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Abstract: This paper deals with the cost analysis of a repairable system subject to deterioration. The system has three
different modes: normal, deterioration and failure. The deterioration can be minor, medium or major. Failure time follows
an exponential distribution, while repair time rate and preventive maintenance follow a general distribution. We analyzed
the system using supplementary variable technique and developed explicit expressions for availability, busy period and
profit function for the system. Laplace transforms of the probabilities of the states of the system have been obtained.
Availability, steady-state availability, mean time to system failure (MTSF), and the profit function of the system are
studied. Tables and graphs have also been given at the end. Based on assumed numerical values given to the system
parameters, some particular cases have also been discussed graphically to see the effect of deterioration, failure and repair
rates on profit. The results have indicated that deterioration and failure rates decrease the profit while repair and major
maintenance rates increase the profit.

Keywords: Deterioration, repairable system, maintenance, supplementary variable technique.

1 Introduction

Failure is an unavoidable phenomenon which can be dangerous and costly and bring about less production and profit.
Proper maintenance planning plays a role in achieving high system reliability, availability and production output. Many
researchers have studied reliability problem of different systems see Satyavati [6]. It is therefore important to keep the
equipments/systems always available and to lay emphasis on system availability at the highest order.

System availability represents the percentage of time the system is available to users. As the age of equipment increases,
the equipment slowly deteriorates correspondingly. Deterioration failure is still the inevitable fate of the equipment. In
many manufacturing situation, the condition of the system has significant impact on the quantity and quality of the unit
produced. Most of these systems are subjected to random deterioration which can results in unexpected failures and
disastrous effect on safety and the economy it is therefore important to find a way to slow down the deterioration rate, and
to prolong equipment’s service life. Maintenance policies are vital in the analysis of deterioration and deteriorating systems
as they help in improving reliability and availability of the systems. Maintenance models assume perfect repair, see, among
others, [11], minimal repair and imperfect repair which is between perfect and minimal repair.

Large volumes of literature exist on the issue relating to deterioration and prediction of availability of various systems
under different maintenance policies. Yusuf and other[10] have studied a stochastic modeling of two unit parallel system
under two types of failures, where the system works in normal mode, deterioration (slow, mild, or fast) in model I and
normal and failure modes in model Il. Yusuf and others [12] dealt with modeling the reliability and availability
characteristics of a system with three Stages of deterioration. Marcous and others [4] dealt with the Modeling bridge
deterioration, Wirahadikusumah and others [8] have studied Challenging issues in modeling deterioration of combined
Sewers.

Cost analysis of redundant system working in normal and failure modes are numerous. Various models are developed
concerning the cost analysis of a redundant system. Mokaddis and other have studied the cost analysis of two dissimilar
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unit cold standby redundant systems subject to inspection and random change of units. Using semi Markov process
technique various measures of system effectiveness are obtained. Recently, El-said [1] has studied cost analysis of a system
with preventive maintenance. Haggag [2] has studied Cost analysis of a system involving common cause failures and
preventive maintenance. Haggag [3] dealt with Cost analysis of K-out-of- n repairable system with dependent failure and
standby support. Yusufl and others [12] have studied Profit Evaluation of a Repairable System with Three-Stage
Deterioration.

The problem considered in this paper is more general than the work of Yusuf and others [12]. This paper is to investigate
the system discussed in [12] incorporating the concept that repair and preventive maintenance rates are generally
distributed. We analyze the system using supplementary variable technique. Similarly to paper [12], the system has three
modes: normal, deterioration and failure. Deterioration stages could be minor, medium or major. Minor, medium or major
are control by major maintenance whereas the failure is control by perfect repair.

Our objectives are to develop the explicit expressions for availability, busy period due to failure, busy period due to major
maintenance, and profit function. Laplace transforms of the probabilities of the different states and availability have been
obtained. Availability, busy period, profit function of the system have also been obtained. MTSF, steady-state availability
steady-state busy period and steady-state profit due to failure and repair have been derived. Numerical computations for
evaluating availability, steady-state availability, steady-state busy period and steady-state profit of the system are appended
and capture the effect of failure rates, deterioration rates, and maintenance rates, perfect repair rates on profit based on
assumed numerical values given to the system parameters. Tables of availability vs. time have been illustrated. Graphs of
availability vs. time and profit vs. time have also been sketched. A special case for studying the effect of preventive
maintenance on the MTSF and steady-state availability and profit are shown theoretically and graphically. The state
transition diagram of the system is shown in Figure (1).

2 Notations

B12, B13, B14: Minor, medium and major deterioration rates respectively from S, to S,,S; and S,

23, Bs4: Deterioration rates from S, to S; and S5 to S, respectively

Bis B2s, Bss, Bys : Failure rates

as1(y): General repair rate

051 (X), o371 (%), asq (X): General maintenance rates

A(00), Bp(0), By (), PF : System availability, busy period due to failure, busy period due to maintenance, profit function.
P;(t) :Probability that the system is in operable state S; at time t.

P;(t) : Probability that the system is in state S; at timet, i =2, 3, 4. 5.

P;(x,t) : Probability that the system is in state S; at time t, and under repair, elapsed repair time is x.

P;(y,t) : Probability that the system is in state S; at time t, and under Preventive Maintenance, elapsed repair time is y.

According to Davis formula, there exists a relation between repair rates a,, (X), o34 (%), 041 (x), a5 (x) and their
corresponding cumulative functions F(x), C(x), H(x),V (x), i.e.

