
J. Ana. Num. Theor.4, No. 2, 133-137 (2016) 133

Journal of Analysis & Number Theory
An International Journal

http://dx.doi.org/10.18576/jant/040208

New Identities for Carlitz’s Twisted (h,q) -Euler
Polynomials under Symmetric Group of Degree n
Ugur Duran∗ and Mehmet Acikgoz.

Department of Mathematics, Faculty of Arts and Science, University of Gaziantep, TR-27310 Gaziantep, Turkey.

Received: 2 Sep. 2015, Revised: 5 Jan. 2016, Accepted: 11 Jan. 2016
Published online: 1 Jul. 2016

Abstract: In this paper, we consider the Carlitz’s twisted(h,q)-Euler polynomials and give some new symmetric identities of these
polynomials arising from the fermionicp-adicq-integral onZp under symmetric group of degreen.

Keywords: Symmetric identities; Carlitz’s twisted(h,q)-Euler polynomials; Fermionicp-adicq-integral onZp; Invariant underSn.
2000 Mathematics Subject Classification.11S80, 11B68, 05A19, 05A30.

1 Introduction

In the last years, symmetric identities of some special
polynomials, such asq-Genocchi polynomials of higher
order under third Dihedral groupD3 in [1], q-Genocchi
polynomials under the symmetric group of degree four in
[4], weighted q-Genocchi polynomials under the
symmetric group of degree four in [5],
q-Frobenious-Euler polynomials under symmetric group
of degree five in [3], Carlitz’s-typeq-Euler polynomials
invariant under the symmetric group of degree five in
[11], q-Euler polynomials derived from fermionic integral
onZp underS3 in [6], q-Bernoulli polynomials under the
symmetric group of degreen in [8], q-Euler polynomials
under the symmetric group of degreen in [12] have been
studied extensively.

Let N = {1,2,3, · · ·}, N∗ = N∪{0} andp be a prime
number with p ≡ 1(mod2). Throughout this paper,Zp,
Q, Qp andCp will denote, respectively, the ring ofp-adic
rational integers, the field of rational numbers, the field of
p-adic rational numbers and the completion of algebraic
closure ofQp. The normalized absolute value according
to the theory ofp-adic analysis is given by|p|p = p−1.
The notation ”q” can be considered as an indeterminate, a
complex numberq ∈ C with |q| < 1, or ap-adic number

q ∈ Cp with |q−1|p < p−
1

p−1 and qx = exp(xlogq) for
|x|p ≤ 1. For anyx, q number ofx (or q analog ofx) is

defined as[x]q =
1−qx

1−q = 1+q+q2+ · · ·qx−1. Expressly
limq→1 [x]q = x (see [1-13]).

Thep-adicq-integral onZp of a function f ∈UD(Zp)
is defined by Kim [11]:

Iq( f ) =
∫

Zp

f (x)dµq (x) (1)

= lim
N→∞

1
[pN]q

pN−1

∑
x=0

f (x)qx.

In [10], Kim defined the fermionicp-adicq-integral onZp
as follows:

lim
q→−q

Iq( f ) : = I−q( f ) =
∫

Zp

f (x)dµ−q (x) (2)

= lim
N→∞

1
[pN]−q

pN−1

∑
x=0

f (x) (−q)x .

Further, in the special caseq→ 1 in Eq. (2), the integral

I−1( f ) =
∫

Zp

f (x)dµ−1(x) (3)

= lim
N→∞

pN−1

∑
x=0

f (x)(−1)x

is called as the fermionicp-adic invariant integral onZp,
see [6] and [7].

By the Eq. (3), it can be derived easily that

I−1( fn) = (−1)n I−1( f )+2
n−1

∑
r=0

(−1)n−r−1 f (r)

∗ Corresponding author e-mail:duran.ugur@yahoo.com

c© 2016 NSP
Natural Sciences Publishing Cor.

http://dx.doi.org/10.18576/jant/040208


134 U. Duran and M. Acikgoz: New Identities for Carlitz’s...

wheren∈ N and fn(x) = f (x+n), one can refer [1], [3],
[4], [5], [6], [8], [9], [12], [14] and [15].

