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Abstract: In this paper, we study the Parseval’s formula and inver&ianula for the S-transform analogous to the wavelet tiamsf
We also investigate the boundedness and continuity refsultse S-transform on the Sobolev spaces.
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1 Introduction Now, assume tha€ € R"\ {0} = R}. The space
2 (mn n _ drdé ; ; ;
The S-transform was first used by Stockwetlal[1] in Z (R x Ry, (1+\E\>"+1) Is defined as the set of function

1996 and since then has seen several interesting (7,¢&) onR" x Rgsuch that

applications. It has been successfully used in several

disciplines including geophysic2,B8], medicine {,5], / F(1,8) drdé c o @)
hydrogeology ¢] and mechanical engineering/][ If R JR] (14—|E|)n+l

w(t,&) is a window function, then the continuous _ = .

S-transform off with respect taw is defined as§] This is a Hilbert space with inner product

(Swf)(r,f):/Rnf(t) Tot,8) e 2MEY gr (1) <F,G>$z=/]Rn RBF(T,E)G(T,E)du(r,é), ()
for 1,& € R", provided the integral exists. drde

In signal analysis, at least in dimension= 1, R?"is ~ wheredu(7,&) = g
called the time-frequency plane, and in physkR¥' is

called the phase space. Equatihrgan be rewritten as a Theorem 1(Parseval's formula). Suppose
convolution wi(-,€),w(-, &) are window functions such that
—i2m(& ") . N [
(SD)(0.8) = (fe™? v w(,6) (0. () ek 0D
0<Cunwy = | —rr iz 96 <o (6)
Applying the convolution property for the Fourier Ry (1+[¢])

transform in @), we obtain
Let f,g € L2(R") and (S, f), (Sw,9) be the S-transforms

(Sof)(1,8) =F H{f(-+& (&)} (1), (3  of f and g, respectively. Then

where f(n) = (Z1)(n) = fen f(t) e2™10dt is the _ drdé

Fourier transform of . / / (St F)(7,8)(S,9)(T,€) RN
R"JRG ( + |E|) (7)

_ = Cuy. f(t)g(t) dt.

2 Parseval’s relation for the S-transform A S

In this section, we give the Parseval's formula for the S- 1Nis immediately implies the Plancherel formula

transform which is more general and practicable than tha

Gvon L g P f1S0 1l 2(an gy = (Can )2 [z ®)
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ProofUsing @3), we have

/R (S D(1.6) S0 (T.)dr

dr (S f) ré/1dngn+a a2(n, &) €2
(1.8) [ dr (S )(r.8) 720
:/Rndngn+f)wz( &) fn+8 @)

= [ dxu(x-£.8) BX=2.8) 809 (9.

RN

= dnmn+é

Hence,

e drd&
/RB Rn(Saaf)(va)(Swzg)(T,f)W
B ~ o S A dxdé
= [ Lo @0 O BED B (W e
— [ dxf(x) 8
Rn

<[ antx 8.0 Bax— €8]
= Cayan [ 0x 0 569

= Cup [ (1) F)

The proof of ) is obvious.

dé )
(1+]&)mt

Theorem 2(Inversion formula). If f € L?(R") and
window functionw satisfies the condition

[ ear
O<C“"_/Rg e %€ < )
Then
— i2m(t,&)
drde
X ————".
(1+[&[)n+d

ProofBy the above theorem we can write

Cw/ f(t) g(t) dt
l/ drdé
RN Rn 1_|_|E| n+1

drdé

_/R“ R} (1+|&]) n+1 (Suf)(1,€)

></ g(t) w(t —t,&) e-i2méy) dt

drdé

_/R" Ry (1+]€)) n+1 S f)(1,€)
/ dtg T—1 E)e|27T§t

drdé

= R"(/R” R ]__|_|E| n+1

éﬁfi)xgamt

S )(T,6)(Swg)(T:€)

Swf)(1.8) w(T—1,¢)

Therefore, we get

Cw/Rn Rnswf N1,8) w

" drdé
(14 &)+t
The S-transform and fractional S-transform have been

studied on distribution spaces by Singhal. [10,11,12,
1314,15,16,17).