X X

F(x) = ay;(x)exp (—f a21(x)dx> dx,G(x) = az,(x)exp (—f a31(x)dx) dx,
0 0

x y

H(x) = a4, (x)exp <_f a41(x)dx> dx,V(y) = as;(y)exp <_J- 0-’51(}’)(1)’) dy
0 0

3 Assumptions and Description of the System

1. State of the system can be: Perfect (S; ), minor deterioration (S, ), medium deterioration (S3), major (S,) or failed state
Ss

2. At any given time t the system is either in the operating state, deteriorating states or in the failed state.

3. State S5 can be access from the previous state

4. The state of the system changes as time progresses
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5. System/units work in S, S,,S; and S,

6. The deteriorate stages can be minor, medium or major

Fy

Ps(y,t)

Good stste: O Failed state: Under maintenance [:

Figure 1: Transition graph of the system.

4 Formulation of Mathematical Model

Let P,(t) be the probability that the system is in state i at time t. By elementary probability and continuity arguments the
difference differential equations for the stochastic process of the system shown in Figure(1), which is continuous in time
and discrete in space are shown in Equations (4 — 1) - (4 - 9):

(% + P12 + B1z + Bra + 815) P (t) = fooo az1(X) Py (x, t) dx + fooo az1(x)Ps(x, t) dx + fooo a1 (X)Py(x, 1) dx +

Iy @s10)Ps (v, O)dy (4-1)
(5 + 22+ Baa + fas + @21 (1)) Py (x, £) =0 4-2)
(5 + 5= + Baa + Pas + @51 (1)) Ps(x,£) = 0 (4-3)
(5 + 52 + Bus + @i (1)) Py(x,8) = 0 (4-4)
G+ +as) P =0 (4-5)
Boundary and Initial conditions
P,(0,t) = By2P1 (D) (4-6)
P3(0,t) = B13P1(€) + BasP2(0) (4-7)
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P,(0,t) = B14P; (1) + PB34P3(t)
P5(0,t) = B1sPi(t) + BosPr(t)+P35P5(t) + BasPa(t)
5 Solution of the Model

By taking Laplace transform of equations (4-1)-(4-5), and using initial condition (4-6)-(4-9), we get:

(4-8)
(4-9)

(s + P12 + B1z + Bra + B1s)Pi(s) =1+ fooo a1 (X) P, (x, 5) dx + fow a3 (X)Ps(x,s) dx + fooo a4y () Py(x, 5) dx +

Jy as1()Ps(y, s)dy (5-1)
(Z+ 5+ faz + fas + @31 (0)) Py (x,5) =0 (5-2)
(55 + 5+ Bas + Bss + @1(0)) Pa(x,5) = 0 (5-3)
(ix+s + Bas + a41(x)) P,(x,s) =0 (5-4)
(5 +5+ @)@ =0 (5-5)
Boundary and Initial conditions
P5(0,5) = B12P1(s) (5-6)
P3(0,t) = B13P1(s) + B2z Pr(t) 5-7)
P,(0,t) = B14Py(s) + B34 P5(1) (5-8)
P5(0,t) = Bi5Pi(s) + BosPr(s)+B35P3(s) + BasPu(s) (5-9)
Integrating equations (5 — 2)-(5 — 5)
P, (x,5) = P;(0,5)exp[—(s + Bas + fr5)x — [, tty1 (x)dx (5-10)
P5(x,5) = P5(0,5)exp[—(s + Bas + Bss)x — [ az1(x)dx] (5-11)
Py(x,5) = P4(0,5)exp[—(s + Bas)x — J; atar (x)dx] (6-12)
P5(y,s) = P5(0,s)exp[~sy — [ as:(y)dy ] (5-13)
Again integrating by parts equations (5 — 10)-(5 - 13) using equations (5 — 6)-(5 -9)
P = [ Blesar=F0, { [Cew [—(s + B+ o) = xan(x)dx] dx}
0 0 0
= * 8 exp[—(s + Bz + Bas)x
= P,(0,s) {fo [exp <—f0 a21(x)dx)] d< —G By + e )}
= (5 + Baz + B2s) "1 — F(s + Baz + B25)]P, (0, 5)
 Py(s) = Az(s)Py(s) (5-14)
In the same manner we can get the other integrations:
P5(s) = A3(s)Py(s) (5-15)
P,(s) = A4(s)Py(s) (5-16)
P5(s) = As(s)Py(s) (5-17)
Where:
Ay(s) = B2 Ny (),
A3(s) = B13N3(S) + Br12B23N,(s)N5(s)
A4(s) = B1aNa(s) + B3aAsz(s)
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As5(s) = P1sNs(s) + Pr12asNy(s) + B3sAs(s) + PasAa(s)
N(s) = (s + Baz + B2s) ' [1 = F(s + Bz + Bas)]
N3(s) = (s + B3a + B35) ' [1 = G(s + B34 + P35)]
Ny(s) = (s + Bas) 7' [1 — H(s + Bss)]
Ns(s) = s7H[1 =V (s)]

And:

F(s) = fmexp(—sx) a1 (x)exp <— fxa21(x)dx) dx,G(s) = fooexp(—sx) aszq(x)exp (— fxa31(x)dx> dx,

_ *® x _ 0 y
H(s) = f exp(—sx) ay (x)exp <— f a41(x)dx) dx,V(s) = f exp(—sy) as1 (y)exp (— f asl(y)dy) dy
0

0 0 0

Also we have from equations (5 — 10)-(5 — 13) using equations (5 — 6)-(5 —9)

Iy Py (x,5) a1 (x)dx = 1o F(s + Bos + Pas)Pi(s) (5-18)
Iy Py (x,8) @31 (x)dx = (B + BazAz(5))G(s + Bag + Bas)Pi(s) (5-19)
Iy Pa(x,8) @y (x)dx = (Bra + B3aAs(s))H(s + Bus)Pi(s) (5-20)
I P, )ats; () dxx = (Bus + PosAz () +P35A3(5) + PasAs () V(S)Py (s) (5-21)

Now from equations (5- 18), (5- 19), (5- 20), (5- 21) in equation (5 — 1), we get:

