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Digit extraction (BBP-Type) formulas are usually discovered through computer
searches. In this paper we present two alternative approaches which lead directly to
the discovery of digit extraction formulas and thus remove the burden of finding the
formulas first and finding the proofs later. We give various identities which generate a
wide range of digit extraction formulas of any degree, in arbitrary bases.
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1 Introduction
It is known that formulas of the type

> 1 a;
|\ b : l(lk+])

l
(1.1)

allow for digit extraction — the-th digit of a mathematical consta6t in baseb can be

calculated directly, without needing to compute any of the previcus digits, by means

of simple algorithms that do not require multiple-precision arithmetic [1]. In Eq. (&.1),

ands are integers: the base, the length and the degree of the formula, respectively; while

A = (a1,as,...,a;)isavector ofintegers. Formula (1.1) is called a BBP-Type formula for

C, after the authors (&ley, Borwein and Bouffe) of the paper [2] in which such a formula

was first presented. In general, any const@ihat can be written in the form

wherep andq are integer polynomials with degree pf< degree ofg, andp(k)/q(k) is
nonsingular fork > 0, possesses this digit extraction property [1]. A BBP algorithm for
the extraction of the hexadecimal digitsmoffter the first hex digits, based on the original



Symbolic routes to BBP-type formulas of any degree in arbitrary bases 265

BBP formula can be found in [3]. Computing the binary digitdo? is also discussed in
the cited reference.

Apart from digit extraction, another reason the study of BBP-Type formulas has con-
tinued to attract attention is that BBP-Type constants are conjectured to be either rational
or normal to basé [1,4-6], that is their basédigits are randomly distributed.

David Bailey maintains a Compendium of BBP-Type formulas for Mathematical con-
stants on his website [1]. A nice collection of such formulas may also be found in Math-
World [7] while there is a nice article on the subject in Wikipedia [8].

Experimentally, BBP-Type formulas are usually discovered by using Bailey and Fergu-
son’s PSLQ (Partial Sum of Least Squares) algorithm [9] or its variations. A drawback is
that PSLQ and other integer relation finding schemes typically do not suggest proofs [5,10].
Formal proofs must be developed after the formulas have been discovered. There have been
attempts in the past to give general formulas which include the proofs [4,11-16,18].

In this paper we give various identities which generate a wide range of BBP-Type for-
mulas.

2 Generators of BBP-Type formulas

In an earlier paper [15], we gave the following generators of degree 1 BBP-Type for-
mulas:

1 0 cos 0 o= Pl cos(ka) 21
—§n(1— pcosx—l—p)—g — (2.1)
and
psinx p sin( k;x
E 2.2
arcmn(lpcosx) (2.2)

for z, p real andp| < 1.

We demonstrated that careful choicespond = in Eq. (2.1) and Eg. (2.2) lead to
interesting BBP-Type series.

In the present article we extend the discussion to higher degrees. In section 3 BBP-Type
formulas obtained from polylogarithmic generalizations of equations (2.1) and (2.2) are
discussed while section 4 focuses on BBP-Type formulas derived by repeated integration
of degree 1 generators.

3 BBP-Type formulas generated by polylogarithm identities

One way to obtain higher degree formulas is to write a more general version of each of
Egs. (2.1) and (2.2) thus:

Re (Lig (pe'® Zp Feosha (3.1)
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and

o0

Im (Lig(pe'®)) = pk“ﬂ 3.2
(Lis(pe'™)) ; = 3.2)
whereLi, is an indexs € Z™ polylogarithm function, and Re and Im denote real and
imaginary parts respectively.

In general,Li, (pe“) cannot be expressed in terms of elementary or tabulated func-
tions. Fors = 1, Lig (pe”) is elementary, evaluating to the logarithm and arctangent
functions. The BBP-Type formulas resulting from case 1 have been discussed in ref-
erence [15]. Fos = 2 (the dilogarithm function) the imaginary part bf, (pe”) can
always be expressed in terms of the Clausen integral [17], which is a tabulated function,
while the real part can be expressed as an integral which can sometimes be evaluated in
closed form or in terms of simpler polylogarithm terms. For a generablylogarithm
ladders may be employed to discover BBP-Type formulas as was done for example in ref-
erences [6,12,16,18]. The focus in this present paper is to obtain BBP-Type formulas
directly from the polylogarithm identities Egs. (3.1) and (3.2). This way, the formulas are
very general and in some lucky instances the polylogarithm forms can be evaluated for
some special values pfandz.

