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1 Introduction

In the sequel, we assume that|q|< 1. For positive integer
n, we use the standard notation

(a;q)0 = 1, (a;q)n :=
n−1

∏
k=0

(1−aqk)

and (a;q)∞ =
∞

∏
k=0

(1−aqk).

We also write

(a1,a2,a3, · · · ,an;q)∞ = (a1;q)∞(a2;q)∞ · · · (an;q)∞.

In the theory ofq-series, two of the most important results
are the classical Rogers-Ramanujan identities which state
that

G(q) :=
∞

∑
n=0

qn2

(q;q)n
=

1
(q1;q5)∞(q4;q5)∞

and

H(q) :=
∞

∑
n=0

qn2+n

(q;q)n
=

1
(q2;q5)∞(q3;q5)∞

.

Ramanujan [18] Recorded forty modular relations
involving the functions G(q) and H(q) including

following two beautiful identities:

H(q){G(q)}11−q2G(q){H(q)}11= 1+11q{G(q)H(q)}6

(1)

and

H(q)G(q11)−q2G(q)H(q11) = 1. (2)

For other details, proofs and further references, see [8,
11]. In view of the Ramanujan forty identities, many
researchers studied Rogers–Ramanujan type functions
and established several modular relations involving them
and extracted some theorems in partitions. Two beautiful
analogues of the Rogers-Ramanujan functions are the
Göllnitz-Gordon identities, given by [13,16]

S(q) :=
∞

∑
n=0

(−q;q2)

(q2;q2)
qn2

=
1

(q1;q8)∞(q7;q8)∞(q4;q8)∞

and

T(q) :=
∞

∑
n=0

(−q;q2)

(q2;q2)
qn2+2n =

1
(q3;q8)∞(q5;q8)∞(q4;q8)∞

.

Using the idea of Rogers, Watson [23] and Bressoud [12],
Huang [16] and Chen and Huang [13] have established
several modular relations for the Göllnitz-Gordan
functions and Baruah et al. [10] have given alternative
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proofs some of them by using Schröter’s formulas and
some simple theta functions identities of Ramanujan.
These functions were studied by Xia and Yao [24]. Septic
analogues of Rogers-Ramanujan type functions were
studied by Hahn [15,17], Nonic analogues of
Rogers-Ramanujan type functions were studied by
Baruah and Bora [9] and sextodecic analogues of the
Rogers-Ramanujan functions were studied by Gugg [14]
and Adiga and Bulkhali [3]. Adiga et al. [4,5,6] have
studied several Rogers-Ramanujan type functions of
different orders. In [20], Srivastava and Chaudhary have
established relationships betweenq−product identities,
continued fraction identities and combinatorial partition
identities. Recently, Srivastava et al. [21] have derived
several results involving q−series and associated
continued fractions.
For |ab| < 1, Ramanujan’s general theta function is
defined by [1]

f (a,b) :=
∞

∑
n=−∞

an(n+1)/2bn(n−1)/2. (3)

The Jacobi triple product identity in Ramanujan’s notation
is given by [1, Entry 19]

f (a,b) = (−a;ab)∞(−b;ab)∞(ab;ab)∞. (4)

The function f (a,b) satisfies the following basic
properties [1]:

f (a,b) = f (b,a), (5)

f (1,a) = 2 f (a,a3), (6)

f (−1,a) = 0. (7)

Furthermore, ifn is an integer,

f (a,b) =an(n+1)/2bn(n−1)/2 f (a(ab)n,b(ab)−n). (8)

Ramanujan defined the following three special cases of (3)
[1, Entry 22]:

ϕ(q) := f (q,q) =
∞

∑
n=−∞

qn2
= (−q;q2)2

∞(q
2;q2)∞, (9)

ψ(q) := f (q,q3) =
∞

∑
n=0

qn(n+1)/2 =
(q2;q2)∞

(q;q2)∞
, (10)

and

f (−q) := f (−q,−q2) =
∞

∑
n=−∞

(−1)nqn(3n−1)/2 = (q;q)∞.