Pi(s) = [(5 + Bz + Biz + Bia + Bis) — B12F(s + Bas + Bas) — (.313 + ,823142(5))6(5 + B3a + B3s) — (ﬁm +
334A3(5))ﬁ(5 + Bas) — (Bis + BosAr(s)+P3545(s) + B45A4(5))v(5)]_1 = ﬁ (5-22)

Where
A(s) = [(s + Buz + Bz + Bra + Bis) = Bi2F(s + Bas + Bas) — (Bus + B2sAz(5))G(s + B + Bss)
- (:814 + B34A3(5))ﬁ(5 + Bas) — (Bis + BosAz(s)+P3545(s) + ﬂ45A4(5))V(S)]
6 Evaluation of Laplace Transform Of Up And Down State Availability
The Laplace transform of the probability that the system is in up (operable) and down (failed) state at time 't' can be
evaluated as follows:
Pup(s) = Pi(s) + Py(s) + P3(s) + Py(s)
= [1 4 45(s) + 45(5) + A4 (5)]P,(s) (6-1)
Paown(s) =1 = Pp(s) (6-2)
Steady state behavior of the system
By using Abel's Lemma, viz
£1_r%1 [s.F(s)] = thglo F(t) = F (say), in Equations (5 — 22), (5 — 14) — (5 — 17), we get

P = lsi_r)r(}s. }71(5) = [1 - ,8121_:’(.823 + B2s) — (,823142'(0))6(334 + B3s) — (.313 + .823142’(0))6’([’)34 + f3s)
— (B3443"(0))H(Bss) — (Bra + Baads'(0))H' (Bas) — (BasAz' (0)+B3545"(0) + BasA4'(0))V(0)
= (Bus + BasA2(0)+Bs55A3(0) + BusAs (OIV' (O]
P, = A;(0)Py, P3 = A3(0)P;, P, = AL(0)Py, Ps = A5(0)P; (6-3)
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Steady state availability of the system
By using Abel's Lemma in Equation (6 — 1), we get
By = £11r(} $.Pp(s) = Lll% s.[1 4+ Py(s) + P5(s) + Pu(s)]P,(s) = [1 + A1(0) + A,(0) + A5(0) + A,(0)]P;
(6-4)
Where:
A;(0) = 12N, (0),
A3 (0) = B1,N,'(0)
A3(0) = B13N3(0) + B12B23N2(0)N5(0)
A3'(0) = B13N3"(0) + B12P1sN," (0)N3(0) + By, 13N, (0)N5(0)
A4(0) = B14N4(0) + B3443(0)
A'4(0) = 14N, (0) + B3,4'3(0)
N2 (0) = (B3 + Bas) ' [1 = F(Ba3 + Bas)]
N;'(0) = =(Baz + B2s)"2[1 — F(Bas + B2s)] — (Bas + Bas) ™ F'(Baz + B2s)]
N3(0) = (B34 + B3s) ™' [1 — G(B3a + Bss)]
N3'(s) = —(Bsa + B35)7*[1 — G(Bsa + P35)] —(Bsa + B35) "' [G (B34 + B3s5)]
N4 (0) = (Bas)'[1 — H(Bus)]
Ny (s) = =(Bas)"?[1 — H(Bas) — BasH' (Bas)]
Mean Time to System Failure
MTSF = £i_r)1313up(s) = [1+ A,(0) + A5(0) + A,(0)]P,(s)/A(0) (6-5)

Where

A(0) = [(B1z + Bi3 + Bia + B1s) — B12F(Baz + Bas) — (Bus ";523142(0))6(334 + Bss) — (Bra + P34A3(0))H(Bss)
— (B1s + B254,(0)+3545(0) + ,345144(0))\7(0)]

7 Particular Case

In this section the Laplace transform of up and down state availability, the mean time to system failure (MTSF), the steady
state availability of the system and the expected total profit incurred to the system in the steady-state have been evaluated
using supplementary variable technique with and without maintenance, when repair times follow exponential distribution.
e T _ @21 ~ @31 T %41 7 _ @51 H H _ _ _ .
Setting: F(s) = —s+a21'G(S) = el LH(s) = v and V(s) = s in Equations (5-14) to (5-17), (5 - 22) one gets:

41

Pi(s) = (5 + as1) (5 + aax + Bas)(S + a1 + Baz + B2s)(S + a1 + Baa + B3s)/D(s) (7-1)

P,(s) = B12(s + as1)(s + a1 + Bas)(s + a3y + Bzs + B35)/D(s) (7-2)

P;(s) = B12B23(s + as1)(S + @aq + Bas) + B13(s + as1)(S + @a1 + Bas) (5 + az1 + Bas + B25)/D(s) (7-3)

P,(s) = B12B23B34(s + as1) + B13P3a(s + @51)(S + @21 + B2z + Bas) + B1a(s + as1)(s + az1 + B2z + B2s)(s + az; +
B34+ B3s) /D(s) (7-4)

F5(5) = {ﬂnﬂzsﬂss(s + @41 + Bas) — P12B23034P4s5 + P13B34f4s (S + az1 + L2z + B2s) + P13P3s5(S + qag + Pas)(s +
Q21+ P23+ P25) + B12B25(5 + @a1 + Las)(S + az1 + P3a + B3s) + B1afas(s + az1 + P23 + P2s)(s + az1 + Paa +
P3s) + P15(s + @ar + Pas)(s + az1 + P23 + f25) (s + az1 + fzs + ﬁss)}/D(S) (7-5)

From Equations (7 - 1), (7 - 2), (7 - 3), (7 - 4), one may get:
Pup(s) = 131(5) + 132(5) + 133(5) + p4(5) = (S + a51)(s + Ay + 345)(5 + a2 + Bzg + st)(s + a31 + Bg4 + 335) +