Whens = 2, we have [17]

. 1 (PIn(1-2 5 2
Re [Lig (pe”ﬂ = 75/ n( yeosr+y )dy (3.3)
0 Y
and
o 1 1 1
Im [Liz (pe®)] =wlnp + §C12(2w) — §C12(2w +2x) + 5012(23:) , (3.4)
where

psinx
w = arctan [ ———
1 —pcosz

andCl; is Clausen integral defined by

0
Cly(0) = —/ In (2sin 2y)dy .
0

The BBP-Type formulas resulting from Eq. (3.1) and Eq. (3.2) are presented in the follow-
ing sections.

3.1 BBP-Type formulas generated by: = 7/2 in Egs. (3.1) and (3.2)

With z = 7 /2 in Egs. (3.1) and (3.2), we have

; s cos(k—”)
o )] - 50505
k=1

(3.5)
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and

tm [t (pe'f)] = S0t S0E) @6)
By noting that -
o0 2
Z R kﬂ/g pkz { 2k+1) +(2k2—2)s}
and - o - X ,
;pksm(k?/ : :ka:OpM [(4k+ N (41;1 3)5} ’

and upon setting = 1/+/n, n a positive integer, we are able to write Egs. (3.5) and (3.6)
respectively as

Re[“ﬁ@ﬁ)] WZ { T +(2ki2)s] 59

and

. 1 n 1
11 (7)) - nf Z o i w] @9
With s = 2 and using Egs. (3.3) and (3.4), we have

L12( )_n2zn2 [ QkZD +(2ki2)2] (3.9)

and

1 1 1
—5¥ Inn+ 7012(2&)) - 7012(2(4«} +7)

) (3.10)
= vm 2 o e~ o)

wherew = arctan(1/4/n). In particular, whem = 3, thenw = = /6 and Egs. (3.9)
and (3.10) give

. 1 I 1 -3 1
Liz <_3) - 52::@ {(2k+ 0z " (2k:+2)2] (3.11)
3 1
W1n3+ 012 (3) fzgk { (e (4“3)2} (3.12)

In obtaining Eq. (3.12) we used the identity [17]
3012(20) = Cly(0) — Cla(w — 0). (3.13)

Using reasoning that is completely analogous to that in the present section, we now present
the various formulas generated by= 7/3, x = /4 andx = /6 respectively.
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3.2 BBP-Type formulas generated by: = /3 in Egs. (3.1) and (3.2)

Re [Lis (iexp i )] ;i — )k {31€j1) (3k12)5(3ki3)3]
(3.14)
and

Im[mscexp(? )] QLi ;3 {(%11) +(3ki2)s] (3.15)

ncZn#0ands c ZT.
With s = 2 in Eq. (3.15) and using Eqg. (3.4), we have

—wlnn + 1Clg(2w) — 1Clz <2w + 2;) + %Clg(%r)
! (3.16)
n? Z n3 k [ (3k +1)2 + (3k+2)2]
where
~aretan [ Y3
W = arctan m—1 .
The particular case = 2 (w = 7/6) in Eq. (3.16) gives
T V3 & 2 1
_§1n2+ 012 _TZ; [%H) +(3k+2)2}, (3.17)
where we again made use of formula (3.13).
3.3 BBP-Type formulas generated by: = =/4 in Egs. (3.1) and (3.2)
1 i
Re {ng (n\@ exp(4))]
1 oo 1 o3 B n ) 1 (3.18)
 4nt o (—Anh)k [(dk+1)0 (4k+3)* (4k +4)°
and
1 s
i i (2o D)]
(3.19)

1l 1 2n? 2n 1
T ) {(4k+1)5+(4k+2)3+(4k+3)5}
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n € Z,n#0ands € ZTWith s = 2 in Eq. (3.19) and using Eq. (3.4), we have