(11)

For convenience, we define

fn := f (−qn) = (qn;qn)∞,

for a positive integern. In this paper, we consider the
following six functions of order thirteen which are
analogues to the Rogers-Ramanujan functions:

U(q) :=
(q,q12,q13;q13)∞

(q;q)∞
=

f (−q,−q12)

f (−q)
, (12)

V(q) :=
(q2,q11,q13;q13)∞

(q;q)∞
=

f (−q2,−q11)

f (−q)
, (13)

W(q) :=
(q3,q10,q13;q13)∞

(q;q)∞
=

f (−q3,−q10)

f (−q)
, (14)

X(q) :=
(q4,q9,q13;q13)∞

(q;q)∞
=

f (−q4,−q9)

f (−q)
(15)

Y(q) :=
(q5,q8,q13;q13)∞

(q;q)∞
=

f (−q5,−q8)

f (−q)
, (16)

and

Z(q) :=
(q6,q7,q13;q13)∞

(q;q)∞
=

f (−q6,−q7)

f (−q)
. (17)

A. V. Sills [22, Eqs (4.20) and (4.21)], established that

U(q) = ∑
n,r≧0

qn2+2r2+2nr+2n+3r(q;q)n+r+1

(q;q)2n+2r+2(q;q)n(q;q)r

and

Z(q) = ∑
n,r≧0

qn2+2r2+2nr(q;q)n+r

(q;q)2n+2r(q;q)n(q;q)r
.

In 1974, G. E. Andrews [7] obtained a generalization of the
well-known Rogers-Ramanujan functions to odd moduli,
namely for allk≥ 2, 1≤ i ≤ k,

∑
n1,n2,...,nk−1≥0

qN2
1+N2

2+···+N2
k−1+Ni+Ni+1+···+Nk−1

(q;q)n1(q;q)n2 · · · (q;q)nk−1

=
f (−qi ,−q2k+1−i)

f (−q,−q2)
(18)

where Nj = n j + n j+1 + · · · + nk−1. We observe that,
functions defined in (12)–(17) can be obtained by setting
k= 6 andi = 1,2,3,4,5,6 in the right-hand side of (18).
The following identity is an easy consequence of Entry 31
[1] whenn= 2:

f (a,b) = f (a3b,ab3)+a f(b/a,a5b3). (19)

Settinga= b= q in (19), we find that

ϕ(q4)+2qψ(q8) = ϕ(q). (20)

Using (20), one can easily establish the following lemma:

Lemma 1.

ϕ(−qa)ϕ(qb)−ϕ(qa)ϕ(−qb)

= 4qb
{

ϕ(q4a)ψ(q8b)−qa−bϕ(q4b)ψ(q8a)
}

. (21)
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Lemma 2.We have

ϕ(q) =
f 5
2

f 2
1 f 2

4

, ψ(q) =
f 2
2

f1
,

ϕ(−q) =
f 2
1

f2
and ψ(−q) =

f1 f4
f2

.

This lemma is a consequence of (4) and Entry 24 of [1, p.
34].

Lemma 3.Let m=
[

s
s−r

]

, l = m(s− r)− r, k = −m(s−

r)+s and h=mr− m(m−1)(s−r)
2 , 0≤ r < s. Here[x] denote

the largest integer less than or equal to x. Then

(i) f (q−r ,qs) = q−h f (ql ,qk),

(ii) f (−q−r ,−qs) = (−1)mq−h f (−ql ,−qk).

For a proof of Lemma3, see [2].
The main aim of this paper is to establish several modular
relations involving the Rogers-Ramanujan type functions
in (12)–(17) which are analogous to Ramanujan’s forty
identities and we extract some theorems in partitions from
our main results.

2 Main Results

In this section, we present a list of modular relations
involving the functions defined in (12)–(17). For
simplicity, for a positive integer n, we setUn := U(qn),
Vn := V(qn), Wn := W(qn), Xn := X(qn), Yn :=Y(qn) and
Zn := Z(qn).
We prove our main results using ideas similar to those of
Watson [23] and Bressoud [12].

Theorem 1.If 1 ≤ r ≤ 6, then the following modular
relation holds true:

q15U6+rU7−r +q10V6+rV7−r +q6W6+rW7−r +q3X6+rX7−r

+qY6+rY7−r +Z6+rZ7−r =
f 2
21− r(r−1)/2 f 2

2

f42−r(r−1) f6+r f7−r f1
. (22)

Proof.Using (12)–(17) and Lemma2, one may rewrite (22)
in the form

q15 f
(

−q6+r ,−q72+12r
)

f
(

−q7−r ,−q84−12r)

+q10 f
(

−q12+2r,−q66+11r
)

f
(

−q14−2r,−q77−11r)

+q6 f
(

−q18+3r,−q60+10r
)

f
(

−q21−3r,−q70−10r)

+q3 f
(

−q24+4r,−q54+9r
)

f
(

−q28−4r,−q63−9r
)

+q f
(

−q30+5r,−q48+8r
)

f
(

−q35−5r,−q56−8r
)

+ f
(

−q36+6r ,−q42+7r
)

f
(

−q42−6r,−q49−7r
)

= ϕ(−q21−r(r−1)/2)ψ(q). (23)