T—t E) e|2nt¢’

3 S-transform on Sobolev spaces

Sobolev space play an important role in the theory of
partial differential equations, specially those related t
guantum mechanics or physics. The theory of Sobolev
spaces were facilitated by the theory of distributions and
Fourier analysis. We now recall the definitions of Sobolev
spaces.

Definition 1(The Sobolev spac&V/™P(Q)). Let Q C R"
be openl < p < », and m be a nonnegative integer. The
Sobolev space WP(Q) is defined by

W™P(Q) ={f e 2'(Q):Df e LP(Q) forall |a| < m},

(10)

and equipped with the norm

1/p
Ifllm,p=< ID"fllfp> forl<p<e, (11)
' Ja[<m

and
[ llme = sup [[Df[[ e

la|<m

(12)
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where a = (ai,02,---,0n),0 > 0, o
la| = (a1 + a2 + - + an),

a
DY =7 (a%) ' in the distributional sense.

integers,
and partial derivatives

Definition 2(The Sobolev spacéiS(R")). For s€ R, the
Sobolev space HR") is defined as the set of all
ultradistributions fe .’ such that

~ 1/2
|f”HS:</Rn(1+|f7|2)s|f(r7)|2dn> <. (13)

Theorem3lLet Q < R" be open. Suppose
w(-,&) € LYRM) NLZ(R"), then for fixed finitef € RY,
the operator g : W™P(Q) — W™P(Q) is continuous
and

1/p
[(Sw)( &) lwme = ( ID?(Swf)(T,E)IIEp>

<J@(- &)l |[M_gf (-

M wme
(14)
where M ¢ f () = e 28 £ ().

Prooflf f € W™P(Q) thenD?f € LP(Q) for all |a| <

m, and hence for fixed finit§, DM_; f € LP(Q) for all

|a| < m. Therefore, by using Young's inequality we have
IDF (Suf) (7. &) 1> = [|DF M_g £(-) * (-, )) (D)

Ico

< ||DEM_g F)(T)]| ol (-, &) 1P
In particular,
(S ) &) < [IM_g F[[7p lloo-, )1
Furthermore,
[1(Swf) (5 &)llwmp

1/p
_ < ||D$(&,f)(r,6>lfp>

1/p
< < P EHYE r)Hf’pllw(-,E)H{’l)
la|<m

1/p
=|w<-,s>||L1( S [osM. r>uﬁp)
[a[<m
= [[(-,&)lx [[M_g F ()| ymp -

The generalized Sobolev spaces and weighted
Sobolev spaces are very powerful tools to solve the

degenerate elliptic equations. Pathek al. [18] have

studied multiwavelets in the generalized Sobolev space.
Also construction of wavelets in the generalized Sobolev

space can be found i1§]. Section4 and5 are devoted to

studied the S-transform in the weighted Sobolev spaces

and generalized Sobolev spaces.

4 The S-transform on weighted Sobolev space

Definition 3(The weightedLP space).Let k be a weight
function (i.e., a locally integrable function d" such that
k(x) > 0 for a.e. xe R") and Q C R" be open. Forl <

p < o, the weighted f_(Q) space is defined as the set of
all measurable function f o such that

1/p
Hf”LE(Q) = (/Q|f(x)|p k(x)dx) < o0,

Definition 4(The weighted Sobolev spacé/,"P(Q)).
LetQ c R" be openl < p < o, and m be a nonnegative
integer. The weighted Sobolev spacf'#WQ) is defined
as the set of all £ 2/(Q) with distributional derivatives
D?f € L{(Q) for |a| < m. The norm of f in \#P(Q) is

given by
1/p
[ fllwme = ( ID"fIIEE> , (16)
Ja[<m

The spaca\,"P(Q) reduces to Sobolev spaté™P(Q)
fork = 1.