P12(s + as1)(s + asg + Pas)(s + a3y + P3a + P35) + L1223(5 + as1)(S + Aa1 + Pas) + B13(s + as)(s + aur +
ﬁ45) (S +az + ,823 + ﬂzs) + ﬂ12ﬁ23334($ + 0»’51) + ,313,334(5 + 0»’51)(5 +az + ,323 + ,325) + ,314(5 + a51)(5 +az +
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,323+,325)(5+0-’31+,334+335)/D(5) (7-6)
pdown(s) =1- Fup(s)

Where:

D(s) = (s + as1)(s + a1 + Pas)(s + dz1 + P2z + P25)(S + @31 + B3a + P3s) (S + P12 + P13 + f1a + P1s)
— B12041B23P34(S + A51) — P12 X51P23P35(S + Aa1 + Bas) — A31B12023(S + A51)(S + A1 + Pas)
— B13a51B834Pas(S + @21 + P2z + B25) — @a1f13P34(S + @s51) (S + @21 + B23 + P2s) — P13s1P35(s
+ a4y + Pas)(s + az1 + P2z + B2s) — P12as51P25(5 + @41 + Pas)(s + azy + fza + B3s) — azif13 (s
+ as1)(s + au1 + Bas)(s + az1 + B2z + P2s) — @21f12 (S + a51) (5 + a4 + Pas)(s + azy + fza + Bss)
— 51814 fas(S + Az1 + P23+ B25)(S + @31 + Baa + Pas) — @a1f14 (S + a51)(S + dz1 + P2z + B2s)(s
+ az1+ Bas + Pss) — As1P15(S + aa1 + Bas)(S + dz1 + P2z + P25)(s + azy + Bzs + B3s)
— B12051023P34B4s5

7.1 Busy Period Analysis

7.1.1 Busy Period of the system due to maintenance

The initial conditions for this problem are the same as for the reliability case. Then the probability that the system is in
states S,—S, is given by:

Pgm(s) = é— (Pu(s) + P5(5)) = Po(s) + P5(s) + Py(s) = Buz(s + as1) (S + Qa1 + Bas) (S + &aq + Pas + Bas) + (s +
as51)(S + aaq + Bas)(B1z (S + az1 + B2z + B2s) + B12B23) + (5 + as1)(s + az1 + B2z + B2s) (Bra(s + azy + Bzs + B3s) +

B13B34) + B12B23P3a(s + as1)/D(s) (7-7)
7.1.2 Busy Period of the system due to failure
Then the probability that the system is in states S is given by:
Pgp(s) = Ps(s) (7-8)

Mean Time to System Failure

MTSF = ((B12051B23P34 + B130s51B34(0z1 + B2z + B2s) + Bradts1(0tar + Bas)(az1 + P2z + B2s) + as1Pia(zr + B2z +
B2s)(0tz1 + Baa + Pss) + as1(dar + Bas) (021 + B2z + Pzs) (a1 + Bss + Bss) + [31220(512623(0(41 + 645)2(0(31 + Baa +
B3s))/(as1(0ta1 + Bas) (21 + B2z + B2s) (az1 + Bss + Bas)(Brz + Biz + Bia + Pis) — B120ts1B23P34B4as —
a31B12051B23(0a1 + Bas) — B120s1B23P35 (a1 + Bas) — 041B13051P34(021 + B2z + B2s) — P13ds1B34Bas(0z1 + Pas +
B2s) — az1B13051(Aa1 + Bas) (021 + B2z + B2s) — a21B12a51(0t41 + Bas) (Az1 + Bza + Bss) — P13%s1Pss(0ta1 + Pas) (021 +
B2z + Bzs) — B12051B25(0a1 + Bas) (a1 + Baa + B3s) — As1051P14(021 + B2z + B2s) (31 + Bz + Bss) —

®51B14Bas(021 + B2z + B2s)(az1 + Bza + Bas) — As1B1s(0tas + Bas) (021 + B2z + Pas)(Az1 + Pzs + Bzs) —
B12041051B23B34)) (7-9)

The steady state availability of the system is given by:

A(o0) = ((B12a51B23B34 + B130s1B34(0t21 + P2z + P2s) + B13xs1(ar + Pas) (21 + B2z + P2s) + as1Pra(zs + Paz +
st)(a31 + 334 + 335) + 0(51(0(41 + 845)(0(21 + 823 + 825)(0(31 + 834 + 335) + 31220(512323(0(41 + 645)2(0(31 + 634 +
Bss))/ D (7-10)

Where

D = as1(0ts1 + Bas) (021 + B2z + B2s)(0z1 + Bza + B3s) — B120a1B23Psa — 0a1B13%s1P34 — B12Us51P23B35
— B13051 B34Pas — 021B12051 (041 + Pas) — A31B12B23(0a1 + Bas) — a31B130s1(0ta1 + Bas) — Pr2s1B2s(0tar
+ Bas) — B130s1 Pas(@ar + Bas) — a31B13051 (021 + B2z + B2s) — 0z21B12 As1(az1 + Baa + B3s) — 0a10s1P14(Az:
+ B2z + Bzs) — Aa1 B13Bza(Az1 + B2z + Bzs) — Bizas1Bzs(Az1 + Pas + Pas) — d41051B14(0z1 + Baa + Bas)
— B12051B25(az1 + B3s + B3s) — As1B1aPas(z1 + B2z + Bzs) — as1P14Bas(0tz1 + Bas + Bss) — az1Biz(tsr
+ Bas) (021 + B2s + B2s) — A21B12(0a1 + Bas) (Az1 + Bza + Bas) — As1P15(0tar + Bas) (021 + B2z + Bzs)
— as51PB15(041 + Bas) (31 + Paa + B3s) — x41B14(0z1 + B2z + B2s) (az1 + Bzs + Pas) — as1Bis(az1 + P23
+ B2s) (31 + PBaa + B3s) — a31B12051B23 + as1(0as + Bas) (21 + B2z + B2s)(Biz + Biz + Pis + P1s) + as1(0ay
+ Bas) (31 + Bsa + Bss)(Biz + Biz + Bia + Bis) + as1(0tz1 + Bas + B2s)(az1 + Bza + B3s)(B1z + B1z + Pi1a
+ B1s) + (0ta1 + Bas) (021 + B2z + Bzs)(as1 + Baa + Bas)(B1z + B1z + B1a + B1s)
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The steady state busy period due to maintenance of the system is given by:

By (0) = P, + P3 + Py = B12051023B34 + as1(@a1 + Bas)(B12B23 + P13(@21 + B2z + B2s) + P12 (Az1 + Psa + f3s) +
P12 (@31 + P3a + B3s)) + as1(az1 + P23 + P25)(B13f3s + L1a(@31 + B3a + f35))/D (7-11)

The steady state busy period due to failure of the system is given by:

Bp() = (Ps) = P12023034Pas + B12023835(qs1 + Las) + P13f3aBas(@21 + P23 + P2s) + (az1 + P23 + B2s)(as: +
B34+ P35)(B14Bas + P1s(@a1 + Bas)) + (@a1 + Pas)(B13f3s(@21 + B2z + P25) + f12B25(as1 + 34 + B3s))/D

(7-12)
The expected total profit incurred to the system in the steady-state is given by:
PF(c0) = R.A() — C;. By (0) — C,. Bp () (7-13)
8 Numerical Simulations

In this section, we numerically obtained the results for variation of availability of the system with respect to time, expected
total gain in the interval (0, t] for different values of 't. Also we computed mean time to system failure (MTSF), steady-
state availability of the system, steady-state busy period due to maintenance, steady-state busy period due to failure and the
steady-state profit of the system with respect to failure rates to show the effect of failure rates on the profit.

8.1 Availability analysis

For the model analysis the following set of parameters values are fixed throughout the simulations for consistency. If we
put: B12 = .04, 13 = .03, 514 = .02, 15 = .01, 23 = .05, B25 = .025, B34 = .045, B35 = .035, 45 = .055, 21 =
4,a31 = .3,a41 = .2,as51 = .1 in Equation (7 - 6),

We get:

Pp(s) = (s +.8)(s+.2 +.055)(s + .4 + .05 + .025)(s +.3 +.045 +.035) + .04(s + .8) (s + .2 +.055)(s + .3 +
045 +.035) + (s + .8)(s +.055 + .2)((s + .05 + .025 + .4).03 + .04.05) + (s +.8)((s + .05 +.025 + .4) (s + .045 +
035 +.3).02 + (s + .05 +.025 + .4).03.045 + .04.05.045)/(s5 + 2.01s* + 1.4405 s® + 0.43788s% + 4.7652 X
10725 + 1.5407 x 1073%) ®-1)

By taking inverse Laplace transform of Equation (8 — 2) one may get the probability that the system is in up- state at
time’t’.

P,y(t) = 0.98026exp(—3.2332 x 1073%) + 4.1845 x 10 %exp(—0.51458t) + 5.4996 x 10-3exp(—0.28024t) +

5.5035 X 10%exp(—0.80436t) + 4.5490 X 10 3exp(—0.41081¢t) 8-2)
Settingt =10,1,2, ... ... ... , in Equation (8 — 2), one can compute Table 1. Variation of availability w.r.t. time is shown in
Figure 2.
Table (1): Variation of the availability with respect to time
Time (t) | Availability

0 1.0

1 0.99240

2 0.98800

3 0.98535

4 0.98369

5 0.98262

6 0.98191

7 0.98142

8 0.98109

9 0.98086

10 0.98069

20 0.98028

100 0.98026
1000 0.98026
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Figure (2): Variation of the availability with respect to time.
8.2 Cost analysis
The system is subjected to perfect repair, minimal repair, minor and major maintenance respectively. The repairman

performed maintenance to the system in states 2, 3, 4 and repair in state 5. Following El-said [1] and Haggag [2], the
expected total gain of the system in the interval (0, t) is given by:

Profit = total revenue - total cost
Profit = total revenue generated — cost incurred due to maintenance — cost incurred due to failure
PF(t) = Rty (t) — Cy- gy (t) — Co pipp(t) (8-3)
Where:
PF(t) : The expected total gain in interval (0, t).
R : The revenue per unit of time of the system.
C,, C, : The service costs per unit of time for maintenance and repair respectively.
tyup (t) - The mean up time in interval (O, t).
gy (£): The expected busy period for maintenance.
up(t) : The expected busy period for repair from failed state.
The mean up time of the system is given by:
From Equation (7 — 6) , one may get:
tup(®) = [ Pyp(Ddt = —3.0319 x 102°(exp(—3.2332 x 1072%) — 1) — 8.1319 x 1073 (exp(—0.51458t) — 1) —

1.9625 X 10~%(exp(—0.28024t) — 1) — 6.8421 x 1073(exp(—0.80436t) — 1) — 1. 1073 x 10"2(exp(—0.41081t) —
1) (8-14)

The busy period of the system due to maintenance is given by:

Taking the inverse of Laplace transform of Equation (7 - 7), one may get the probability that the system is in states (S, —
S,) attime 't

Py (t) = 0.20752exp(—3.2332 x 1073%) — 0.10465exp(—0.51458t) — 5.1215 x 10-2exp(—0.28024t) — 1.4596
x 10-3exp(—0.80436t) — 5.0198 x 10 2exp(—0.41081¢)