Suppose that 1≤ r ≤ 6. Then, by using (6), (9) and (10),
we have

2ϕ(−q21−r(r−1)/2)ψ(q)

= f
(

−q21−r(r−1)/2,−q21−r(r−1)/2
)

f (1,q)

=
∞

∑
m,n=−∞

(−1)mq(21−r(r−1)/2)m2+(n2+n)/2. (24)

In this representation, we make the change of indices by
setting

(7− r)m+n= 13M+a and −(6+ r)m+n= 13N+b

wherea andb have values selected from the set

{0,±1,±2,±3,±4,±5,±6}

Then

m=M−N+
a−b
13

and

n=(6+ r)M+(7− r)N+
(6+ r)a+(7− r)b

13
.

It follows easily thata = b, and som= M −N andn =
(6+ r)M+(7− r)N+a, where−6 ≤ a≤ 6. Thus, there
is one-to-one correspondence between the set of all pairs
of integers(m,n), −∞ < m,n< ∞, and triples of integers
(M,N,a), −∞ < M,N < ∞, −6 ≤ a ≤ 6. From (24), we
find that

2ϕ(−q21−r(r−1)/2)ψ(q)

=
6

∑
a=−6

q(a
2+a)/2

∞

∑
M=−∞

(−1)Mq(6+r)(13M2+(2a+1)M)/2

×
∞

∑
N=−∞

(−1)Nq(7−r)(13N2+(2a+1)N)/2

=
6

∑
a=−6

q(a
2+a)/2 f

(

−q(6+r)(7+a),−q(6+r)(6−a)
)

× f
(

−q(7−r)(7+a),−q(7−r)(6−a)
)

= q15 f
(

−q6+r,−q72+12r
)

f
(

−q7−r ,−q84−12r)

+q10 f
(

−q12+2r ,−q66+11r
)

f
(

−q14−2r ,−q77−11r)

+q6 f
(

−q18+3r,−q60+10r
)

f
(

−q21−3r,−q70−10r)

+q3 f
(

−q24+4r,−q54+9r
)

f
(

−q28−4r ,−q63−9r
)

+q f
(

−q30+5r,−q48+8r
)

f
(

−q35−5r,−q56−8r
)

+ f
(

−q36+6r,−q42+7r
)

f
(

−q42−6r,−q49−7r
)

+ f
(

−q42+7r,−q36+6r
)

f
(

−q49−7r,−q42−6r
)

+q f
(

−q48+8r,−q30+5r
)

f
(

−q56−8r,−q35−5r
)
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+q3 f
(

−q54+9r,−q24+4r
)

f
(

−q63−9r ,−q28−4r
)

+q6 f
(

−q60+10r,−q18+3r
)

f
(

−q70−10r,−q21−3r)

+q10 f
(

−q66+11r,−q12+2r
)

f
(

−q77−11r,−q14−2r)

+q15 f
(

−q72+12r,−q6+r
)

f
(

−q84−12r,−q7−r)

+q21 f
(

−q13r+78,−1
)

f
(

−q−13r+91,−1
)

,

which is equivalent to (23) as the last term equal to zero
by (7).

Theorem 2.If 1 ≤ r ≤ 6, then the following modular
relation holds true:

q30U27−2rU2r−1+q20V27−2rV2r−1+q12W27−2rW2r−1

+q6X27−2rX2r−1+q2Y27−2rY2r−1+Z27−2rZ2r−1

=
1

f27−2r f2r−1

(

f 5
2(27−2r)(2r−1) f 2

4

f 2
(27−2r)(2r−1) f 2

4(27−2r)(2r−1) f2

−q42−(r−7)2
f 5
2 f 2

4(27−2r)(2r−1)

f 2
1 f 2

4 f2(27−2r)(2r−1)

)

. (25)

Proof.Using (12)–(17) and Lemma2, we see that (25) is
equivalent to

q30 f
(

−q27−2r ,−q324−24r) f
(

−q2r−1,−q24r−12)

+q20 f
(

−q54−4r,−q297−22r
)

f
(

−q4r−2,−q22r−11)

+q12 f
(

−q81−6r,−q270−20r
)

f
(

−q6r−3,−q20r−10
)

+q6 f
(

−q108−8r,−q243−18r) f
(

−q8r−4,−q18r−9)

+q2 f
(

−q135−10r,−q216−16r
)

f
(

−q10r−5,−q16r−8
)

+ f
(

−q162−12r,−q189−14r
)

f
(

−q12r−6,−q14r−7
)

= ϕ
(

q(2r−1)(27−2r)
)

ψ
(

q2)

−q42−(r−7)2ϕ (q)ψ
(

q2(2r−1)(27−2r)
)