(15)

Theorem4let Q < R" be open. Suppose
w(-,&) € LYR") NL%R") and k be a weight function.
Then for fixed finite & < Rj, the operator

Sw : WP(Q) —W™P(Q) is continuous and

1/p
I(Swf)(-,f)llwpp=< ID"(Swf)(-,E)||[’5>

< (&)l [M_g F(-

Hmea

(17)
where M ¢ f(-) = e 2m&) £ ().
ProofIf f € W"P(Q) thenDYf € LL(Q) for all |a| <
m, and hence for fixed finit€, DM _; f € L{(Q) for all
|a| <m. Therefore,

IDF (Sw ) (T, &)1} p= DT (M
SRR

f OO

0| oo &)1

Furthermore,

(S &) e

1/p
- ( ||D?<swf><r,s>|{’5>

1/p
(;HD" DO Pplleo(- € ||L1>
la|<

1/p
=|w<-,f>||L1< > [pfme r)HE})
la<m
= [0 )llua [IM_g £ fyyme -
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Corollary 1.If wy(-,&), wp(-,&) € LYR") NL2(R") and
f,g e W"P(Q), then for fixed finit& € RY, the following
estimate holds

1St F) (&) = (S @) (- €) o
< [[(wn — @) (-, HLlH'V' £ T yyme
+llen(, &)l [M-g (f = @) () |yyme-
Proof.
(S F) (&) = (S @) (-, ) yme
< (S F)(58) = (S ) E)lymo
+11(Su, 1) (€)= (S ) (-, &) [y
= 11(So-a ) €) lyme + 1Sy (= 9) (&) yyme
< (01— @2)(&)lla Mg £ () [ yyme
ez, €l [M-g (F = @) () fyyme -

Definition 6.Let Q c R" be open and weight function
satisfy (L8). The spaceZx(Q) is defined as the set of all
@ € LY(R") such thatp has compact support i2 and

[o@)1 e 0de <o, vaAs0 (23)

The dual of % is denoted byZ; and called Beurling
generalized distribution space.

Now, letw be a continuous positive function @&l with
the following properties. There exiat> 0 andC,D,E >
0, such that, foralf,n e R\t e R,|t| < 1, andk € .,

w(§) < CeM(®)
w(&+n) <D(w(¢)
w(tg) <EwE).

Definition 7(The generalized Sobolev spacél(R")).
The generalized Sobolev spac§(R") is defined as the
set of all ultradistributions fe .#; such that

191 = [, 1FmE win)

+w(n)), (24)

dn < co. (25)

5 S-transform on generalized Sobolev spaces ~The spacedy,(R") reduces to Sobolev spa¢&(R") for

We now recall the definition of generalized Sobolev Theorem 5If

w(n) = (1+|nl?® seR.

w(x) > 1, for all x € R" and

spaces 20,21]. Let .# be the set of continuous real @(-,&) € LYR") NLZ(R"). Then for fixed finité € RY,

valued function k on R" satisfying the following
conditions:

(i)
0=k(0) <k(§+n)<k(&)+k(n),  (18)
(ii)
K(&)
/R"Wdf < 00, (19)
(ii)
k(&) >a+blog(1+ &), (20)

for some real numbex and positive real numbéx.
We denote by.#; the set of allk € .# such that
K(&) = o(|&|) with o concave orf0, ).

Definition 5.For k € ., the Bbrck—spachK(R“) is the
set of all functiongp € L1(R") such thaip, ¢ € C* and for
each multi-indexa and each non-negative numbker

= supe/"‘ IDY@(X)| < oo,

Paa ( (21)

and
(22)

) :sl;pe““) D% @(&)

| < oo.

The dual of.% is denoted by¥}, the elements of which

are called ultradistributions. For its various propertiesee
[20.

the operator § : Hf — HJ is continuous and

1(Sw ) )1, <D (A-+wW(—8)) (- E)F ]| F 7y -
(26)

ProofBy using @) and @4) , we have

(S ) ()17

= [ WmLZ (SuF)(.8) ()

—/ m|f(n+&) &n,&)?dn
_/w 0+ &) (-, &)[Zdn
nu/\Nxf|uﬂ%x

(OIR: [, Do)+ w(=8)| [

:D||&)(-,E)H,_1</R W(x) | f () [2dx+ w(— / 1f(x 2dx>
< Do, &)II7a (11113 +w(=&) 1)

=D (1+W(—&))[|eo(-, )[IF2 1| Il -

This completes the proof of the theorem.

