(1+ j)

(

1
zp

+
∞

∑
k=1

bkz
k−p

)]

=
1
zp

+
1
2

∞

∑
k=1

[(1− j)ak +(1+ j)bk]z
k−p

. (45)

To showh j(z) ∈ Bα ,ν
λ ,p(γ,β ), by virtue of Theorem 2.1, it

is sufficient to show
∞

∑
k=1

(

l
l +λk

)m (α + p)k

(1)k
(k− p)[k− p+βν]

[

1
2
(1− j)ak +

1
2
(1+ j)bk

]

≤ β p(1− γ)(1+ν).
(46)

Now
∞

∑
k=1

(

l
l +λk

)m (α + p)k

(1)k
(k− p)[k− p+βν]

[

1
2
(1− j)ak +

1
2
(1+ j)bk

]

=
1
2
(1− j)

∞

∑
k=1

(

l
l +λk

)m (α + p)k

(1)k
(k− p)[k− p+βν]ak

+
1
2
(1+ j)

∞

∑
k=1

(

l
l +λk

)m (α + p)k

(1)k
(k− p)[k− p+βν]bk

≤
1
2
(1− j)β p(1− γ)(1+ν)+

1
2
(1+ j)β p(1− γ)(1+ν)

= β p(1− γ)(1+ν),

which establish (46).
This ends the proof of Theorem 8.2 .

9 Closure theorem

Theorem 9.1. Let the functionsfi defined by

fi(z)=
1
zp +

∞

∑
k=1

ak,iz
k−p (ak,i ≥ 0, i = 1,2,3, ..., l , k≥ 1)
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be in the classBα ,ν
λ ,p(γ,β ) for everyi = 1,2,3, ..., l . Then

the functionψ defined by

ψ(z) =
1
zp +

∞

∑
k=1

ekz
k−p (ek ≥ 0)

also belong to the classBα ,ν
λ ,p(γ,β ), where

ek =
1
l

l

∑
i=1

ak,i .

Proof. Since fi(z) ∈ Bα ,ν
λ ,p(γ,β ), so by Theorem 2.1, we

have

∞

∑
k=1

(

l
l +λk

)m (α + p)k

(1)k
(k− p)[k− p+β ν]ak,i

≤ β p(1− γ)(1+ν)

for everyi = 1,2,3, ..., l . Hence

∑∞
k=1

(

l
l+λ k

)m (α+p)k
(1)k

(k− p)[k− p+β ν]ek

= ∑∞
k=1

(

l
l+λ k

)m
(α+p)k
(1)k

(k− p)[k− p+β ν]
(1

l ∑l
i=1ak,i

)

= 1
l ∑l

i=1

[

∑∞
k=1

(

l
l+λ k

)m
(α+p)k
(1)k

(k− p)[k− p+β ν]ak,i

]

≤ 1
l ∑l

i=1 β p(1− γ)(1+ν)
= β p(1− γ)(1+ν).

Hence by Theorem 2.1, it follows thath∈ Bα ,ν
λ ,p(γ,β ).

10 Radii of starlikeness and convexity

In this section, we determine the radii of meromorphically
p-valent starlikeness of orderδ (0 ≤ δ < p) and
meromorphically convexity of orderδ (0 ≤ δ < p) for
the function in the classBα ,ν

λ ,p(γ,β ).
Theorem 10.1. Let the functionf (z) defined by (2) be in
the classBα ,ν

λ ,p(γ,β ). Then
(i) f is meromorphicallyp-valent starlike of order
δ (0≤ δ < p) in the disk|z|< r1 where

r1 =r1(l ,λ ,k, p,δ ,α,β ,ν,γ)

= inf
k≥1





(

l
l+λ k

)m (α+p)k
(1)k

(k− p)[k− p+β ν](p− δ )

β p(1− γ)(1+ν)(k+ p− δ )





1
k

.