And hence,

upm(t) = 0.18275(exp(—0.28024t) — 1) + 0.18275(exp(—0.51458t) — 1) + 1.8146 x 1073(exp(—0.80436t) —
1) + 0.12219(exp(—0.41081t) — 1) — 6.4184 x 102%(exp(—3.2332 x 1073%) — 1)
(8-9)
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The busy period of the system due to failure is given by:
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Taking the inverse of Laplace transform of Equation (7 — 8), one may get the probability that the system is in state Sg at
time’t’
Pgr(t) =  1.9747 x 107 %2exp(—3.2332 x 1073%¢) — 5.9555 x 107 3exp(—0.51458t) — 5.8816
X 103exp(—0.28024t) — 5.1776 X 10 %exp(—0.80436t) — 2.7325 X 10 3exp(—0.41081t)

And hence,

upr(t) = [ Per(t)dt = —6.1076 x 1027 (exp(—3.2332 x 1073°t) — 1) + 1.1574 x 10%(exp(—0.51458t) — 1) +

2.0988 x 1072(exp(—0.28024t) — 1) + 6.4369 x 1073 (exp(—0.80436¢) — 1) + 6.6515 x 1073(exp(—0.41081¢t) —
1) (8-6)

By substituting Equations (8 — 4), (8 —5), (8 — 6) in Equation (8 — 3), one may get:
PF(t) = Ry (t) — Cippy (t) — Coupr(t)

Setting values for the cost coefficient C;, C, and revenue R one can get the expected total gain in the interval (0, t] for
different values of °t” .Setting t =1, 2, 3,... in Equation (8 — 7) for R = 1000, C; = 100, C, = 50, one compute Table (2).
Figure (3) show expected total profit increase in the interval (0, t] for three cases.

@-7)

Table (2): Expected total profit in the interval (0, t] for different values of ’t’.

PF(1)
0.0000
32.392
53. 167
66. 792
75. 901
82. 092
86. 358
89. 334
7575. 3
7576. 8

Boo~vwoouh~wNk O~

N
o

100
1000

7577.9

15064.0

89903.0
9. 5803x10°

1200000

PF(t)

1000000

800000

600000

400000

200000

/

/

/ ——PF(t)
/

M

0 T T T T T T

NI T T TR N LIPS SRR
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Figure (3): Expected total gain increase in the interval (0, t) for first case.
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8.3 MTSF Analysis

IfWe put: ﬁlz = .04,ﬁ13 = .03,ﬁ14 = .02,[)’15 = .Ol,ﬁzg = .05,ﬁ25 = .025,ﬁ34 = 045, ﬁ35 = .035,ﬁ45 = 055, apq1 =
4, a31 = .3,a41 = .2,as51 = .1 in Equation (7 — 9), and so on forp; 3, B14, B1s, One can compute Table 3. Variation of
MTSF of the system with different values of failure rates is shown in Figure 4.

Table (3): Variation of MTSF with different values of failure rates.

Failure rates | MTSFB1, | MTSF B43 | MTSF B14 | MTSF B45
.0 73.181 74.589 223.29 86.13
.01 72.227 72.815 106.01 69.508
.02 71.297 71.123 69.508 58.264
.03 70.391 69.508 51.704 50.151
.04 69.508 67.965 41.161 44.021
.05 68.647 66.489 34.189 39.227
.06 67.806 65.076 29.237 35.374
.07 66.987 63.721 25.538 32.210
.08 66.186 62.422 22.670 29.566
.09 65.405 61.174 20.381 27.323
10 64.642 59. 976 18.512 25.397
250
200 +—
150 e MTSF B12
e MTSF B13
100 MTSF B14
* —_— e \ITSF 15
50 T e
O T T T T T T T T T T 1
0 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 0.1

Figure (4): Effect of failure rates on MTSF.
8.4 Steady-state availability
If we put: B, =.0,.01,.02,..at constantfiz =.03,814 =.02,815 = .01, 823 = .05, B25 = .025, B34 = .045, B35 =

.035,B45 = .055, a1 = 4,31 = .3, 41 = .2, 51 = .1, in Equations (7 — 10), and so on for B,3, B14, B1sWe get Table 4.
Variation of steady state availability with respect to failure rates is shown in Figure 5.

Table (4): Variation of steady-state availability with respect to failure rate

failure rates | availability 84, availability 843 availability 814 availability 845

0 0.92922 0.93289 0.93653 0.96046
.01 0.92821 0.93026 0.93077 0.92543
.02 0.92725 0.92778 0.92543 0.89286
.03 0.92632 0.92543 0.92046 0.86251
.04 0.92543 0.92320 0.91584 0.83415
.05 0.92458 0.92109 0.91151 0.80760
.06 0.92375 0.91908 0.90746 0.78269
.07 0.92296 0.91717 0.90366 0.75926
.08 0.92220 0.91535 0.90009 0.73720
.09 0.92147 0.91361 0.89673 0.71638
10 0.92076 0.91196 0.89355 0.69671
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1.2

1 —_——
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0.6 availability 13
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Figure (5): Effect of failure rates on steady-state availability.

Table (5): Variation of availability with different values of repair rates.
Repair rate | availability a,; | availability az; | availability a,, | availability az,
0 0.91241 90361 0.8913 0.0

1 0.92017 0.91754 0.91787 8.6121x1072
2 0.92303 0.92272 0.92543 9. 2543x1072

3 0.92452 0.92543 0.92901 0.28471
4 0.92543 0.92709 0.93109 0.38451
5 0.92605 0.92822 0.93245 0.48439
.6 0.92649 0.92903 0.93342 0.58416
v 0.92682 0.92964 0.93413 0.68425
.8 0.92709 0.93012 0.93469 0.7842
9 0.9273 0.93051 0.93513 0.88417
1.0 0.92747 0.93082 0.93549 0.98414
1.2

1
— f
0.8

/

0.6 /
0.4 /
0.2

N

0 01 02 03 04 05 06 07 08 09 1

availability a21
availability a31
e gvailability a4l

= Qavailability a51

Figure (6): Effect of repair rates on steady-state availability.