. (26)

Now changingq to q4 in (26), and then applying Lemma1
in the resulting identity, we may rewrite (26) in the form

1
4q

{

ϕ
(

−q(2r−1)(27−2r)
)

ϕ (q)−ϕ
(

q(2r−1)(27−2r)
)

ϕ (−q)
}

= q120f
(

−q108−8r ,−q1296−96r
)

f
(

−q8r−4,−q96r−48
)

+q80 f
(

−q216−16r ,−q1188−88r
)

f
(

−q16r−8,−q88r−44
)

+q48 f
(

−q324−24r ,−q1080−80r
)

f
(

−q24r−12,−q80r−40
)

+q24 f
(

−q432−32r ,−q972−72r
)

f
(

−q32r−16,−q72r−36
)

+q8 f
(

−q540−40r ,−q864−64r
)

f
(

−q40r−20,−q64r−32
)

+ f
(

−q648−48r,−q756−56r
)

f
(

−q48r−24,−q56r−28
)

.

(27)

Thus we need only to establish (27). We have

ϕ
(

−q(2r−1)(27−2r)
)

ϕ (q)

= f
(

−q(2r−1)(27−2r),−q(2r−1)(27−2r)
)

f (q,q)

=
∞

∑
m,n=−∞

(−1)mq(2r−1)(27−2r)m2+n2
. (28)

In the above representation, we make the following change
of indices:

(2r −1)m+n= 26M +a and − (27−2r)m+n = 26N+b,

wherea andb have values selected from the set

{0,±1,±2,±3,±4,±5,±6,±7,±8,±9,±10,±11,±12,13}.

Then

m= M−N+
a−b
26

and

n= (27−2r)M+(2r −1)N+
(27−2r)a+(2r −1)b

26
.

It follows easily thata = b, and som = M − N and
n = (27− 2r)M + (2r − 1)N+ a, where−12≤ a ≤ 13.
Thus, there is one-to-one correspondence between the set
of all pairs of integers(m,n), −∞ < m,n< ∞, and triples
of integers(M,N,a), −∞ < M,N < ∞, − 12≤ a ≤ 13.
From (28), we find that

ϕ
(

−q(2r−1)(27−2r)
)

ϕ (q) =
13

∑
a=−12

qa2

×
∞

∑
M,N=−∞

(−1)M+Nq(27−2r)(26M2+2aM)+(2r−1)(26N2+2aN)

=
13

∑
a=−12

qa2
f
(

−q(27−2r)(26+2a),−q(27−2r)(26−2a)
)

× f
(

−q(2r−1)(26+2a),−q(2r−1)(26−2a)
)

.

Changing q to −q in the above identity and then
subtracting the resulting identity from the above identity
and after some simplifications, we obtain (27).

Theorem 3.We have

−q45U40V3+q28V40X3−q15W40Z3+q6X40Y3−qY40W3

+Z40U3 =
f1 f4 f30 f120

f2 f3 f40 f60
, (29)

q28U24V7−q15V24X7+q6W24Z7−qX24Y7+Y24W7

−q3Z24U7 =
f1 f4 f42 f168

f2 f7 f24 f84
, (30)
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q6V8X11−q15U8V11−qW8Z11+X8Y11−q3Y8W11

+q10Z8U11 =
f1 f4 f22 f88

f2 f8 f11 f44
, (31)

−q3W16Z9+X16Y9−qY16W9+q6Z16U9+q10V16X9

−q21U16V9 =
f1 f4 f36 f144

f2 f9 f16 f72
, (32)

−q21V32X5+q10W32Z5−q3X32Y5+Y32W5−qZ32U5

+q36U32V5 =
f1 f4 f40 f160

f2 f5 f32 f80
, (33)

−q55U48V1+q36V48X1−q21W48Z1+q10X48Y1−q3Y48W1

+Z48U1 =
f4 f12

f2 f24
. (34)

Proof.Using (10), We have

ψ
(

−q30)ψ (−q) = f
(

−q30,−q90) f
(

−q,−q3)

=
∞

∑
m,n=−∞

(−1)m+nq30m(2m−1)+n(2n+1).

(35)

In the above representation, we make the following change
of indices:

3m+n= 13M+a and −10m+n= 13N+b,

where a and b have values selected from the set
{0,±1,±2,±3,±4,±5,±6}. Then

m= M−N+ a−b
13 and n= 10M+3N+ 10a+3b

13 .