(47)

(ii) f is meromorphicallyp-valent convex of order
δ (0≤ δ < p) in the disk|z|< r2 where

r2 = r2(l ,λ ,k, p,δ ,α,β ,ν,γ)

= inf
k≥1





(p− δ )
(

l
l+λ k

)m (α+p)k
(1)k

[k− p+β ν]

β (1− γ)(1+ν)(k+ p− δ )





1
k

. (48)

Proof (i) It is sufficient to show that
∣

∣

∣

∣

z f′(z)
f (z)

+ p

∣

∣

∣

∣

≤ p− δ (49)

for |z|< r1.
Replacing f (z) and z f′(z) with their equivalent series
expression in left hand side of (49), we obtain
∣

∣

∣

∣

z f′(z)
f (z)

+ p

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

−p
zp +∑∞

k=1(k− p)akzk−p

1
zp +∑∞

k=1akzk−p
+ p

∣

∣

∣

∣

∣

=

∣

∣

∣

∣

∑∞
k=1kakzk

1+∑∞
k=1akzk

∣

∣

∣

∣

≤
∑∞

k=1kak|z|k

1−∑∞
k=1ak|z|k

. (50)

Hence (50) holds true if

∞

∑
k=1

kak|z|
k ≤ (p− δ )(1−

∞

∑
k=1

ak|z|
k),

or
∞

∑
k=1

k+ p− δ
p− δ

ak|z|
k ≤ 1. (51)

With the aid of (9), (51) is true if

k+ p−δ
p−δ

|z|k ≤

(

l
l+λk

)m (α+p)k
(1)k

(k− p)[k− p+βν]

β p(1− γ)(1+ν)
(k≥ 1). (52)

Solving (52) for |z|, we obtain

|z|<





(

l
l+λk

)m (α+p)k
(1)k

(k− p)[k− p+βν](p−δ )

β p(1− γ)(1+ν)(k+ p−δ )





1
k

(k≥ 1),

which proves the assertion (47).
(ii) In order to prove the second assertion of Theorem
10.1, it is sufficient to show that

∣

∣

∣

∣

1+
z f′′(z)
f ′(z)

+ p

∣

∣

∣

∣

≤ p− δ (0≤ δ < p) (53)

for |z|< r2.
Replacing f ′(z) and z f′′(z) with their equivalent series
expression in the left hand side of (53), we get

∣

∣

∣

∣

1+
z f′′(z)
f ′(z)

+ p

∣

∣

∣

∣

=

∣

∣

∣

∣

p(p+1)+∑∞
k=1(k− p)(k− p−1)akzk

−p+∑∞
k=1(k− p)akzk +

(p+1)|=

∣

∣

∣

∣

∑∞
k=1k(k− p)akzk

−p+∑∞
k=1(k− p)akzk

∣

∣

∣

∣

≤
∑∞

k=1k(k− p)ak|z|k

p−∑∞
k=1(k− p)ak|z|k

. (54)

Hence (54) holds true if

∞

∑
k=1

k(k− p)ak|z|
k ≤ (p− δ )(p−

∞

∑
k=1

(k− p)ak|z|
k),
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or
∞

∑
k=1

(k− p)(k+ p− δ )ak|z|k

p(p− δ )
≤ 1. (55)

Hence by application of Theorem 2.1, (55) is true if

(k− p)(k+ p− δ )
p(p− δ )

|z|k ≤
( l

l+λ k)
m (α+p)k

(1)k
(k− p)[k− p+β ν]

β p(1− γ)(1+ν)
.

(56)
Solving (56) for |z|, we obtain

|z| ≤





(p− δ )
(

l
l+λ k

)m
(α+p)k
(1)k

(k− p+β ν)

[(k+ p− δ ]β (1− γ)(1+ν)





1
k

(k≥ 1).

11 Conclusion

In this paper, we obtain some geometric properties of the
function f ∈ Tp to be in the function classBα ,ν

λ ,p(γ,β ).
The authors suggest to introduce a new operator instead of
J m

p,α(λ , l) and study the above results in the context of
the modified class.
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