8.5 Steady-state Busy Period due to maintenance

If we put [312:.01, 02,03, ...... 5 at constant ﬁ13 = 03, 514 = .02,ﬁ15 = .01,ﬁ23 = 05, BZS = .025,ﬁ34 = .O4’5,ﬂ35 =
.035, 45 = .055, 21 = 4,31 = .3, 241 = .2, 5, = .1 in Equations (7 — 11), and so on for 3,3, B14, B15, We get Table 6.
Variation of steady state Busy Period due to maintenance with respect to failure rates is shown in Figure 7.
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Table (6): Variation of steady-state busy period with respect to failure rates

busy period B3

busy period B4

busy period B45

7.2579%x1072

9. 4386x1072
0.11499
0.13448
0.15296
0.17049
0.18715

0.203

0.2181
0.2325
0.24625

8.3347x1072
0.10988
0.13448
0.15735
0.17867
0.19858
0.21722
0.23472
0.25117
0.26666
0.28127

0.13957
0.13448
0.12975
0.12534
0.12122
0.11736
0.11374
0.11034
0.10713
0.1041
0.10125

-

/

failure rates | busy period B,
0 0.1359
.01 0.13553
.02 0.13516
.03 0.13482
.04 0.13448
.05 0.13416
.06 0.13386
.07 0.13356
.08 0.13327
.09 0.1330
10 0.13273
0.3
0.25
0.2 /
0.15

= husy period $12

== BUsy period 15

busy period f13
= husy period f14

0.05
0 T T T T T T T T T T 1
0 0.010.020.030.040.050.060.070.080.09 0.1
Figure (7): Effect of failure rates on steady-state busy period.
Table (7): Variation of busy period with different values of repair rates.

Repair rate | busy period a4 | busy period a3, | busy period a4 | busy period aszq
0 0.12961 0.31546 0.33822 0.0
A 0.13251 0.19991 0.22743 0.18232
2 0.13359 0.15693 0.19592 0.19592
3 0.13414 0.13448 0.18101 0.20091
4 0.13448 0.12070 0.17232 0.2035
5 0.13471 0.11137 0.16662 0.20509
.6 0.13488 0.10464 0.16261 0.20617
g 0.13501 9. 9554x107? 0.15962 0.20694
.8 0.1351 9. 5575x107? 0.15732 0.20752
9 0.13518 9.2378x1072 0.15548 0.20798

1.0 0.13525 8. 9752x1072 0.15370 0.20835
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0.4
0.35
0.3 -—\
0.25 \ e husy period a21

02 _>‘
0.15

7 busy period 041
01 +——F ===busy period a51
0.05
0 /I T T T T T T

0 01 02 03 04 05 06 07 08 09 1

busy period a31

8.6 Steady-state Busy Period due to failure

If we put: ,,=.01,.02,.03,

Figure (8): Effect of repair rates[ ' Jon steady-state busy period.

, at constant ﬁ13 = 03, ﬁ14, = .02,[315 = .01,ﬁ23 = 05, ﬂzs = .025,ﬁ34 = .045,ﬁ35 =
.035, 845 = .055, a1 = .4, 31 = .3, @41 = .2, @51 = .1in Equations (7 — 12), and so on for B;3, B14, B1s, We get Table 8.

Variation of steady state Busy Period due to failure with respect to failure rates is shown in Figure 9.

Table (8): Variation of steady-state busy period with respect to failure rates.

failure rates | busy period 84, | busy period B13 | busy period 44 | busy period 85
0 7.0777x1072 6. 7107x1072 6. 3465x1072 3. 9536x1072
.01 7.1786x1072 6. 9736x1072 6. 9228x1072 0.07457
.02 7.2753x1072 0.072220 0.07457 0.10714
.03 7.3680x1072 0.074570 7.9536x1072 0.13749
.04 7.4570x1072 7.6797x1072 8. 4165x1072 0.16585
.05 7.5425x1072 7.8911x1072 8. 8489x1072 0.1924
.06 7.6247x1072 8.0919x1072 9. 2538x1072 0.21731
.07 7.7037x1072 0.08283 9.6337x1072 0.24074
.08 7.7799x1072 8. 4651x1072 9.9908x1072 0.2628
.09 7.8532x1072 8.6387x1072 0.10327 0.28362
10 7.9239%x1072 8.8044x1072 0.10645 0.30329
0.35
0.3 /
0.25
/ = husy period 12
0.2
/ busy period B13
015 / === busy period B14
0.1 —— — .
% - Busy period B15
0.05 7
0 T T T T T T T T T T )
0 0.010.020.030.040.050.060.070.080.09 0.1

Figure (9): Effect of failure rates on steady-state busy period.
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Table (9): Variation of steady-state busy period with respect to repair rates.

Repair rate | busy period a,, | busy period a3, | busy period a4, | busy period as,
0 0.57259 0.61173 0.63412 0.75618
il 0.634624 0.71126 0.73804 0.75975
2 0.73171 0.74828 0.76761 0.76761
3 0.75397 0.76761 0.78159 0.52478
4 0.76761 0.77948 0.78975 0.40449
5 0.77682 0.78751 0.79508 0.32142
.6 0.78347 0.79331 0.79885 0.26926
7 0.78848 0.79769 0.76761 0.23154
.8 0.79241 0.80112 0.80382 0.20327
9 0.79556 0.80387 0.80554 0.18108
1.0 0.79814 0.80613 0.80545 0.16326
0.9

07 —ﬁ’vp

0.6 =~
0.5

0.4

0.3
0.2

0.1

T

0 T T

0 01 02 03 04 05 06 07 08 09 1

busy period a21
busy period a31
busy period a41
busy period a51

Figure (10): Effect of repair rates on steady-state busy period.