Corollary 2.Letw(-, &) € LY(R")NL?(R"). For fixed finite
& € R}, the operator § : H® — HSis continuous and

(S0 F) (&) e < 2922+ €2 (- E)la [1F s -
(27)

= [,
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Proof.

1(S)(-€) s
= [ @+ PR 17 (Suf)(, &) () P

= [ @+In2Ifn+&) @n.&)Fan

< [ @+ PR Ifn+ O o8 dn
= @0 &) [ L+ =37 oo P
= ()R [ @+ P+ 18220080
< llo ) [ (1+20+ 2182 |09 Pax
OIE [ 20+ ) L+ 1877 I
= 2%(L+ [ 00 &) IF 1)

This completes the proof.

2dx

< (-, 2dx

Corollary 3.Suppose W) > 1, for all x € R" and
(“)l('af)a (‘)2(76) € Ll(Rn) mLZ(Rn) Let fag € Hx(Rn)'
then for fixed € R, the following estimate holds

1St ) (-5 €) = (Se9) (&) [l

< VBT (o= (Ol g
+lon £l 1=l )

Proof.

(St F) (&) — (S @) (. E)

< (S ) E) — (S D))l
1S P ) — (Sn@) . 6) g

= 1St D)8 gy + 1S~ G E) g -

(28)

Now, using 8) and @4), we have
(S ) E) s

= [ 10+ &) (@~ @) (.8)Pw(n)dn
< ll@r—w) (O [ 1F(n-+&)Pwinydn
= =) (- E)IEs [ 1F09 wix—)d
< =) (2Ol 17002 D wko +w(=

&) ll(wr—an)(-,€ )”LleHHV‘§'

&))dx

<D (1+w(—
(29)

Similarly,

1S (F = 9)) (- &) 17

(30)
<D (1+w(=&))len(-,

ENE I —g)ll

Using 29) and @0) in ( 28), we get the desired result.

Corollary 4.1f wy(-,&), wy(-,&) € LYR") NL%R") and
f,g € H3R"), then for any fixed € Ry, the following
estimate holds

(S ). ) — (S0 )l
< 22 (14 £ (|<wl—aa><-,£>|u||f||Hs

+|wz<-,s>|L1|f—g|Hs).

Definition 8.We define the spac& of all measurable
functions f orR" x R{ such that

I1e = ( [ Ir¢

forl<p<w&ecRj.

dé 1/p
K < oo,
||H 1122 )n+1> *©

Theorem 6Suppose k) > 1, forallxe R"andw(-, &) €
LY(R") NL2(R") such that

w(g) OO

Cop = T rwe
“P T g AT ERT

dé < oo,

If S, f (1, ¢) is the S-transform of the functionefHS (R™),
then we have the following estimate holds

IS0l 4p < (2D Ceo.p) ™[Iy -
Proof.
1(Soh) ()l
= [17 (SoD( ) ()P win) d
—/ 17+ &)én, )P win) dn
[ 1f(0(x— ,6)1P wix—) dx
s/ 1P [@x— &.8)IP Dw(x) + w(—8)) dx
Rn
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Hence, we get

1St

= [ SN0 Ol g

[, [ 1TO0IP 16— &,8)/P Dwix) +w(—8))
R} JRn

L dxat
(1+[&2)n

<

_ ; |(x—¢,&)[P
=0 [ 10wt ( [, e ) o
+D/Rn|f(x)|p (/Rnw(—f) %df) dx

< 2D Copl| 1y -

Corollary 5.Supposeo(-, &) € LY{(R") N L2(R") such that

@, &)
C ::/ dfé <w; 0<s<n.
©27 Jpn (14 [EP)n—s+L fee
If Suf(1,€) is the S-transform of the function

f € HS(RM), then for wn) = (14 |n|?)S and for any
¢ € Rf, the following estimate holds

IS0 F .z < (2°Cw2)™?|| Il

6 Conclusion

In this paper, we have derived the Parsevals formula and

inversion formula for the S-transform in Section 2. In
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