The Euler polynomialsEn(x) are defined by the
exponential generation function to be

∞

∑
n=0

En(x)
tn

n!
=

2
et +1

ext, (|t|< π). (4)

When we takex= 0 in the Eq. (4), we then getEn(0) :=En
that is widely knownn-th Euler number (see, e.g., [6], [9],
[10], [12], [13], [14], [15], [16]).

As a q-generalization ofEn(x), Kim defined the
q-Euler polynomials with Witt’s formula by using
fermionicp-adicq-integral, in [9]:

∫

Zp

[x+ y]nqdµ−q(y) = En,q (x) ,

also, puttingx= 0 in the above equation givesEn,q (0) :=
En,q known asn-th q-Euler polynomials.

Let h ∈ Z and Tp =
⋃

N≥1
CpN = limN→∞ CpN , where

CpN =
{

w : wpN
= 1
}

is the cyclic group of orderpN. For

w ∈ Tp, we denote byφw : Zp → Cp the locally constant
functionx→ wx. Forq∈Cp with |1−q|p < 1 andw∈ Tp,
the Carlitz’s twisted(h,q)-Euler polynomials are defined
by the following p-adic fermionicq-integral onZp in
[14]:

E
(h)
n,q,w(x) =

∫

Zp

wyqhy[x+ y]nqdµ−1 (y) (n≥ 0) . (5)

Letting x = 0 into the Eq. (5), we getE (h)
n,q,w(0) := E

(h)
n,q,w

calledn-th Carlitz’s twisted(h,q)-Euler numbers.
Takingw= 1 andq→ 1 in the Eq. (5) yields to

E
(h)
n,q,w(x)→ En(x) :=

∫

Zp

(x+ y)ndµ−1(y) .

In the next section, we give new symmetric identities
of Carlitz’s twisted (h,q)-Euler polynomials associated
with the fermionic p-adic q-integral on Zp under
symmetric group of degreen shown bySn.

2 New identities forE (h)
n,q,w(x) under Sn

Let h∈ Z, w∈ Tp, q∈Cp with |q−1|p < 1 andwi ∈ N be
a natural number which satisfies the condition
wi ≡ 1(mod2), in which i ∈ Z lies in 1≤ i ≤ n. From the

Eqs. (3) and (5), we get;

∫

Zp

e

[

(

∏n−1
j=1 w j

)

y+
(

∏n
j=1 w j

)

x+wn ∑n−1
j=1

(

∏n−1
i=1
i 6= j

wi

)

k j

]

q

t

×w
y∏n−1

j=1 w j q
hy∏n−1

j=1 w j dµ−1(y)

= lim
N→∞

pN−1

∑
y=0

(−1)yw
y∏n−1

j=1 w j q
hy∏n−1

j=1 w j

×e

[

(

∏n−1
j=1 w j

)

y+
(

∏n
j=1 w j

)

x+wn ∑n−1
j=1

(

∏n−1
i=1
i 6= j

wi

)

k j

]

q

t

= lim
N→∞

wn−1

∑
m=0

pN−1

∑
y=0

(−1)m+yw
(m+wny)∏n−1

j=1 w j q
h(m+wny)∏n−1

j=1 w j

×e

[

(

∏n−1
j=1 w j

)

(m+wny)+
(

∏n
j=1 w j

)

x+wn ∑n−1
j=1

(

∏n−1
i=1
i 6= j

wi

)

k j

]

q

t

.