— wlIn(2n?) + Cly(2w) — Cl, (2w + g) +G

L (3.20)
S+

1 = 1 on? on
=5 :
203 £ (—Ant)F [(dk +1)2 T (dk+2)2 T (4k +3)?

whereG is Catalan’s constant and = arctan(1/(2n — 1)). In obtaining Eq. (3.20)
we usedCly(7/2) = G [19].
The particular case = 1 in Egs. (3.18) and (3.19) give the BBP-Type formulas

1.5, b2 = 1 2 1 1
2oy = kzzo L [(4k+ 02 ka2 (4k+4)2] (3.21)
and
2 1= 1 2 2 1
G- = Zkzzo (—a)F {(4% TEANCVET) P (4k+3)2} (3.22)

In obtaining Egs. (3.21) and (3.22) we made use of the formula [20]

o ()] 457] - (5 52) (o 222

Note that, alternatively, formula (3.22) can also be obtained directly from Eq. (3.20) with
n = 1. Eq. (3.22) is the alternating version of formula (25) of Bailey’'s Compendium.

Formulas (3.21) and (3.22) can also be found in reference [18].

3.4 BBP-Type formulas generated by: = 7/6 in Egs. (3.1) and (3.2)

1 i 1 &1 27n° 9n'
Re |Lis ( —=zexp(—=) || =
‘ { ) (n\/ﬁ ol )H 54n’ ;;) (=27nf)* {(Gk 1 ko)

(3.23)
3n2 3n 2
- (6K + 4) B (6k +5)° B (6k + 6)3}
and
1 in V3 & 1 In* 9n’
Im {Lis ( eXp()ﬂ = 5 [ s 3
w3 PG sn? i (F2mOE L6k + 1) Bk +27 oy

6n2 3n 1 }

T R (T CRN (I
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n€Z,n+#0ands € Z™.
With s = 2 and using Eq. (3.4), Eq. (3.24) can be written

— win(3n?) + Cly(2w) — Cl, (2w + g) + 012@

_ﬁi 1 Int N 9n3 N 6n?
T 2Tns & (—27nO)F (6 + 12 (6k+2)2 | (6k + 3)2 (3.25)
" 3n n 1
(6k +4)2  (6k+5)2] "

where

1 1
w = arctan | — .
32n—1

The particular case = 1 gives

. P VB 1 [ 9 d -
~ 23+ 20h(3) = jkgo (—27)F {(616—&- 2 "ok T2 Gk 32 (3.26)

3 1
M ET P (6/<;+5)2] '
4 Higher degree BBP-Type formulas by integration

Obviously, repeated integration of Egs. (2.1) and (2.2) with respegt with p as
some special function (usually trigopnometric) :ofwill also lead to higher degree BBP-
Type formulas. Presently we look at some instances.

4.1 BBP-Type formulas generated by substitutingg = 1/(2cosx) in Eq.(2.1) and
Eq.(2.2)

The use oPpcosx = 11in Eq. (2.1) and Eq. (2.2) give:

o k
1 cos kx
In(2 = 4.1
n(2cos z) ;(2(:0536) ko’ 1)
and i
ad 1 sin kx
= . 4.2
* k_1(2cosx) k (4.2)

The degree 1 BBP-type formulas generated by Eq (4.1) and Eq (4.2) have already been
discussed elsewhere [15]. Generators of higher degree BBP-type formulas may be obtained
by integrating Eq (4.1) and Eq (4.2) repeatedly with respect fthe integration is justified
by uniform convergence.

Integrating once, we obtain the following generators:
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x [e s} k .
1 5
—zIn(2cosz) + 2/ In(2 cosy)dy = Z ( ) Lr};fw (4.3)
0

2cosx
k=1

and

o0

1 cos kx
2 2 2 _
—In"(2cosz) — x +7T/6—2]§:1W77

(4.9)
for z € [0, 7/2).
Settingz = 0, x = /4 andxz = 7 /6, respectively, in Eq. (4.4) lead to the following

interesting BBP-Type formulas:

—ln22+ﬁ—ii; (4.5)
6 =2k (k+1)2 '
512 = 1 2 1 1
——In?24+— = — — 4.6
SRR ;<_4)k {(4k+1)2 @k 137  (dk 14y (4.6)
and
1 52

=1 27 9 3
D (—27)F {(616 T1Z TGk 22  (6k 142

1

i 36 27
k=0 4.7)

3

2
~(6k+5)2  (6k+ 6)2} '
Note that Eq. (4.6) is identical to Eq. (3.21) obtained directly from a polylogarithm identity.