It follows easily thata = b, and som= M −N andn =
10M+3N+a, where−6≤ a≤ 6. Thus, there is one-to-
one correspondence between the set of all pairs of integers
(m,n), −∞ < m,n < ∞, and triples of integers(M,N,a),
−∞ < M,N < ∞, −6≤ a≤ 6. From (35), we find that

ψ
(

−q30)ψ (−q) =
6

∑
a=−6

(−1)aq2a2+a

×
∞

∑
M,N=−∞

(−1)Mq260M2+20(−1+2a)M+78N2+3(11+4a)N

=
6

∑
a=−6

(−1)aq2a2+a f
(

−q240+40a,−q280−40a)

× f
(

q111+12a,q45−12a
)

= q66 f
(

−1,−q520
)

f
(

q39,q117
)

−q45 f
(

−q40,−q480
)

× f
(

q51,q105
)

+q28 f
(

−q80,−q440
)

f
(

q63,q93
)

−q15 f
(

−q120,−q400
)

f
(

q75,q81
)

+q6 f
(

−q160,−q360
)

× f
(

q87,q69
)

−q f
(

−q200,−q320
)

f
(

q99,q57
)

+ f
(

−q240,−q280
)

f
(

q111,q45
)

−q3 f
(

−q280,−q240
)

× f
(

q123,q33
)

+q10 f
(

−q320,−q200
)

f
(

q135,q21
)

−q21 f
(

−q360,−q160
)

f
(

q147,q9)+q36 f
(

−q400,−q120)

× f
(

q159,q−3
)

−q55 f
(

−q440,−q80) f
(

q171,q−15
)

+q78 f
(

−q480,−q40) f
(

q183,q−27) . (36)

Using (19) in (36) and then after some simplification, we
obtain

−q45 f
(

−q40,−q480) f
(

−q6,−q33
)

+q28 f
(

−q80,−q440)

× f
(

−q12,−q27)−q15 f
(

−q120,−q400) f
(

−q18,−q21)

+q6 f
(

−q160,−q360
)

f
(

−q15,−q24
)

−q f
(

−q200,−q320)

× f
(

−q9,−q30)+ f
(

−q240,−q280) f
(

−q3,−q36
)

= ψ
(

−q30)ψ (−q) . (37)

Now if we employ (12)–(17) and Lemma2 in the above
identity, we obtain (29). The proofs of (30)–(34) follow in
a similar way.

The proof of our modular relations in Theorem6 is
strongly depends upon the results of Rogers [19] and
Bressoud [12]. We adopt Bressoud’s notation, except that
we use q

n
24 f (−qn) instead of Pn, and the variableq

instead ofx. Let g(p,n)α andΦα ,β ,m,p be defined as follows:

g(p,n)α : = g(p,n)α (q) = qα( 12n2−12n+3−p
24p )

×
∞

∏
r=0

(1− (qα)pr+ p−2n+1
2 ) (1− (qα)pr+ p+2n−1

2 )

∏p−1
k=1(1− (qα)pr+k)

,

(38)

for any positive odd integerp, integer n, and natural
numberα, and

Φα ,β ,m,p : = Φα ,β ,m,p(q)

=
p

∑
n=1

∞

∑
r,s=−∞

(−1)r+sq
1
2{pα(r+m2n−1

2p )2+pβ (s+ 2n−1
2p )2},

(39)

whereα,β and p are natural numbers, andm is an odd
positive integer. Then we can easily obtain the following
propositions.

Proposition 1.We have

g(13,6)
α = q

175
156 αUα , g(13,5)

α = q
115
156 αVα , g(13,4)

α = q
67
156 αWα ,

g(13,3)
α = q

31
156 αXα , g(13,2)

α = q
7

156 αYα , g(13,1)
α = q−

5
156 αZα .

Theorem 4.[12, Proposition 5.4]. For odd p> 1,

Φα ,β ,m,p =2q
α+β

24 f (−qα ) f (−qβ )

(

(p−1)/2

∑
n=1

g(p,n)β g(p,(2mn−m+1)/2)
α

)

.

Using Theorem4, Proposition1 and Lemma3, we obtain
the following proposition:
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Proposition 2.We have

Φα ,β ,3,13 =2q
α+β

24 fα fβ

(

q
7α−5β

156 YαZβ +q
115α+7β

156 VαYβ

−q
175α+31β

156 UαXβ −q
31α+67β

156 XαWβ

−q
−5α+115β

156 ZαVβ +q
67α+175β

156 WαUβ

)

,

Φα ,β ,7,13 =2q
α+β

24 fα fβ

(

q
67α−5β

156 WαZβ −q
31α+7β

156 XαYβ

−q
115α+31β

156 VαXβ +q
7α+67β

156 YαWβ

+q
175α+115β

156 UαVβ −q
−5α+175β

156 ZαUβ

)

,

Φα ,β ,9,13 =2q
α+β

24 fα fβ

(

q
115α−5β

156 VαZβ −q
−5α+7β

156 ZαYβ

+q
67α+31β

156 WαXβ +q
175α+67β

156 UαWβ

−q
7α+115β

156 YαVβ +q
31α+175β

156 XαUβ

)

,

Φα ,β ,11,13 =2q
α+β

24 fα fβ

(

q
175α−5β

156 UαZβ −q
67α+7β

156 WαYβ

+q
7α+31β

156 YαXβ −q
−5α+67β

156 ZαWβ

+q
31α+115β

156 XαVβ −q
115α+175β

156 VαUβ

)

.