Applying

n−1
∏
l=1

∑wl−1
kl=0 (−1)(∑n−1

i=1 ki)

×w
wn∑n−1

j=1



∏n−1
i=1
i 6= j

wi



kj

q
hwn∑n−1

j=1



∏n−1
i=1
i 6= j

wi



kj

to the both sides of the above gives

I =
n−1
∏
l=1

∑wl−1
kl=0 (−1)(∑n−1

i=1 ki) (6)

×w
wn ∑n−1

j=1



∏n−1
i=1
i 6= j

wi



kj

q
hwn∑n−1

j=1



∏n−1
i=1
i 6= j

wi



kj

×

∫

Zp

e





(

∏n−1
j=1 wj

)

y+
(

∏n
j=1wj

)

x+wn ∑n−1
j=1



∏n−1
i=1
i 6= j

wi



kj





q

t

×w
y∏n−1

j=1 wj q
hy∏n−1

j=1 wj dµ−1(y)

= lim
N→∞

n−1
∏
l=1

∑wl−1
kl=0 ∑wn−1

l=0 ∑pN−1
y=0 (−1)(∑n−1

i=1 ki)+m+y

w
∏n−1

j=1 wjm+∏n
j=1wjy+wn∑n−1

j=1

(

∏n−1
i=1
i 6= j

wi

)

k j

×q
h



∏n−1
j=1 wjm+∏n

j=1wj y+wn∑n−1
j=1

(

∏n−1
i=1
i 6= j

wi

)

k j





×e





(

∏n−1
j=1 wj

)

(m+wny)+
(

∏n
j=1wj

)

x+wn ∑n−1
j=1



∏n−1
i=1
i 6= j

wi



kj





q

t

.

We see that the Eq. (6) is invariant under any
permutationσ ∈ Sn. Thus, this equation can be stated as
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follows:

n−1
∏
l=1

∑
wσ(l)−1
kl=0 (−1)(∑n−1

s=1 ks)

×w
wσ(n) ∑n−1

j=1

(

∏n−1
i=1
i 6= j

wσ(i)

)

k j

q
hwσ(n) ∑n−1

j=1

(

∏n−1
i=1
i 6= j

wσ(i)

)

k j

×
∫

Zp

e

[

(

∏n−1
j=1 wσ( j)

)

y+
(

∏n
j=1 wσ( j)

)

x+wσ(n) ∑n−1
j=1

(

∏n−1
i=1
i 6= j

wσ(i)

)

k j

]

q

t

×w
y
(

∏n−1
j=1 wσ( j)

)

q
hy
(

∏n−1
j=1 wσ( j)

)

dµ−1(y)

in which σ lies in Sn. Therefore, we acquire the following
theorem.

Theorem 1.Let h∈Z, w∈Tp, q∈Cp with |q−1|p< 1and
wi ∈ N be a natural number which satisfies the condition
wi ≡ 1(mod2), in which i∈ Z lies in 1 ≤ i ≤ n. Then the
following

n−1
∏
l=1

∑
wσ(l)−1
kl=0 (−1)(∑n−1

s=1 ks)

×w
wσ(n) ∑n−1

j=1

(

∏n−1
i=1
i 6= j

wσ(i)

)

k j

q
hwσ(n) ∑n−1

j=1

(

∏n−1
i=1
i 6= j

wσ(i)

)

k j

×
∫

Zp

e

[

(

∏n−1
j=1 wσ( j)

)

y+
(

∏n
j=1 wσ( j)

)

x+wσ(n) ∑n−1
j=1

(

∏n−1
i=1
i 6= j

wσ(i)

)

k j

]

q

t

×w
y
(

∏n−1
j=1 wσ( j)

)

q
hy
(

∏n−1
j=1 wσ( j)

)

dµ−1(y)

holds true for anyσ ∈ Sn.