Note also that Eqg. (4.7) may also be obtained by setiirg1 ands = 2 in Eq. (3.23).
Egs. (4.5) and (4.6) can be written in bdse length8 thus:

—iln22+5—7¥*iii z + z + 2 P
16 96 ’25k1024k (8k+2)2  (8k+4)2  (8k+6)2  (8k +8)2

(4.8)
2 e 4 3 3
,llnazﬁiiizi o 2
8 96 25 =2k |8k +1)2  (8k+3)2  (8k +4)?
22 2 2
_ . 4.9
®k15)? T ®erT2 (8k+8)2} (4.9)
Subtracting Eq. (4.8) from Eq. (4.9) gives
o 4 .93 3 .92
n*2 = %Z ?% [(8k2+ 02~ (82 +22)2 N (8k2+ 3)2 (SI: +24)2
k=0 (4.10)

22 521 2 3

Bk 52 (BE10Z  ®k+72 k182
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Eqg. (4.10) is formula (23) of Bailey’s Compendium, listed as not proved.
Incidentally, since the sum in Eq. (4.4) converges uniformly, termwise differentiation
is allowed, and gives the following generator of degr&&BP-Type formulas:

oo

1 1 sin kx
—t In(2 = . 4.11
anzIn(2cosz) + x 2COS2C£kZ_1 (Zcosa)F k1 (4.11)

Settingz = 7/4 andz = 7 /6 respectively in Eq. (4.11) yield the following BBP-Type
formulas:

7T21n2—i(1 { 2 2 L ] (4.12)

2 [Thrz T ahes T ahea
and
= 1 9 9 6 3 1
97v/3 — 2713 = 2 .
V-2 =2) ooy [6k+2+6k+3+6k+4+6k+5+6k‘+6
(4.13)

Combining equations (46) and (47) from Bailey’'s Compendium with Eq. (4.13) leads
to the ternary zero relation

0 i 1 729 1134 162 243 54
C A (T29)F [12k+1 0 12642 12k+3  12k+4  12k+5
180 27 8 6 2
12646 12k+7 12k+8  12k4+9 12k+10 12k+11]"

(4.14)

Eqg. (4.14) is a simple linear combination of relations (78) and (79) in the Compendium,
both of which are listed as not yet proved.

4.2 BBP-Type formulas generated by substitutingy = cos z in Eq.(2.1) and Eq.(2.2)

Settingp = cosx in Eq. (2.1) and Eq. (2.2) gives the following:

. cos® x cos kx
—Insinz = = v .
nsinz Z A (4.15)
k=1
and
™ _ > cos® xsin kx 416
k=1
Integration with respect to gives:
T x >, cos® zsin kx
(5 — ) In(cos x) — /0 Intany dy = Z — 2 (4.17)

k=1
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and

7 gz 2?1, 9 > cos” x cos kx
§*7+7+1L12(COS I’):ZT

5 (4.18)
k=1

Settingz = 7/3 in Eq. (4.18) gives the following degree 2 BBP-Type formula:

2

7r 1 & 4 2 2
T L = - 4.19
7 T 1M(g) = 15 ,; [ 3k+1)2  (3k+2)? (3k+ 3)2} @419

which can be rewritten

oo

2921 24 3-22 2 7321+ 1
8 26k | (6k+1)2  (6k+2)2 (6k+3)2 (6k+4)2  (6k+5)2]

5 Conclusion

In this paper we have discussed two main approaches to discovering BBP-Type for-
mulas: derivations from polylogarithm identities and repeated integration of lower order
BBP-Type formulas. Many BBP-Type formulas in arbitrary bases were discovered, with-
out doing any computer searches. Many known BBP-Type formulas were rediscovered and
many new ones discovered.
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