Corollary 1.[12, Corollary 5.5 and 5.6]. IfΦα ,β ,m,p is
defined by (39), then

Φα ,β ,m,1 =0, (40)

Φα ,β ,1,3 =2q
α+β

24 f (−qα) f (−qβ ). (41)

Theorem 5.[12, Corollary 7.3]. Letαi , βi , mi , pi where
i = 1,2, be positive integers with m1 and m2 both odd. If
λ1 := (α1m2

1+β1)/p1 andλ2 := (α2m2
2+β2)/p2, and the

conditions

λ1 = λ2,

α1β1 = α2β2,

α1m1 ≡ α2m2 (modλ1) or α1m1 ≡−α2m2 (modλ1)

hold, then

Φα1,β1,m1,p1
= Φα2,β2,m2,p2

.

Theorem 6.We have

qX3V1−q3V3U1−Z3W1+Y3X1−qW3Y1+q3U3Z1 = 0,
(42)

q6V2U5−q3X2V5+qZ2W5−Y2X5+W2Y5−qU2Z5 = 0,
(43)

U1Z9−q10V1U9+q6X1V9−q3Z1W9+qY1X9−W1Y9 = 0,
(44)

U1Z35−q2W1Y35+q7Y1X35−q15Z1W35+q26X1V35

−q40V1U35= 1, (45)

V1Z23−qZ1Y23+q5W1X23+q11U1W23−q17Y1V23

+q26X1U23 = 1, (46)

Y5Z7+q4V5Y7−q7U5X7−q4X5W7−q5Z5V7+q10W5U7 = 1.
(47)

Proof.The proof follows using Corollary1 and Theorem5
in such away thatαi ,βi ,mi and pi (i = 1,2) are selected,
respectively, as in the following table:

α1 β1 m1 p1 α2 β2 m2 p2
1 3 7 13 1 3 1 1
2 5 11 13 1 10 3 1
1 9 11 13 1 9 1 1
1 35 11 13 1 35 1 3
1 23 9 13 1 23 1 3
5 7 3 13 5 7 1 3

3 Applications to the theory of partitions

For simplicity, we define

(qr1±;qs)∞ := (qr1,qs−r1;qs)∞

and

(qr1±,r2±,r3±,··· ,rk±;qs)= (qr1±;qs)∞(q
r2±;qs)∞ · · · (qrk±;qs)∞

wherer i , 1≤ i ≤ k andsare positive integers andr i < s.
In this section, we present a partition theoretic
interpretations of (42) and (43). First, we need the
notation of colored partitions.

Definition 1.A positive integer n has l colors if there are l
copies of n available and all of them are viewed as distinct
objects. Partitions of positive integer into parts with colors
are called “colored partitions”.

For example, if 1 is allowed to have two colors, sayb
(black), andg (green), then all the colored partitions of 4
are
4, 3+1b, 3+1g, 2+2, 2+1g+1g, 2+1b+1b, 2+1g+
1b, 1g+1g+1g+1g, 1b+1b+1b+1b, 1g+1b+1b+1b,
1g+1g+1b+1b, 1g+1g+1g+1b.
An important fact is that

1
(qr ; qs)l

∞
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is the generating function for the number of partitions of
n, where all the parts are congruent tor (mod s) and have
l colors.

Theorem 7.Let P1(n) denote the number of partitions of n
into parts not congruent to±2, ±11, ±13 (mod 39)
with parts congruent to±3, ±6, ±9 and±18 (mod 39)
having two colors. Let P2(n) denote the number of
partitions of n into parts not congruent to±1, ±13, ±14
(mod 39) with parts congruent to±3, ±9, ±15and±18
(mod 39) having two colors. Let P3(n) denote the number
of partitions of n into parts not congruent to±10, ±13,
±16 (mod 39) with parts congruent to±6, ±9, ±12
and±15 (mod 39) having two colors. Let P4(n) denote
the number of partitions of n into parts not congruent to
±13, ±14, ±17 (mod 39) with parts congruent to±3,
±6, ±12 and ±18 (mod 39) having two colors. Let
P5(n) denote the number of partitions of n into parts not
congruent to ±5, ±8, ±13 (mod 39) with parts
congruent to±3, ±6, ±12 and ±15 (mod 39) having
two colors. Let P6(n) denote the number of partitions of n
into parts not congruent to±7, ±13, ±19 (mod 39)
with parts congruent to±9, ±12, ±15 and ±18
(mod 39) having two colors. Then, for any positive
integer n≥ 3, we have

P1(n−1)−P2(n−3)−P3(n)+P4(n)

−P5(n−1)+P6(n−3) = 0.