We derive by using the definition ofq-number that





(

n−1
∏
j=1

w j

)

y+

(

n
∏
j=1

w j

)

x+wn

n−1

∑
j=1





n−1
∏
i=1
i 6= j

wi



k j





q

(7)

=

[

n−1
∏
j=1

w j

]

q

[

y+wnx+
wn

w1
k1+ · · ·+

wn

wn−1
kn−1

]

qw1w2...wn−1

=

[

n−1
∏
j=1

w j

]

q

[

y+wnx+
n−1

∑
j=1

wn

w j
k j

]

qw1w2...wn−1

·

It is observed from the Eq. (7) that

∫

Zp

e





(

∏n−1
j=1 wj

)

y+
(

∏n
j=1wj

)

x+wn ∑n−1
j=1



∏n−1
i=1
i 6= j

wi



kj





q

t

(8)

×w
y∏n−1

j=1 wj q
hy∏n−1

j=1 wj dµ−1(y)

=
∞

∑
m=0

[

n−1
∏
j=1

wj

]m

q

(

∫

Zp

w
y∏n−1

j=1 wj q
hy∏n−1

j=1 wj

×

[

y+wnx+
n−1

∑
j=1

wn

wj
k j

]m

qw1w2...wn−1

dµ−1(y)





tm

m!

=
∞

∑
m=0

[

n−1
∏
j=1

wj

]m

q

E
(h)
m,qw1w2...wn−1,ww1w2...wn−1

(

wnx+
n−1

∑
j=1

wn

wj
k j

)

tm

m!
.

From Eq. (8), for m≥ 0, we have

∫

Zp

[

(

∏n−1
j=1 wj

)

y+
(

∏n
j=1wj

)

x+wn

n−1

∑
j=1

(

∏n−1
i=1
i 6= j

wi

)

k j

]m

q

(9)

×w
y∏n−1

j=1 wj q
hy∏n−1

j=1 wj dµ−1(y)

=

[

n−1
∏
j=1

wj

]m

q

E
(h)
m,qw1w2...wn−1,ww1w2...wn−1

(

wnx+
n−1

∑
j=1

wn

wj
k j

)

.

Therefore, by Theorem1 and Eq. (9), we derive the
following theorem.

Theorem 2.Let h∈Z, w∈Tp, q∈Cp with |q−1|p< 1and
wi ∈ N be a natural number which satisfies the condition
wi ≡ 1(mod2), in which i∈ Z lies in1≤ i ≤ n. For m≥ 0,
the following

n−1
∏
l=1

∑
wσ(l)−1
kl=0 (−1)(∑n−1

s=1 ks)

[

n−1
∏
j=1

wσ( j)

]m

q

×w
wσ(n) ∑n−1

j=1

(

∏n−1
i=1
i 6= j

wσ(i)

)

k j

q
hwσ(n) ∑n−1

j=1

(

∏n−1
i=1
i 6= j

wσ(i)

)

k j

×E
(h)
m,q

wσ(1)wσ(2) ...wσ(n−1) ,w
wσ(1)wσ(2) ...wσ(n−1)

(

wσ(n)x+
n−1

∑
j=1

wσ(n)

wσ( j)
k j

)

holds true for anyσ ∈ Sn.

By using the definitions of[x]q and binomial theorem,
we can write :
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[

y+wnx+
n−1

∑
j=1

wn

wj
k j

]m

qw1w2...wn−1

(10)

=
m

∑
l=0

(

m
l

)







[wn]q
[

∏n−1
j=1 wj

]

q







m−l 



n−1

∑
j=1





n−1
∏
i=1
i 6= j

wi



k j





m−l

qwn

×q
lwn∑n−1

j=1



∏n−1
i=1
i 6= j

wi



kj

[y+wnx]lqw1w2...wn−1 .

Applying
∫

Zp
w

y∏n−1
j=1 wj q

hy∏n−1
j=1 wj dµ−1(y) to the

both sides of the above equation gives

∫

Zp

[

y+wnx+
n−1

∑
j=1

wn

wj
k j

]m

qw1w2...wn−1

(11)

×w
y∏n−1

j=1 wj q
hy∏n−1

j=1 wj dµ−1(y)

=
m

∑
l=0

(

m
l

)







[wn]q
[

∏n−1
j=1 wj

]

q







m−l 



n−1

∑
j=1





n−1
∏
i=1
i= j

wi



k j





m−l

qwn

×q
lwn∑n−1

j=1



∏n−1
i=1
i 6= j

wi



kj

×
∫

Zp

w
y∏n−1

j=1 wj q
hy∏n−1

j=1 wj [y+wnx]lqw1w2...wn−1 .dµ−1(y)