8.7 The expected total profit incurred to the system in the steady-state

The expected total profit per unit time incurred to the system in the steady-state is:
PF = Ruy,;, — Cy. By () — Cy. Bp(o0)

If we put: B,, =.01,.02,.03, ... ...

,at Constant,ﬁ13 = .03,‘814 = 02, ,815 = .01,‘823 = 05, ,825 = .025,ﬁ34 = .045,ﬂ35 =
.035,B45 = .055, a1 = 4,31 = .3, 41 = 2,51, = .1,R = 1000, C; = 50, C, = 100 in equations (7 — 13), and so on

for By3, B14, B15 We get Table 10. Variation of steady state profit w.r.t. failure rates are shown in Figure 11.

Table (10): Variation of steady-state profit with respect to failure rates.

failure rates

steady-state profit B,

steady-state profit 43

steady-state profit 814

steady-state profit B45

0
.01
.02
.03
.04
.05
.06
.07
.08
.09
.10

912.09
911.07
910.10
909.15
908.25
907.39
906.55
905.75
904.98
904.24
903.53

922.28
917.33
912.67
908.25
904.06
900.1
896.32
892.73
889.31
884.67
884.31

925.02
916.32
908.25
900.75
893.76
887.23
881.11
875.37
869.98
864.9
860.1

944.53
908.25
874.53
843.1
813.74
786.24
760.45
736.19
713.35
691.79
671.42
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Figure (11): Effect of failure rates” “Jon steady-state profit.
Table (11): Variation of steady-state profit with different values of repair rate.

Repair rate | steady-state profit a,; | steady-state profit a3, | steady-state profit a,, | steady-state profit az,
0 870.82 841.48 825.77 25.089
Nl 889.61 861.99 858.23 29.902
2 873.09 869.61 867.46 34,571
3 873.41 873.60 871.83 238.38
A4 873.60 876.05 874.37 343.94
5 873.74 877.71 876.03 447.81
.6 873.83 878.90 877.22 550.08
4 873.90 879.80 879.79 651.98
.8 873.96 880.51 878.77 753.28
9 874.00 881.08 879.31 854.32
1.0 874.04 881.54 879.85 955.14

1200
1000
800 C A i
/ = steady-state profit a21
600 steady-state profit a31
400 / = steady-state profit a4l
/ == steady-state profit a51
200 7
O T T T T T T T T T T 1
0 0102030405060.70809 1
Fig. (12): Effect of repair rates " on steady-state profit.
9 Conclusion

In this paper, we developed the explicit expressions for the availability, busy period due to maintenance, busy period due to
failure of the system, and profit function. It is evident from Figures 11 that the increase in deterioration and failure rates
induces the decrease in profit, while from Figures 12, the increase in maintenance and repair rates induces increase in
profit. We concluded that: The effect of both maintenance, and repair rates have been captured. The results have shown that
both failure and deterioration rates decrease the availability, MTSF and profit while maintenance and repair rates increase
the availability and profit.

© 2016 NSP
Natural Sciences Publishing Cor.



J. Stat. Appl. Pro. 5, No. 1, 185- 201 (2016) / http://www.naturalspublishing.com/Journals.asp o~ =S ey 201

References
[1] K.M. El-Said, Cost analysis of a system with preventive maintenance by using Kolmogorov’s forward equations method, American.
Journal of Applied Science. 5(4) (2008), 405-410.

[2] M.Y. Haggag, Cost analysis of a system involving common cause failures and preventive maintenance, Journal of Mathematics and
Statistics, 5(4) (2009), 305-310.

[3] M.Y. Haggag, Cost analysis of K-out-of- n repairable system with dependent failure and standby support using Kolmogorov’s
forward equations method., Journal of Mathematics and Statistics, 5(4) (2009), 401-407.

[4] G. Marcous, H. Rivard and A.M. Hanna, Modeling bridge deterioration using case based reasoning, Journal of Infrastructure System,
ASCE, 8(3) (2002), 86-95.

[5] G.S. Mokaddis and C.H. Matta, Cost analysis of a two dissimilar unit cold standby redundant system subject to inspection and
random change in units, Journal of Mathematics and Statistics, 6(3) (2010), 306-315.

[6] Satyavati, Reliability analysis and mathematical modeling of washing system in paper, General. Mathematics Notes, 2(2) (2011),
119-128.

[7] K. Wang, C. Hsieh and C. Liou, Cost benefit analysis of series systems with cold standby components and a repairable service
station, Journal of Quality Technology and Quantitative Management, 3(1) (2006), 77-92.

[8] R. Wirahadikusmah, D. Abraham and T. Iseley, Challenging issues in modeling deterioration of combined sewers, Journal of
Infrastructure System, 7(2) (2001), 77-84.

[9] I. Yusuf, K. Suleiman, S.I. Bala and U.A. Ali, Modeling the reliability and availability characteristics of a system with three stages of
deterioration, International Journal of Science and Technology, 1(7) (2012), 329-337.

[10] I. Yusuf and S.I. Bala, Stochastic modeling of a two unit parallel system under two types of failures, International Journal of Latest
Trends in Mathematics, 2(1) (2012), 44-53.

[11] I. Yusuf and N. Hussaini, Evaluation of reliability and availability characteristics of 2-out of 3 standby system under a perfect repair
condition, American Journal of Mathematics and Statistics, 2(5) (2012), 114-119.

[12] Yusufl et al, Profit Evaluation of a Repairable System with Three-Stage Deterioration. General Mathematics Notes, Vol. 17, No. 2,
August, 2013, pp. 23-40.

© 2016 NSP
Natural Sciences Publishing Cor.


http://www.naturalspublishing.com/Journals.asp