Proof.With the help of (12)–(17), (42) can be written as
follows:

q
(q1±,4±,5±,7±,8±,10±,12±,14±,15±,16±,17±,19±;q39)∞

×
1

(q3±,6±,9±,18±;q39)2
∞

−
q3

(q2±,4±,5±,6±,7±,8±,10±,11±,12±,16±,17±,19±;q39)∞

×
1

(q3±,9±,15±,18±;q39)2
∞

−
1

(q1±,2±,3±,4±,5±,7±,8±,11±,14±,17±,18±,19±;q39)∞

×
1

(q6±,9±,12±,15±;q39)2
∞

+
1

(q1±,2±,4±,5±,7±,8±,9±,10±,11±,15±,16±,19±;q39)∞

×
1

(q3±,6±,12±,18±;q39)2
∞

−
q

(q1±,2±,4±,7±,9±,10±,11±,14±,16±,17±,18±,19±;q39)∞

×
1

(q3±,6±,12±,15±;q39)2
∞

+
q3

(q1±,2±,3±,4±,5±,6±,8±,10±,11±,14±,16±,17±;q39)∞

×
1

(q9±,12±,15±,18±;q39)2
∞

=0.

Note that the six quotients in the left side of the above
identity represent the generating functions forPk(n), 1≤
k≤ 6 respectively. Hence, it is equivalent to

q
∞

∑
n=0

P1(n)q
n−q3

∞

∑
n=0

P2(n)q
n−

∞

∑
n=0

P3(n)q
n+

∞

∑
n=0

P4(n)q
n

−q
∞

∑
n=0

P5(n)q
n+q3

∞

∑
n=0

P6(n)q
n = 0,

where we setP1(0) = P2(0) = P3(0) = P4(0) = P5(0) =
P6(0) = 1. Equating the coefficients ofqn (n≥ 3) on both
sides yields the desired result.

Example 1.The following table illustrates the casen= 7 in
the Theorem7.

P1(6) = 10 6g,6r ,5+1,4+1+1,3g+3g,3g+3r ,
3r +3r ,3g+1+1+1,3r+1+1+1,

1+1+1+1+1+1
P2(4) = 2 4,2+2
P3(7) = 16 7,6g+1,6r +1,5+2,5+1+1,

4+3,4+2+1,4+1+1+1,3+3+1,
3+2+2,3+2+1+1,3+1+1+1+1,

2+2+2+1,2+2+1+1+1,
2+1+1+1+1+1,1+1+1+1+1+1+1

P4(7) = 18 7,6g+1,6r +1,5+2,5+1+1,
3g+3g+1,3g+3r +1,3r +3r +1,
3r +2+2,3g+2+2,3r +2+1+1,