=
m

∑
l=0

(

m
l

)







[wn]q
[

∏n−1
j=1 wj

]

q







m−l 



n−1

∑
j=1





n−1
∏
i=1
i 6= j

wi



k j





m−l

qwn

×q
lwn∑n−1

j=1



∏n−1
i=1
i 6= j

wi



kj

E
(h)
l ,qw1w2...wn−1,ww1w2...wn−1 (wnx) .

As a result of the Eq. (11), we obtain

[

n−1
∏
j=1

wσ( j)

]m

q

n−1
∏
l=1

∑wl−1
kl=0 (−1)(∑n−1

i=1 ki) (12)

w
wn ∑n−1

j=1



∏n−1
i=1
i 6= j

wi



kj

q
hwn∑n−1

j=1



∏n−1
i=1
i 6= j

wi



kj

×

∫

Zp

[

y+wnx+
n−1

∑
j=1

wn

wj
k j

]

qw1w2...wn−1

×w
y∏n−1

j=1 wj q
hy∏n−1

j=1 wj dµ−1(y)

=
m

∑
l=0

(

m
l

)

[

n−1
∏
j=1

wj

]l

q

[wn]
m−l
q

×E
(h)
l ,qw1w2...wn−1 ,ww1w2...wn−1 (wnx)

×
n−1
∏
s=1

∑ws−1
ks=0 (−1)(∑n−1

i=1 ki)w
wn ∑n−1

j=1



∏n−1
i=1
i 6= j

wi



kj

×q
(h+l)wn∑n−1

j=1

(

∏n−1
i=1
i= j

wi

)

kj





n−1

∑
j=1





n−1
∏
i=1
i 6= j

wi



k j





m−l

qwn

=
m

∑
l=0

(

m
l

)

[

n−1
∏
j=1

wj

]l

q

[wn]
m−l
q

×E
(h)
l ,qw1w2...wn−1 ,ww1w2...wn−1 (wnx)

×Um,qwn,wwn (w1,w2, ...,wn−1 | l),

where

Um,q,w(w1,w2, ...,wn−1 | l)

=
n−1
∏
s=1

∑ws−1
ks=0 (−1)(∑n−1

l=1 kl )

×w
∑n−1

j=1



∏n−1
i=1
i 6= j

wi



kj

q
(h+l)∑n−1

j=1

(

∏n−1
i=1
i= j

wi

)

kj

×





n−1

∑
j=1





n−1
∏
i=1
i 6= j

wi



k j





m−l

q

.

Therefore, by(11), we obtain the following theorem.

Theorem 3.Let h∈ Z, w∈ Tp, q∈ Cp with |q−1|p < 1,
wi ∈ N be a natural number which satisfies the condition
wi ≡ 1(mod2), in which i∈ Z lies in 1 ≤ i ≤ n and let
m≥ 0. Then the following expression
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m

∑
l==0

(

n
m

)

[

n−1
∏
j=1

wσ( j)

]l

q

[

wσ(n)

]m−l
q

×E
(h)

l ,q
wσ(1)wσ(2) ···wσ(n−1) ,w

wσ(1)wσ(2) ···wσ(n−1)

(

wσ(n)x
)

×Um,q
wσ(n) ,w

wσ(n) (wσ(1),wσ(2), ...,wσ(n−1) | l)

holds true for someσ ∈ Sn.

3 Conclusion

In this study, we have obtained some symmetric identities
for Carlitz’s twisted(h,q)-Euler polynomials associated
with the p-adic invariant integral onZp under the
symmetric group of degreen. Note that in the casen= 3,
for w= 1 andh= 0, all our results in this paper reduce to
the results in [6]. Moreover, in the casen = 3 and for
w= q−1, all our results in this paper reduce to the results
in [7].
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