3g+2+1+1,3g+1+1+1+1,
3r +1+1+1+1,2+2+2+1,

2+2+1+1+1,2+1+1+1+1+1,
1+1+1+1+1+1+1

P5(6) = 15 6g,6r ,4+1+1,4+2,3g+3r ,3g+3g,
3r +3r ,3g+2+1,3r +2+1,3g+1+1+1,

3r +1+1+1,2+2+2,2+2+1+1,
2+1+1+1+1,1+1+1+1+1+1

P6(4) = 5 4,3+1,2+2,2+1+1,1+1+1+1

Theorem 8.Let P1(n) denote the number of partitions of
n, where each part is a multiple of2 or 5 and not
congruent to±4, ±5, ±22, ±26, ±48, ±52, ±56, 65
(mod 130) with parts congruent to±10, ±20, ±40, ±50
(mod 130) having two colors. Let P2(n) denote the
number of partitions of n, where each part is a multiple of
2 or 5 and not congruent to±8, ±18, ±26, ±34, ±44,
±52, ±55, 65 (mod 130) with parts congruent to±20,
±30, ±40, ±50 (mod 130) having two colors. Let P3(n)
denote the number of partitions of n, where each part is a
multiple of2 or 5 and not congruent to±12, ±14, ±15,
±26, ±38, ±52, ±64, 65 (mod 130) with parts
congruent to±10, ±20, ±30, ±60 (mod 130) having
two colors. Let P4(n) denote the number of partitions of n,
where each part is a multiple of2 or 5 and not congruent
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to ±16, ±26, ±36, ±42, ±45, ±52, ±62, 65 (mod 130)
with parts congruent to±30,±40,±50,±60 (mod 130)
having two colors. Let P5(n) denote the number of
partitions of n, where each part is a multiple of2 or 5 and
not congruent to±6,±25, ±26, ±28, ±32, ±46, ±52,
±58, 65 (mod 130) with parts congruent to±10, ±30,
±50, ±60 (mod 130) having two colors. Let P6(n)
denote the number of partitions of n, where each part is a
multiple of2 or 5 and not congruent to±2, ±24, ±26,
±28, ±52, ±54, ±55, 65 (mod 130) with parts
congruent to±10, ±20, ±40, ±60 (mod 130) having
two colors. Then, for any positive integer n≥ 6, we have

P1(n−6)−P2(n−3)+P3(n−1)−P4(n)+P5(n)

−P6(n−1) = 0.

Proof.Using (12)–(17) in (43) and simplifying the
resulting identity, we obtain

q6

(q2±,6±,8±,12±,14±,15±,16±,18±,24±,25±,28±,30±,32±;q130)∞

×
1

(q34±,35±,36±,38±,42±,44±,45±,46±,54±;q130)∞

×
1

(q55±,58±,60±,62±,64±;q130)∞(q10±,20±,40±,50±;q130)2
∞

−
q3

(q2±,4±,5±,6±,10±,12±,14±,15±,16±,22±,24±,25±,28±;q130)∞

×
1

(q32±,35±,36±,38±,42±,45±,46±,48±,54±;q130)∞

×
1

(q56±,58±,60±,62±,64±;q130)∞(q20±,30±,40±,50±;q130)2
∞

+
q

(q2±,4±,5±,6±,8±,16±,18±,22±,24±,25±,28±,32±,34±;q130)∞

×
1

(q35±,36±,40±,42±,44±,45±,46±,48±,50±;q130)∞

×
1

(q54±,55±,56±,58±,62±;q130)∞(q10±,20±,30±,60±;q130)2
∞

−
1

(q2±,4±,5±,6±,8±,10±,12±,14±,15±,18±,20±,22±,24±;q130)∞

×
1

(q25±,28±,32±,34±,35±,38±,44±,46±,48±;q130)∞

×
1

(q54±,55±,56±,58±,64±;q130)∞(q30±,40±,50±,60±;q130)2
∞

+
1

(q2±,4±,5±,8±,12±,14±,15±,16±,18±,20±,22±,24±,34±;q130)∞

×
1

(q35±,36±,36±,38±,40±,42±,44±,45±,48±;q130)∞

×
1

(q54±,55±,56±,62±,64±;q130)∞(q10±,30±,50±,60±;q130)2
∞

−
q

(q4±,5±,6±,8±,12±14±,15±,16±,18±,22±,25±,30±,32±;q130)∞

×
1

(q34±,35±,36±,38±,42±,44±,45±,46±,48±;q130)∞

×
1

(q50±,56±,58±,62±,64±;q130)∞(q10±,20±,40±,60±;q130)2
∞

= 0.

Note that the six quotients in the left side of the above
identity represent the generating functions forPk(n) where
1≤ k≤ 6 respectively. Hence, it is equivalent to

q6
∞

∑
n=0

P1(n)q
n−q3

∞

∑
n=0

P2(n)q
n+q

∞

∑
n=0

P3(n)q
n−

∞

∑
n=0

P4(n)q
n

+
∞

∑
n=0

P5(n)q
n−q

∞

∑
n=0

P6(n)q
n = 0,

where we setP1(0) = P2(0) = P3(0) = P4(0) = P5(0) =
P6(0) = 1. Equating the coefficients ofqn (n≥ 6) on both
sides yields the desired result.

Example 2.The following table illustrates the casen= 15
in the Theorem8.

P1(8) = 3
P2(11) = 3
P3(13) = 4
P4(14) = 14
P5(14) = 12
P6(13) = 2

4 Conclusions

In this paper, we have used the Watson’s method and
Bresssoud method to establish several modular relations
for the Rogers-Ramanujan type functions of order
thirteen which are analogues to Ramanujan’s forty
identities for Rogers- Ramanujan functions.Almost all of
our modular relations yield theorems in the theory of
partitions.There is a need to establish a systematic way to
establish modular relations for Rogers-Ramanujan type
functions of different orders.
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